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FOREWORD 


The lectures on "Operator Theory", of which the present volume constitutes 
the first part, were given in the academic years 1933-34 and 1934-35, at 
the Institute for Advanced Study. The notes were prepared in these years 
by Dr. Robert S. Martin and Dr. Charles C. Torrance, respectively. They 
were multigraphed and distributed by the Institute for Advanced Study short¬ 
ly thereafter, but the original edition has been completely exhausted for 
several years. The interest in these lecture notes appears to have been 
continuing, and therefore a new edition is now being brought out. The pre¬ 
sent volume comprises Chapters I - XI, dealing with preliminaries, namely, 
with the theory of Measures and Integrals. The second volume, on Operator 
Theory proper, will be published subsequently. The present edition is 
identical with the original one, except that typographical errors have been 
corrected and some notations and references have been elaborated, I would 
like to express my warmest thanks to Dr. H. H. Goldstine, for his advice on 
this edition, and also for having most obligingly imdertaken the exacting 
task of proof-reading the typescript. 


JOHN VON NEUMANN 


The Institute for Advanced Study 
Princeton, New Jersey 


November 1949 
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ChAPTER I. 


POINT SET THEORY 

The points P of the space under consideration are ordered sets of n 

real numbers is called the i^^coordinate of the point. 

Definition 1.1: The distance between two points (x,-...-x ) and 
-^B—==:-£- ' 1' * n' - 

is \/^(x-y)^. 

Definition 1.2 : An open interval I is determined by two sets of num- 

bers and (v = l,...,nj X^< for each v) and consists of all points 

(x^,...,x^) satisfying the condition X^< Y^^ (v - l,...,n). 

Definition 1.3 : A closed interval I is the set of all points satis- 

fying the condition X-u (v = 1,...,n; X-^< Y^ )• 

Definition 1.4: The edges of an interval are s^ * - X^and the 

n " — 

volume of an interval is f ] s^. all s^^ are equal , the interval is ^ 

cube. 

By Definition 1.2 and 1.3, the volume of every interval is positive. 

Definition 1.5; If P is a point of space and r a positive number , 

the open sphere with radius r and center P the set of points Q such that 

the distance pTQ is less than £; the closed sphere is the set of points for 

which the distance P,Q is less than or equal to £. 

Definition 1.6 ; A sequence of points P^^^: (x^^^,...,x|^^^) is said 

to have the limit P: (x,....,x_) if, for each (V = l,...,n), lim x^^^« x^ . 
-1 n- 

By Definitiou^ I.E and 1.6 it follows that almost all P^^^(that is, 

all but a finite number of P^^^) are in any open interval containing P. 


3 
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I. POINT SET THEORY 


Let P be a point and let M and N be point sets. The notation P 6 M 
indicates that P is an element of M , M 3 N indicates that M includes N (that 
is, each point of N is a point of M), and No M indicates that N is a part 
of M (M 3 N and N C M being equivalent). 

Definition 1.7 ; P ^ called & condensation point of a set M iS every 
open interval containing P contains infinitely many points of M. (P itself 
need not belong to M,) 

It is easily shov/n that a sequence of points can have at most one 
limit point while a set may have more than one condensation point. 

Definition 1.8 : A point set M called closed if each condensation 
point ^ element of M. 

Definition 1.9 ; A point set M called open if , for each P € M, 
there exists an open interval I containing P such that I C M. 

Since closed and open intervals have been defined separately from 
closed and open point sets, it is necessary to show the compatibility of the 
two pairs of definitions. 

THEOREM 1.1 ; A closed interval is a. closed point set and an open 
interval is an open point set . 

Proof: The second part of the theorem is obvious after consideration 
of Definitions 1.2 and 1.9, so that only the first part requires formal proof. 
Lot P: condensation point of the closed interval I : 

“ l,...,n). Then, by Definition 1.7, the open interval 
€ contains infinitely many points (where 
€ is any positive nimiber. Hence e « +€. Since 

g is arbitrary, P fi !• 

Definition 1.10 : The complement -M of ^ point set M is the set of all 
the points of the space which are not elements of M. 
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THEOREM 1»2 > If M ftn open set, then -M is closed, and conversely, 
iX M 5^ closed ^ then -M ijs open < 

Proof: Suppose M is open and let P be a condensation point of -M* 

It must be shoim that P € -M. Suppose P € M. By Definition 1.9 there would 
exist an open interval containing P and containing no point of -M. But by 
Definition 1.7 every open interval containing P contains infinitely many 
points of -M« Hence P € -M. Conversely, suppose that M is closed* If P is 
any point of -M, it must be shoT/n that there exists an open interval contain¬ 
ing P and contained in -M. Suppose that every open interval containing P con¬ 
tained infinitely many points of M. Then P would be a condensation point of 
M and, by Definition 1.8, P 6 M« Therefore there exists an open interval con¬ 
taining P and only a finite number of points of M. Hence there exists an 
open inteinral (sufficiently small) containing P but no point of M, and -M is 
open. 


A set of point sets M is said to cover a point set N if each point 
of N is contained in at least one of the sets M. 

THEOR EM l.g ; If a finite set of intervals ^\ x^ < ^ 

(1 * l,...,k:; v= l,«..,n) covers an interval I: X^< Y^ , then the sum 
of the volumes of the intervals J^^^is not less than the volume of I. (in 
this theorem I may equally well be open or closed, as may also the intervals 
The proof is essentially the same in all cases.) 

Proof: Let N^ be the number of integral points in I and N the 
number of integral points in • (A point P is integral if all its coordi¬ 


nates are integers.) Since I is covered by the set of intervals J 


(i) 
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I. POINT SET THEORY 


Let be the smallest integer > Xy and Ty the largest integer < Y^. The 
nxunber of integers in the interval « Yy is (Yy - ^y *► !)• Hence 

the number of integral points in I is 

n 

(2) = TT 

^ V»1 

But < X^ I, - 1 “ - 1 S Yy - + 1 < - Iv 

Hence, by (E) 

(3) IT (Yv-^V- 1) “ Nt < "fr (’fv- !)• 

V=1 ^ V=1 

Similarly, 

(4) IT 1) = N (jx < IT X^^)+ 1). 

V=1 J' ^ V=1 

(1), (3). aad (4), 

(5) TT (Yv - Xv“ t t fr 1)]. 

V =1 i=^l V=1 

Let the space be subjected to the coordinate transformation Xy = i x^ • 

Since this is merely a change of scale none of the above relations are altered 
and (5) becomes 

(6) TT'(j Yj, - ix^-1) < z: [ ft (j Yy^-ixi,^)+1)]. 

V-l ^ fe V e e 

The theorem follows when each factor of (6) is multiplied by ^ and ^ then 
allowed to approach zero, 

THEOREM 1,4 ; If a closed interval I s » x^ ^ Yy covered by an 
Infinite set S of open intervals J, then there exists & finite subset of S 
which covers I, (This is known as the Heine-Borel covering theorem,) 

Proof: Suppose the theorem false. Divide I into 2^ closed subinter¬ 
vals I^^\ ,,,, I^^ ^ by breaking up each interval Xy ® 
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two intervals X^, « 




V < 


V* l«««»^n» At least 


"V 2- -- z~ -V 

one of those subintervals, say is not covered by any finite subset of S. 


Divide into 2^ subintervals in a manner analogous to that described 

for !• At least one say is not covered by any finite subset of 

So By repetition of this process there is obtained an infinite sequence of 
intervals 


(1) I. .... 

no one of which is covered by any finite subset of S and each of which con¬ 
tains all of its successors* It is a well-loiown theorem that the intervals 
(l) have a point P* in common* But P* is in some interval J* of S* Since 
J* is open, almost all of the intervals (1) are contained in J** This is 
contrary to the first assertion made of the intervals (1), and the theorem 
follows* 

THEOREM 1*5 : If a closed interval I ^ cove red by a set S (finite or 
infinite ) of open intervals J, then the sum of the volume s of the intervals J 
is not less than the volume of I* 

Proof: By Theorem 1*4 a finite subset of S covers I. By Theorem 1*3 
the sum of the volumes of the intervals of this finite subset is not less 
than the volume of I* The theort^ro follows from the fac.t that the volume of 
any interval is positive* 

Definition 1*11 : A point set M called bounded if there exists ^ 
finite interval containing it * 

TflEOREM 1.6; If a closed and bounded point set M is covered by an in¬ 
finite set S of open point sets N, then there exists a finite subset of S 
which covers M* 


Proof: By Definition 1*9 each open set N can be covered by a 
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I. POINT SET THBORT 


^et ? of open Intexnrals each of which is contained in N« 

Suppose first that M is a closed interval* The set of all the opeh 
intervals in all the sets S’ covers II* Theorem 1*4 a finite nxamber of those 
open intervals covers M* But a finite number of the sets N cover this finito 
set of open intervals and the theorem is proved in this casS* 

If M is any closed* bounded set there exists a closed interval T con¬ 
taining it* Adjoin the open set -M to the set S and denote the resulting set 
of open sets by T* T covers all space and hence it covers T* By Theorem 1*4 
a finite subset T* of T covers I* T* therefore covers M* If -M is in T* It 
may be omitted from T* without impairing the covering of M by T** This com¬ 
pletes the proof* 

THEOREM 1*7 1 ^ S ^ any sequence of real numbers x^, a < x^ < b , 
then there exist real numbers in this interval which do not appear in 3* 

Proof* Suppose first that a = 0 and b * 1* Lit the numbers x^ be 
written in decimal form, i*e,, x^* I^ rational let it 

be agreed to write it as 0.p^***p^000..* and not as 0*pj^*.•p^__^999,•• • Any 
number » where q^/ p^, q^/ 9, is in the interval 0 < x < 1 and 

is distinct from each x^* The fact that there is more than one such number 

' * x—a 

is obvious* The theorem follows by considering the trcoisformation 

which carries the interval a < x < b over into the interval 0 < x» <1, 
Corollary ? No sequence of points exhausts the points of space . 

Proof: It is necessary merely to apply Theorem 1*7 to the first co¬ 
ordinate of the points of space* 

THEOREM 1*8 1 The set of rational points is everywhere dense in space, 
that is, each point of space is a condensation point of the rational points, 
or again , every interval of space contains infinitely many rational points* 
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/ 

Proof: The theorem follows immediately from the well-knoTun theorem 
that between any two real numbers there exist infinitely many rational numbers* 
THEOREM l»9 t A sequence of points may be everywhere dense in space • 
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I. POINT SET THEORY 


Definition l»12t The eum M+N+«.«of two or more point sets is the 
set of all those points contained in at least one of the sets the 


roduct M*N* ••• is the set of all those points common to all the sets Mj N»««* 


THEOREM l»llt The product of any set of closed sets is closed and the 


sum of any set of open sets is open* Likewise the sum of any finite set of 


closed sets is closed and the product of any finite set of open sets is open* 


Proof: The theorem follows immediately from Definitions 1.8, 1.9, 
and 1*12« 

Let S be a set of point sets M and let 1^® a^^y sequence (finite or 
infinite) of sets M selected from S* Let cr be the sum and K the product of 
the sets in E- Suppose that ^2. formed in every possible way from S* The 
set of all sums ^will be denoted by S^^d the set of all products TT 'will 

be denoted by S * 

TT 

If C and C are formed from the set C of all closed sets, the ele- 
cr TT 

ments of are closed (by Theorem 1*11), but those of may not be closed* 
Similarly if and are formed from the set fi of all open sets, the ele¬ 
ments of are open, but those of may not be open* From it is possible 

to obtain C_and • But every element of C_ is an element of C since 

oxT (Tir otr cr 

an element of is the sum of a sequence ^ of sums of sequences of C sets , 

and the C sets in ^ may be reordered into an ordinary sequence* Similarly 

£( and 6 _arise from , but, by the same reasoning every element of 

^0"Tr TTTr '^rrrr 

is an element of . From C arise C_and C , but every element of _ 

'w o-TT cfwr (Trtir 

is an element of C^^* This process may be continued indefinitely. 

Definition 1.13 : All point sets arising from sets of closed or open 
sets by repeatedly forming sums and products of sequences of sets are called 


Borel sets. 


Definition 1.14: The distance jp,fi between a point P and a point set M 
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is the greatest loirer hoiind of all distances P,Q, iidiere Q runs through the 
set M* The distance M,N between two point sets M and N is the greatest lower 
bound of all distances P,Q, where P runs through M and Q runs through N. 

The distance between any two point sets is obviously non-negative* 
THEOREM 1*12 ; If N ^ a closed point set and P a pointy there exists 
at least one point Q € N such that P,Q = P,N. 

Proof: Consider first the case where N is bounded* Suppose there 


were no such point Q* Let R be any point of N end let I_ be the set of all 

R 

points R* of space for which ?/R» > P,R. Each I is open* The set of all 

R 

Ij^, where R ^ N, covers N since there is no point Q nearest P. Ely Theorem 1*6 

a finite set of 1^^, say 1^^ , 1^^ ,***,Ip, covers N# Hence every point S € N 

1 2 £ 

is such that P,S is greater than either p/R^ or P^Rg or ••• or P,R^* This is 
manifestly absurd since R^, R^, •*** R^ are themselves points S of N* There¬ 
fore the point Q of the theorem exists* 


If N is not bounded, let R be some point of N and let N* be the set 
of all points R’ 6 N for which P,R* = P,R * N’ is closed and bounded so 
that there exists a point Q € N* for which P,Q =* P,N’. Since any point R” 
in N but not in N* is such that P,R” > P,R > PfQ* it followB that P*Q *» P*N« 


THEOREM 1*13 : If M and N are any two closed point sets* there exists 
a point P € M and a point Q € N such that P*Q » 

Proof: If M,Q is used instead of * the method of Theorem 1*12 
shows the existence of a Q ^ N such that M^Q ■ • Then* by Theorem 1*12* 

there is a P € M such that pJQ = . Hence 
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II. OirrER MEASURE 


CHAPTER II. 

OUTER MEASURE 

Definition 2.1 1 Jf M ^ any point set ^ S a sequence (finite or 
infinite ) of open intervals I^, ^2^ * * * whose sum covers M, ^ ^ is the sum 
of the volumes of all the intervals of S, and S formed in every possible 
Tgay to cover then the greatest lower bound of the y * s £o arising is 
called the outer measure ^ of M. 

THEOREM 2,1 : For any set M, 0 = )i*(M) ^ oo • 

Proof: Outer measure is non-negative since the volume of any inter¬ 
val is non-negative. 

The outer measure of a single point is zero. The outer measure of 
the entire space is infinite. 

theorem 2,2 > ^ Me N, }i*(M) = )i*(N). 

Proof: Any sequence S of open intervals which covers N also covers 
M, so that ^♦(M) is not greater than But there may exist a sequence 

S which covers M but not N. 

THEOREM 2.S : If I any interval , ^*(l) ^ the volume of I. 

Proof: If I is closed, then, by Theorem 1.5, }i*(l) is not less than 
the volume of I. But I can be covered by a single open interval J whose vo¬ 
lume is greater than that of I by an arbitrarily small amount. Hence )i*(l) 
is the volume of I. If I is the open interval X-|^< and if S is a 

sequence of open intervals covering I, then S oan be made to cover the closed 
interval T : by adjoining to it a finite set T of open inter¬ 
vals whose total volume is arbitrarily small. Hence ^>(>(1) » Since 
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the volinnea of I and T are equal, the theorem holds whether I is open or 
closed* 


THEOREM 2*4t If M ^ bounded, )i*(M) < go , and if M contains an inter- 
ral > 0, 

Proof: The theorem follows immediately from Definition 1,11, Theorems 
2,2 and 2*3, and the fact that the volume of any interval is positive, 

THEOREM 2,5 ; The intervals used in Definition 2,1 may be restricted, 
without loss of generality , to arbitrarily small rational open cubes. 

Proof: An open interval I may be covered by a finite set S of open 
intervals J with edges 6 (8 positive and rational) so that the total volume 
of the intervals J exceeds the volume of I by an arbitrarily small amomt t, 
(The intervals J must obviously overlap, and all that is necessary is to make 
the "thickness” of the overlapping parts sufficiently small.) If I^,!^,,** 
is a sequence of open intervals covering a given point set M and if the volume 
of I^ is V^, then I^ may be replaced by a finite set of open intervals ha¬ 
ving a total volume V.+ —, The total volume of all the intervals in all 
00 ^ 2 ^ 

the sets S. is Since e is arbitrarily small, the greatest loiwer 

^ i=l ^ 

bound in Definition 2,1 is not altered by this restriction on the intervals 
used. 


THEOREM 2,6: If ••• ^ finite or infinite sequence of point 

sets, then p*(M^+ ,**) * p*(M^) + * ••• • 

Proof: can be covered by a sequence of open intervals of total 

volume p*(M^) + , The intervals in the sequences can be ordered into 

2 

a single sequence S which covers the sum of the sets M^, The total volume of 

00 


all the intervals in S is XT ) + 6 • Since £ can be made arbitrarily 

i=l ^ 00 

small, 1^+ •..) is not greater than P*(l*i)* B"* sequences S 


may not comprise all the sequences which cover •••» that 
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II. OUTER mSTJRE 


Mg*#* may b© less than ^ 

i=l 

THEOREM 2t7 t If M and N have a positive distance D ( and therefore no 
common point), ^♦{M + N) » + ji*(N). 

Proof: By Theorem 2,6 it is s\ifficient to show that 
^♦(M + N) » ^*(M) + )i*(N). Let M + N be covered by a sequence S of open inter¬ 
vals I^ so small that the distance between any two points in I^ is less than D. 
Ey Theorem 2,5 it is possible to make the total vplum© of the intervals in S 
less than fi*(M N) +e« It is also possible to omit from S those intervals 
which have no point in M + N. S consists of a covering T of M and a ooverin|^ 

U of N, where T contains no point of N and U contains no point of M* is 

not greater than the total volume of the intervals in T and fi*(N) is not greater 
than the total volume of the intervals in U, Hence )a*(M) + ji*(N) « p*(M + N)+€. 

The theorem follows from the fact that ^ cein be made arbitrarily small. 

Theorems 2,1, 2,2, 2.6, and 2,7 state tho following properties of 
outer measure: 

I, For any set M, 0 « « ce , 

II. If U C N, n*(M) = )1*(N). 

III. For emy sequence Mg* ...) = ;i*(K 2 )+ ... . 

IV. If M and N have a positive distance, ^♦(M + N) = + ;i*(N). 
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CHAPTER III 
MEASURE 

If M and N aro any two point sets, tlion N = MN + (N - MN), Thoo- 
rom 2,6, p(N) « ;i^(MN) + >i*(N - m). Since MM and N - MN have no point in 
common, it would be natural to expoct the ©quality to hold, rather than the 
inequality, when M and N havo more or loss of the nature of intervals. This 
suggests 

Definition 3,1; If M is a po int set ^id ^ ^o relation 

(1) )it(lO = }x*{m) + ;i^(N - m) 

holtis for boint set N, then M ^ sojd bo bo measinrablo an^ its measuro, 

> 1 ( 11 ) i£ take n to bo 

It ]Tiay be well to poiiit out that, in proving;; relation (l) for a civen 
set to show its moasurability, it is al-vvays suTficiont, by Theorem 2,6, to 
prove the inequality = pi+(MI{) + >i*(N - MN)* Furthermore, since this in¬ 

equality necessarily holds whonover ]fi*(N) is infinite, it is suiTiciont to 
consider only those eets N having a finite outer measure, 

THEOREM 3,1: If M and N are two point sets for which IJIN = 0 and if ore 
of them, say M, is measurable, then p*(M + N) = p*(M) + ;i*(N), 

Proof 2 This follows immodiatoly when the sot N of Definition 3,1 is 

taken to bo the set M + N of the thooroin* 

Let jrf be on open set and let P be any point of space, Theor-nn 1,2, 
is closed. By Theorem 1,12, if P is such that P,-Jzf = 0, thou P 6 -jZf, Ob¬ 
viously, if > 0, then ? ^ fi. Let Mjj. bo tho sot of points P for vdiich 

^ , Thou MgC ... c and any point of ^ is in soma Mj^. 


The sets 
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III. IfB/LSIIRE 


and ®- positive distance, for, if P is any point of and Q any 

point of QT^ < • Hence there exists a point R € -jzf such that 

OiiR < • But « i and pTQ + = P^. Therefore PTQ > and 

’ kTI+T) 


Let N be any point set with finite outer measure. From the preceding 
paragraph it follows that MgNc ••• c jzfe and any point of fk is in some 

By Theorem 2,2, » ^*(142^) = * p*(jZ(N), The sequence 

is increasing and bounded, and so has a limit ;i * }x*{fk)^ 

Lemma; fx = ), where the notation 5a ^ in the preceding para- 

graphs 

Proof* It is sufficient to show that p, » jLi*(jZftT). Form the set 

(Mr,N - M-R), K even. 

^ Then 

^ lljN, K odd, 

^K+2“ ®k“ ^+2^ " ^+1^' contained in is contained in 

Since > 0, the sets ^ positive distance. But 

h*z‘ (®K+2" V ^ " ^*(®K+2".®k) * 



( 1 ) 

By (1), 

( 2 ) 


Sj) - P*(Sk+2) - 


V ^K-2^ ••• * 




0 

I “H*(Si) 


ji^CSg), K even'' 
^ HS3- \)» S odd 


Hence the two series with positive terms 
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+ fi*(Sg- Sg) + ... , 
ji^CSg) + Sg) + ... , 

together with their svim 

(s) - Mj^N) + - MgN) + ... , 

are convergent, since, by (2), the partial sxuns of each of the series are 
bounded. By taking K sufficiently large the reiminder ^ of (3) can be 
made loss than € , where is the series (3) with the first i terms omitted. 

But 

- MjjN) ♦ + ... . 

By Theorem 2,6, 

(4) - UgH) 5 - MgH) + < £ , 

Since ^11 = + [jlfn 

= )ii*(MgN) + )a*(jZfH - M^) < (since ' 1^) 

< |Li*(Mg2l) + € “ (by (4) ) 

5 + 6 (since )tie(iyj) is increasing with I). 

Since € is arbitreurily snail, n = n*(j!&I). 

lEBOREU 3,2t Any open set jl( measurable. 

Proof: It is sufficient to prove that if N is any set of finite outer 
measure, ji*(H) ■ * M*(^ " ^)» ^ notation of the preceding lemma. 


JL.(i!(N)], it follows by Theorem 2.6 that 
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m i . since (N - /ife) c -/rf and C (h - 0 ) > 0, By Theo- 

rem 2.7, 

(1) }x*[U^ + (N - jZflT)] » + |u*(H - fii:). 

Since N 3 [M^^N + (N - j^K)], it follovra by (l) that 

|Ll*(l!j) 5 - fill). 

The theorem folDows from the preceding lemma when K becomes infinite, 

* theorem 3»g: ^ ^ moasiira ble^ then -M also. 

Proof: M is measurable if M*(lO “ p*(l'Il'I) + p.*[(-F)N] for every N* 
But this relation remains unchanged if M is replaced by -M, since ~(-M) = M, 
THEOREM 3»4 ; Any closed set measurablo . 

Proof: This follows directly from Theorems 3«2, 1,2, and 3,3, 
THEOREM 5,5 : 

Proof: Since is measurable, 

(1) |U*(K) - 

where N is any set. Since Is measvirable, 

(2) + ;i*[(-M2)(-M^)N]. 

But 

(5) - -(M^+ Mg). 

By (1), (2), and (3), 

(4) . p*(K) - * M^EMgC-l^)®] + fi*[ J -(1^+ Mg) I N]. 


and Mg are measurable , then + Mg also . 


Again, since M^ is znsasiirable 
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( 5 ) 


Hi>[(M^+ Mg)!!] = M2)N] + fa*[(-Mj)(lLj^+ Mg)!?]' 

= )i*(M^!I) + !i*[(-M^)M2!I]. 


The theorem follows by substitution of (5) in (4). 

THEOREM 3»6 t If and measurable ^ then also . 

Proofs By Theorems 3.3 and 3.5, -M^, -M^, and -l!^+ measur¬ 
able. • But -M^+ Hence is measurable. 

Theorems 3.5 and 3.6 may be extended immediately to any finite num¬ 
ber of measurable sets. 

THEOREM 3.7 s If and are measurabl e, then also . 

Proofs is simply 

Lemma Is increasing sequence of measurable 

point sets with sum M, then lim where N is any set. 

- A 

Proofs If is infinite for any k, then it is infinite for all 

larger k and the lemma is trivial. Hence it is necessary to prove only the 
case where is finite for all K. Since c c ••• c Mil and since 

is the sum of all the sets it is possible to write 

MN = + (MgN - + (M^N - M^N) + ... . 


By Theorem 2.6, 

(1) }x*{W) « - Ej^N) + ... . 

Since ^is measurable. 
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so that 


(2) )i*(M^N) - being finite. 

Ry (2) the sum of K terms of (1) is ■ ^*(M0» The sum S of the entire 

series (1) is the limit of the sum of K terms, i.e., S = lim * >i*(MN). 


£-♦00 


But, by (1), S « p.*(MN). Hence S =» lim ** )i*(MH). 

£-♦00 ^ 


Corollary: If in Lemnia 1 the set N be taken as M, then lim 

K-^oo ^ 


Lemma 2: If M^D MgD decreasing sequence of measurable point 

sets TTlth product M, then lim = p*(MN), where N is any set with fi- 

£-♦00 ^ 

nite outer measure . 

Proof: It is evident that "M^c - M^c... • By Lemma 1, 


(1) 


lim |a'»[(-M^)H] - 
£■♦00 


Since is measurable. 


so that 


(i) 


n*(N) = + >»*[(■ 


^♦{N) “ lim ji*(M_N) + lim p*[(-i 
K-*«o K-*>oo 

- lim p*(lO) + ja*[(-M)N] » 
K-*oo ^ 

m ^*(MN) + ^•[(-M)N], 


by (1) 

since 3 MN. 


Hence M is measurable and 


( 3 ) 


fi*(H) ■ ji*(MN) ♦ )i*[(-U)N]. 


The lemma folloirs by oon^ai'isoa of (2) and (3), and the fact that is finite. 
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Corollary 8 If in Leinma 2 some is finite , then N can be tciken 

as this M- and lim 
- a k-#kx) ^ 

The following theorem was proved incidentally in the proof of Lemma Zt 
THEORE^A 3.8 I If D D ... & decreasing sequence of measurable 

point sets with product M, then M is measurable , 

THEOREM 3,9 : If c M^c ... is an increasing sequence of measiirable 
point sets with sum M, then M is measxirable, 

Prooft Since ^ is measurable, The 

theorem follows immediately from the preceding lemmas when K becomes infinite* 
TEBOREM 3.10 t If Mj^, N^, is any finite or infinite sequence of 
measurable sets, then the sum of those sets is measurable * 

CS^. 

the sum of the is the s\im of the and Theorem 3.9 applies to the S^* 
THEOREM 3.31 : If M^, M^,.• • any finite or infinite sequence of 
measurable sets, then the product of these sets is measurable* 

Proof: This follows from Theorem 3.8 when applied to the partial 
products of the 

Theorems 3,2, 3,4, 3,10 and 3,11 show that any Bor el set is measurable 
THEOREM 3,12« If p*(M) = 0, then M ^ measurable with measure zero . 
Proof: For any set N, p*(M) = p*(M) = 0 and = >i*(N)f hence 

jji*(M1T) + jli*[(-M)N] = and this is all that requires proof, 

THEOREM 3.13 : ^ N 5^ measurable and ju*(Mtl) finite, then 

^♦(M + N) = ;a*(M) + }x*{^) - ^♦(MN), 

Proof: Suppose M measurable. Then ^*(14) = + )i*(N-MN), Since 

ji*(MN) is finite this can be written 


Proof: Form the partial sums 8^= M^+ Mg+ ,,, + 


Then S^c S^ 


( 1 ) 


H*(N - Mil) = >i*(N) - 
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Agata since M Is measurable^ 


(2) )i*(M + N) » + N) M] ♦ )X*[(M + N) • (M + N)M1 • 

)i*(U) + )X^(N - MN)* 


Substitution of (1) in (2) gives the result stated* 

THEOREM 3*14: If lIL^g M^**.* is a finite or infinite sequence of 
measurable point sets such that no trro of them have ^ oommon pointj then 

M 2 + ••*) * + ••• • 

Proof: This is a generalization of Theorem 3*1 and obviously holds 

if the sequence is finite* If the sequence is infinite it is necessary merely 

to note that both M2+ ••*) and *► + ••• are representable 

as 11m M 2 + *•* ♦ IL^)* 

K-xx) 


THEOREM 3*15 : The outer measure p*(M) of any set M may be defined as 
the greatest lower bound of the measures |x(lf) of those elements N of a cer- 
J^in set S of measurable sets which contain M* Herein S may be any set of 
measurable seta^ provided only that it includes all open sets ; in particuleir* 
^ set of Borel sets* 

Proof: Since S contains the set of open sets containing M, it con¬ 
tains the sums of sequences of open intervals covering M* Hence the outer 
measure is not increased* Neither is it decreased, for the measure of any 
one of the sets N is its outer measure, and its outer measure may be approxi¬ 
mated to any desired accuracy by the sum of the volumes of a sequence of 
open intervals which cover N* 

THEOREM 3*16 : Any measurable set M oein be represented as a Borel 
set of type minus a set of measure zero* 


Proof: Consider the case where M is a bounded measurable set* There 
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exists an open set S M such that < p^(M) + i “ >i(m) + j • I*et 

00 

M = TT . M is a Borel set of type jzL and is measurable* M D M. Hence 
i=l ^ 

ju(M) » But 1 and p(M) 5 < ;i(M) + j . Therefore >i(M) » ^(m). 

But M = M + (M - M). By Theorem 3.1, ix(U) = ^(M) + )i(M - M)* Hence 

>i(M - M) * 0* The theorem follows from the fact that M = M - (M - M), pro¬ 

viding that M is bounded* The case Virhere M is not bounded will be taken up 
immediately after the proof of 

THEOREM 5.17 s Any measurable set M can be represented as the Sim o f a 
Borel set of^ type and a set of measure zero. 

Proof; Let M be a bounded measurable set and let I be a finite closed 
interval containing M. I-M is measurable and, by Theorem 3.16 (proved for 
bounded sets), I-M « M-Z, where M is a Borel set of type and Z a set of 

measure zero* Hence M=I-(M-Z)“ (l)(-M) + IZ* Since I is closed and 
-M is a Borel set of typo (l)(“’M) is also a Borel set of type C^* Since 
IZ is a set of measure zero, the theorem is proved for the case where M is 
bounded* If M is not bounded, let I^ be the closed interval -N = x^ = N. 

M = MIt+ M(I«- It ) + M(l - I„) + *•• . Each of these summands is bounded and 

1 Zi 1 o d 

measurable so that, by the case just proved, M(lj^- 2^^, where B^^ 

is a Borel set of type C and Z is a set of measiire zero* Hence 

cr 

M = (B^+ ...) + (Z^+ 3^+ *..)* But (B^+ ...) is a Borel set of type 

C and (Zt+ Z^+ **.) is a set of measure zero. Thus the theorem holds for 
any measurable set M. 

It remains to complete the proof of Theorem 3*16. Suppose M of that 
theorem is not boxmded, Ey Theorem 3.17, it is possible to write -M = C^+ Z. 
Then M = (-C^(-Z) = (“C^ - (-C^) Z, But -C^ is a Borel set of type and 
(-C )Z is a set of measure zero* 
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CHAPTER IV. 

INNER MEASURE 

Definition 4,1 1 The inner measure^ of a point set M ^ the 

least upper bound of the measures of all measurable sets N contained in M« 
THEOREM 4»1: For any set M, “ )i*(M), and i£ M measxirable^ 

v*(“) - )1*(U) “ }»(“)• 

Proof: The first part of the theorem is obvious and the second part 
follows from the fact that in Definition 4,1 one of the sets N may be M itself# 
THEOREM 4#2 ; )i^(M) ^ the least upper bound of the measures of all the 
closed sets contained in M# 


Proof: There exists a measurable set N contained in M such that 
jui(N) > - 6 • It is shown in the proof of Theorem 3.17 that there is a 

closed set N* contained in N such that ^(N* ) > ^(N) - fe* Hence the least upper 
bound of |»(N* ) is not less than The theorem follows from Definition 4.1# 

In Theorem 4#2 the set of all closed sets may be replaced by any set 
S of measurable sets, providing S includes the set of all closed sets* In 
particular, S might bo the set of Borel sets* 


THEOREM 4*3 : If M ^ any point set for which ji*(M) ^ finite and if 


= P^CM), then M i£ measurable * 

Proof: There exist an open set jzf o M and a closed set C-C M such 

a CD ^ no 

that < p*(K) + i and fi(C^) > If = IT and if 


then D M D C^* Hence Since fS^ and 

o Cj^, pC/Jy) < ^ " 5* Since k may become infinite. 


“ P*(M) and ji(C^) « >i^(M)# But p^(M) « so that = >i(C^. 

All these numbers are finite because ^♦(M) is finite# Since {fi^ C^), 
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then, by Theorem 3,1, = )a(C^) + C^), so that ^ = 0. Again, 

(V - C^) c cp, ;i*(M - cp = C^) = 0. Theorem 3.12, (M - is 

measurable with measure zero* Since M = C^+ (M - M is the sum of two 
measurable sets and hence is measurable* 

THBOPEM 4.4; If MN = 0, ;i^Ch) + p,(N) = fijM + N). 

Proof: If P and Q arc any two measurable sets contained in M and N 
respectively, then, by Theorem 3,1, ^(p) + ja(Q) = ji(P + Q) 5 ;i^(M + N)* The 
theorem follows from tho fact that least upper bounds 

of p(P) and ju(Q)* 

TIIEOPlEH 4,3 ; If M^, *** _^ any sequence of sets such that no two 
have a comi^ion point, then •••) = ju^(M^) + + ••• • 

The proof is omitted* 

Properties I, II, and TV of outer measure obvioisly hold for inner 
measure and Property III is the aiialof;ue of Theorem 4,5* (Note, however, that 
these properties could not be used as a starting point for the theory of mea¬ 
sure in which one began with instead of ^*, The 5 of is loss appropri¬ 
ate for such a purpose than the = of 

T HEOREM 4.6 ; If MI = 0, tiien (l) + 11) = fx^iU) + = /i*(M + N), 

and (2) + N) = + p^(H) = ^*(U * li). 

Proof: It is sufficient to prove part (1)* Let P be any measurable 
set contained in LI* By Theorem 3,1, ^(P) + y*00 = /^*(P ~ + N)* 

Since least upper bound of y(P)s + N)* 

Again, let P be any measurable set contained in M N, let B be any 
measurable set containing N, and let A = P - PL* Since AB = 0, A C M* By 
Theorem 3*7, A is measurable* Hence y(A) = Since P c (A + B), then, 

by Theorem 3,1, ^(P) = y(A + B) = fx(A) * /x(E) = ;u^(M) + /i(B). Since + H) 
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is the least upper bound of }i(P) aiid^^(N) the greatest lower bound of 
ji^(M + N) 5 + p*(N). 

THEOREM 4.7 } I£ M set of finite outer meaisure and ^ any set 
containing M and having a finite measure^ then ji^(M) » ji(N) - /^♦(N - M)« 

Proof: If the set (M + N) of Theorem 4.6 is measurable with finite 
measure, then + )i*(i'l) = p(M + N), where MN = 0. Since >i*(N) is finite, 

= )i(M N) - M + N may be regarded as the set N of the theorem. 

Definition 4.2 : I£_ M any point set for which )i*(M) ^ finite , then 

^ a. measure of the non-measurability of M and is called the non ¬ 
measure, v(M), of M. 

It follows from Theorem 4.1 that V(M) = 0 and from Theorem 4.3 that, 
if v(M) =» 0, M is meas;n*able. 

THEOREM 4,8 1 MN = 0, then (1) -J/(M) + V(H) = t/(M + N), 

(2) -K(M + N) + V(M) = v(N), (3) v(K: ♦ N) + v(N) » 1 /(M). 

Proof: Part (1) follows immediately from Theorems 2.6 and 4.4. By 
Theorem 4.6, + }i*(N) = }x*{M, + R) and yi*(M) + = )i^(M + N). Part 

(2) follows from these relations and part (3) is analogous to part (2). 

The relations in Theorem 4.8 are analogous to the triangular law of 
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CHAPTER V. 

INVARIANCE OF MEASURE UlyfDER TRANSFORMATIONS 
Only one-to-one transformations with an inverse are considered here* 
Definition 5*1 : A transformation i£ called measu re -preserving if it 
leaves outer and inner m easure invaria nt and preserves measurability . 

It is obvious that measure itself is also invariant under a measure 
preserving transformation. 

THEOREM 5.1 g If a tranf ormat ion ^ leaves outer measure invariant ^ then 
T ^ measure preserving . 

Proof: If M is a measurable set and N an arbitrary set, then 
)i*(N) = fi*(N - MM). If M* is the transform of M under T and N’ that 

of N, then ^♦(N*) = + ja*(N*- M*N*) since outer measure is invariant 

under T. But N’ may be regarded as arbitrary. Hence M* is measurable and 
p(M) = p(M*). It follows from Definition 4.1 that inner measiure is also in¬ 
variant under T. 

It is obvious that if T is measure preserving, the inverse of T is 
also* Likewise the product of two measure preserving transformations is mea¬ 
sure preserving* 

THEOREM 5*2: ^ T ^ a transformation such that p(I) = (I’) and 

where I is any interval with transform I» and J* any inter- 
val with inverse-transform J, then T is measure preserving. 

Proof: Suppose M to be any point set. There exists a sequence of 

open intervals i^, l^, ... covering M such that /^(ig)****** = 

M« is covered ty Ij^+ 1^+ IJ+ ... and ) = Fi*(q+ Ip ...) = /i*(Ii) + 

+ + ... = * ••• = F*W + € . It may be shovm in 
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a similar way that ® ) + £ • Eence The theorem 

follows from Theorem 5#1. 

It is obviously possible to restrict the intervals I and J* of Theorem 
5#2 to rational cubes without loss of generality# 

The remainder of this chapter is devoted to showing that the general 
linear unimodular transformation is measure preserving# This will be effected 
by resolving such a transformation into a product of measure preselling trans¬ 
formations of the types occurring in tho following 


Lemma: The transformations 


I 

x' = 

(v= 1, •••> n)# 

II 

\ = x^ 


III 

/ / 1 / 

X. = ox. , X — X., x^ = x_. 

i 1 a 0 V V 


IV 

x'^ = X, + cxX^. = X,, 

11 y ^ ^ 

(v/ i) 

are measure 

preserving# 



Proof: The proofs of parts I - III are trivial# With regard to part 
IV, let I be the Interval X^< x^< X^+ s^ (v = !,•••,n)# Under the trans¬ 
formation IV this interval goes over into the set I* of points satisfying the 
conditions 

X. ♦ ox^. < < X. -f cx^ + s 

1 0 1 1 0 ' 

< x^ < X^ + s^ 

This point set is covered by the intervals S s 

K 


(v/ 1) 
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^^K-1 </<^^K 

I.+ -Sf- B .=> X . =• X .+ Tf s 
j N 0 J J N j* 


X^=x'^5x^+s^ (v/ i, j). 

The voltime of is (Sj^* "fT ®v ^ total volme of all 

the Sj. is (Sj^+ 2|i)B^Tr , Hence |j*(l*) = ^(l) since N may be arbitrarily 
large* Part IV of the lemma follows from Theorem 5.2, since the same argument 
holds for the inverse transformation which also has the form IV with -c in¬ 
stead of c. 

n 

THEOREM 5.3: If T is the transformation K, ♦ ^ a x with de- 

-- > ^ - 

terminant D =i 1, tifaere 

*^11 ••• V 

B = 

*nl V 

then T measure preserving. 

Proof: T may be resolved into the product T”T’, where T’ is the trans* 
n 

formation x!J. « Y" a. x and T” is the transformation x^, « x" + b-. . T” is mea- 

^ V V 

sure proserrlng aooordlng to the Lemna* Since P / 0, some 0» Let Tj^ be 

the transformation II with i = 1. Let Tg be the transformation III with 
c = and i * 1. Then T’ may be resolved into the product T^T^T^, whore T^ 
is a homogeneous transformation with determinant of the form 


1 

^12 

••• \n 

^21 

^22 

• 

^2n 


♦ 


^nl 


••• '’nn 
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and ■vrtiere the b'a are certain fvmctlons of the a's* i 1 since the deter- 

o 

mlnants of and Tg are each equal to * 1. By the Lenana, and Tg are 

measure preserving* It remains to show that is also* 

T- may be resolved into the product T, T whore T is the transforma- 
o D a a 

tion 

Xv = (v / 1 ) 

and T, is the transformation 

D 

/ »» 

Xi « Xi , 

* S/z'g * ••• * 


Blit T- may be resolved into T ,T • where T is the transformation 
b do o 


^ “ 'V2*2 * ••• * "Vn^n 


(v/ 1) 


and T, is the transformation 
d 


Iff 

' 

tfi 




(v/ 1). 


T may be resolved into the series of transformations 
a 


X,+ b,-x„. 


- *i * ^13<» 


etc* 


(v/ 1). 


/ 


may be resolved into the series of transformations 
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x(l). 

X?’- 

2 


ftf 

i • 

^(2)„ ^(1) 


tti tff 

'Zl*!* *2 * 

2 *2 * 


ttl 

3 “31 1 *3 ' 

etc. 


By the Lemma, each of the transformations in these two series is measure pre¬ 
serving* The determinants of T and T, ore each equal to unity. Hence the 

a Q 

minor 



2n 


3 

nn 


of T has 0113 of the values i 1, If the n-1 dimensional transformation T - 
0 n-1 

with deborminant M is measure preserving, then T is also. Thus the problem 
c c 

of showing that T* is measure preserving has been reduced to a similar one of 
one less dimension. This reduction may be repeated (n-1) times, and the theo¬ 
rem follows immediately, 

Oorollary i If in Theorem 5,3 the determinant D of T lias the absolute 
value K, then the measu re of any measurable set is multiplied by K under . T, 

If K =“ 0, then T is singular and any set is^ tronsf orinod into measurablo set . 
The proof of this corollary is apparent. 
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CHAPTER VI. 

COVERING THEOREMS 

THEOREaH 6. ]: * ^2* * * * LL — i^^inite sequenc e S of measur able 

sets such that |i(Nj^) = 6 > 0 for every K and such that N^) < 00 , if P 

K=1 

is ^ point contained in any infinite subset of S, and N ^ the set of all 
points P, then N measurable and ^(N) « t • (This is known as the Arzela- 
-Young theorem.) 

Proof: Let 8^=* N^+ ••• • Then N » it Sy. ?y Theorem 3.10 


K=1 


and 3.11, Sj^ and ¥ are measurable. But S^ ^ S^ ^ ... and p(Sj) " ^ • 

By the corollary of Lemma 2 of Chapter III, u(N) » lim w(Sy) » 6:. 

[ K-mx) ' ^ 

THEOREM 6.2: ^ ^ ^ measurable set , is, ££, open set contain- 

ing M, If Cj(P) ^ ^ infinite sequence of cubes T" 

(V ■ 1,... ,n) with center P: (X^, • • such that s^ ^ a decreasing sequ ence 

with limit zero, if such ^ sequence of cubes is associated with each point 

P 6: M, and if with each cube C^(P), P ^ M, there is associated closed set 

p[N (P)] ^ 

N»(P) C C^(P) such that ^^ > 0 for every k end P, then there exists 
K K-)i[Cj^(P)]-—- 

a sequence S: Nj^ N^^ (^2^* SL. sets Nj(P) such that (l) no two of 

1 2 

the sets of S have ^ common point, (2) each set of S contained in and (3) 

^ N^ (P.) covers M except for a set of measure zero* (This is known as the 
i-1 ^i ^ 

Vital! covering theorem.) 

Proof: It may be assumed that ^(M) > 0, for otherwise the theorem is 
trivial* Suppose that M is bounded* Let be an open set such that M c )Z(* c 


and 
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( 1 ) 


4*3 


(Such a set jrf* obviously exists.) For each Pg M thore is a smllost sub¬ 
script K/„x such that (P) c (P) covers M. By Theorem 1.10, 

^P; ^ 


(P) 


"(P) 


a sequence T of the cubes C- (P) covers M. Suppose T to be selected so that 

^(p) 

no two cubes in it have the same center. Let T be ordered so that the edges 
of its elements form a monotonically decreasing sequence and then let the 

cubes in T be renumbered C )* ^''^hore C is wribten instead 

9 ^ ^ 

of Ctj, / ,v Let7“ C be denoted by ZI • is a de- 

J^(pW) y=l P P 

oo 

creasing sequence, ( | (M-mZT ) = 0# and lim u(M-M]E 1 ) = 0. Hence there 

p=l P K->k« r 

exists a value of p sufficiently large so that $ where 6 

is an arbitrary positive number. Then 


(2) ji(M) ~ 6 < 5 


,( 1 ) 


)] + ... + 


plo 


Some of the cubes C 


( 1 ) 


) are to be discarded by a 


K'*' V 

weeding-out process. The cubes retained, called the survivors, sire determined 


K 


,(i) 


as follows: C d)(p^ b is a survivor and C ') is a survivor if and 


(v)' 




only if it has no point in common with any preceding survivor. Let the sur¬ 
vivors be renuiabered 0- (P.)» •••# (P )* the lowered indices aire 

^1 ^ \ Pi 

to be distinguished from the raised indices in the preceding enumeration. 

(a) No two survivors have a comnon point, (b) Each survivor is contained 

lo. (c) By (2), the total volume of the survivors is greater than A ^ 

3 

for if the edges of the survivors be tripled (with a multiplication of volume 
by 3 “ ) without displacement of the centers, the expanded survivors cover the 
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original set of cubes C “ 1»*«»»P2^* If ^ is taken to be i 


thoxi the total volume of the survivors is greater than—— >i(M). Let 

a* 3 “ 

N- (P-), N- (P ) be the sets N- (P) associated with the survivors. 

h 1 Pi ^p) 

These sets are the first sets of the sequence S of the theorem. They ob¬ 
viously satisfy conditions (1) and (2). Although they do not satisfy con¬ 


dition (3), yet their total measure is greater than 

2*3 


Let Ejj - lIj^(Pi) + ... + (Pp^). 


Then 


(5) 


» p(M) - 


But Ejj- - M)Zjj and 

(4) ^ ksTj,) - - M), 

By (1), (5), and (4), 

pi(M-UEjj) “ p(M) - 


< h(m) - -£-=• h(“) + 

Z»S 4*3 


- (1 - p(M) 

4«S 

*• e p(M). 

Let 9 be any number in the interval 0 < 9 < 1 such that there exists a finite 

sequence S*t (Pp) b\xoYl that (1) no two of 

h p r 

the sets of 3' have a common point, (2) each set of S* is contained in fi, and 
(S') * 9 ^(M), where (P^) ♦ ^ number 9 

exists, for 9 may be *9 . M-MH^ is measurable and contains no point of 
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/ is open and contains no point of 5Ijj. Sy an argument similar to that 

above, there exists a set Tt N_ (P ), M (p J of the sets N (P) such 

^p+1 ^0- K 

that (1) no set of T has a point in and no tvro sots of T have a common 

point, (2) each set of T is contained in jZf - Ejj, and hence in /, and (3) 


p { (M-MEjj) - (U -mZu)[n^ (P ) + ... 11^ (pp] } = 

P+1 ' (T 

“ Vy^(Pp+i) * — - 

= e p(iit-MEjj) = ee p(M). 


This process is inductive and, after r repetitions, 


Pr 

Nj^(Py))] 5 ©f p(M). 


(When passing from r-1 to r, p^__^and play the roles of p and <r respectively 

in the above discussion*) But lim oT ji(M) = 0 and tho set of all the sets 

K-^oo 

N (P-ti) obtained by this process is the sequence S of the theorem. 

If M is not bounded, let be the set of all points of space such that 
N-1 < I I ^ I ^ covers the whole of 

space except for a set of points which is obviously of measure zero. Tho above 
argunmt holds for each of the pairs of sets and The theorem follows 

from the fact that no two of the sets R^^ have a common point and that tho set 
of the sets R^^ is countable. 

THEOREM 6.3 > If M is a measurable point set such that for each P € M 

and for any 6 > 0 there exists a cube C ^(P) with center P and edge a < 6 such 
^[M^P)] 

that-< 1 -£ , then u(M) » 0* 

-- 

Proof: First suppose that M is bounded. There exists an open set fS 
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such that )x{ji) < ji(M) + • Let C^'CP) be a closed cube contained in C (P) 

p[c:(p)] 

such that-— > K > 0, where K is a fixed constant. The assumptions 

of Theorem 6.2 hold, and so there exists a sequence C (P-i.) of the cubes 

C^(P) which covers M except for a set of measure zero. No two of the cubes 

(Pv) have a common point and each of them is contained in Hence p(M) =» 
®-v ^ 

“ fi(ZMc'_(P^)) = 51 h[MC^(Pv)] = Ep[MC^JP^)] < (1-t) “ 

= (1-t) ;i[Ec^JP^)] S (1-0 y{fi) 5 (1-0 (h(m) + -x). Since may be arbitra¬ 
rily small, £ p(M) = 0. Hence yi(M) = 0. If M is unbounded it may be broken 

up into parts as was done in the proof of Theorom 6.2. 

THEOREM 6.4: If M ^ any measurablo set and if N tho set of those 
loints P € M for which there exists an ^ > 0, such that, for every 6 > 0, 
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such that f(a,Cl) < 1 - t for some a < 6, be • For a fixed value of a 

the set of points Q is open. Since is the sum of such sets for all a < 6, 

Ni, is open. Let jZ^ = TT N, • Owing to the fact that 6=6 iir 5 )lies 
^ K=1 pt 

^6t , it follows that “"P” ^(5^ • Since is a Borel set of type 

it is measurable. If and if P is any point of , then there 

exists a sequence of cubes C (P), C (P), ,,, with sides a . decreasing to 

ai a^ 

(P)] p[M (P)] 

zero such that- ^ - < !-£.• Hence -=— y- - < 1-fc , By Theorem 

/x[C^JP)] /^tc^jp)] 

6,*5 it follows that = 0, Since £ = £ implies , and there- 

00 

fore 3 = XZ 1^1 ® ZI = N and u(N) = 0, 

^ ^ K=1 t ^ ^ 

Definition 6,1: If M is any measurable point set, if P is a point of 

-- i^[i5;rp)T-- 

M, and if lim f(a,P) exists, where f(a,P) =-, then this limit is 

a-i^ p[C^(P)] 

called the dens ity of M at P, 

THEOiiEM 6,3; measur able set M has densi ty at every point of the 
space, except possibly for a seb of noasure zero , and tho density is, again 
with the possible exception of a set of measure zero, 1 tho points of M and 

^ of -M, 

Proof: It follows from Theorem 3,i that the condition lim inf f(a,P)<l 

a-^ 

where P € M, holds over only a set of measure zero# Let be the subset of 
M such that if P e M , lim iif f(a,P) i 1. According to the preceding remark, 

= 0# Since it is always the case that f (a,P) = 1 for P € 

1 = lim sup f(a,P) ^ lim inf f(a,P) = 1. Hence lim f(a,P) exists and is unity 

a-^0 a-^0 

for P 6 It follows in a similar iminnor that, if arises from -M as 

does from M, then p[ = 0 and the density exists and is zero over 
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CHAPTER VII. 

non-measurablb sets 

Definition 7»l.If M is a set of real numbers ^ then M is said to have 
the period a if (x+a) 6- M when and only when x £ M* 

THEOREM 7ml t If P is the set of periods of a set M of real numbers ^ 
then (1) a € P inylies -a€P, (2) a£P and b £ P imply (a+b) 6 P, eind (3) 
a 6 P implies na £ P, where n is any integer . 

Proof* Parts (l) and (2) follow immediately from Definition 7.1, 
and part (3) follows from parts (l) and (2), where in part (2) the period b 
is taken to be a, 2a, ... sucoessively. 

THEOREM 7»2 * ^ P ^ the set of periods of a set M of real numbers , 
then either (1) P en^ty ( except for the trivial period zero ), or (2) P 
contains a smallest positive period a and all other periods in P cure integral 
multiples ££ a, or (3) the periods in P are everywhere dense over the set of 
real numbers » 

Proof: It follows from part (l) of Theorem 7#1 that P contains a 
positive period if it contains any period other than zero. Suppose P contains 
a smallest positive period a^ Let b bo any other period in P. There exists 
an integer n suoh that n » ^ < n+1. Then 0 » b-na < a. By Theorem 7.1, b-na 
is a period in P. Since a is the smallest positive period in P, b-na ** 0 
and b » na. 

Suppose now that P contains no smallest positive period and is not 
eii^ty. Lot "a be the greatest lower bound of the positive periods in P. Since 
"a is not a positive period in P, there exist a period b in P suoh that 
a < b < a+ £ and a period ^ in P such that a < o < b. Hence 0 < b-o < t and 
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b-o is a period in P# Since ^ may be arbitrarily small, P contains arbitra¬ 
rily small positive periods# If ot is any number, there exists a period a 
in P and an integer n such that na S << < na+t • Hence the periods in P are 
everywhere dense over the set of real numbers# 

Definition 7#2 : If M is any set of real numbers and if I^ ^is the in¬ 
terval a « X < b, then f(a,b) is ^♦(I^^M)# 

It is obvious that f is a non-negative function defined for every 
pair of real numbers and that f(a,b) = b-a, where a < b. 

THEOREM 7#3 t If P a period of the set M, then f (a+p, b+p) « f (a,b). 
THEOREM 7#4 : ^ a S a» and b = b», then f(a,b) = f(a»,b*). 

The proofs of these two theorems are apparent, 

THEOREM 7#5 ; If M has an everywhere dense set of periods and if 
b-a a b’-a*, then f(a,b) = f (a*,b’), s£ that f(a,b) 3^ really ^ function 
g(b-a) of the interval length alone # 

Proof I M has a period £ such that a = a’+p < a+^ and b « b*+p < b+^ 

5y Theorems 7#3 and 7#4, f(a»,b’) = f(a*+p, b*+p) = f(a, b+t) » f(a,b) +€ # 

Similarly, f(a,b) =f(a»,b*)+f# 

In the sequel it is always assumed that the function g arises from a 
sot M having an everywhere dense set of periods, as otherwise g is meaningless# 

THEOREM 7#6 ; For any two positive numbers u and v, g(u) + g(v) =* g(u+v) 

Proof: This is merely a restatement of the obvious fact that 

f(a,b) + f(b,o) « f(a,c), where u = b-a and v - c-b. 

THEOREM 7.7: g(ku) = kg(u), where k any positive rational number # 
Proof: The theorem follows immediately from Theorem 7#6 if k is a 
positive integer# If k is not integral, let k = ^ • Then g(~ ^ ^^^n 


1 


m 
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THEOREM 7»8 t g(u) » cu, where o is a const ant and 0 * c « 1 • 

Proof: By Theorem 7*5, 0 = g(u+v) - g(u) = g(v), that is 
0 “ o(x) - s(y) ® where y » u and x * u+v* Hence g(u) is a continuous 

function of u* Hence g(x) * xg(l) = ox, and, since 0 = f(a,b) « b-a, 

0 » 0 = !• 

th eorem 7»9 ; If g(u) = cu arises from the set M, then c = 1 unless M 
^ a set of measure zero, in which case c = 0. 

Proof: Let I be any interval such that m = ji*(lM) < oo * IM can be 

covered by a sequence of open interm Is of total length less than m+t • 

Since IMc J^M + J^M + ••«, m = p*(lM) ® + ••• = '^ 2 **** 

= o(m+fc), where is the length of Hence cm and c = 1 unless m = 0. 

If there exists an interval I such that m / 0, then c = 1. But if 

m » p^(lM) » 0 for every interval I, then ^(M) = 0. 

THEOREM 7a10 : If M has an everywhere dense set of periods , then either 
( 1 ) M is a set of measu re zero , ££ (2) -M is a set of measure zero , or (5) 
p*(M) = * 00 and ~ 0* 

Proof: If M is not a set of measure zero then c = 1. Let N be any 
measurable set contained in -II* By Theorem 3.1, ^*[l(M+IJ)] = + fi*(rN)f 

where I is any interval* Hence 0 = )x*{l) - pi*(lU) « ;i*(lH)* Hence by Defini¬ 
tion 4*1, = 0* Therefore, either ja(M) = 0 or = 0* Similarly, 

either )li(-M) = 0 or - 0, since M and -M have the same periods* If 

^♦( 11 ) / 0 and p*(-M) / 0, then “ 0 = jLi*(-M) =» 00 . 

THEOREM 7*11 : There exists a non-measurable set. 

Proof: Let the space be the set of real numbers, x is said to be 
congruent to y, x y, if x-y is rational* The following properties are 
apparent: (1) xr^ x, (2) if x rv y, then y ~ x, and (3) if x y and y z. 
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then X rv 2 . Let be the class of all real numbers congruent to x. It 

follows from the properties of congruence that every real number belongs to 

one and only one congruence class. is the class of all rational numbers. 

C C = 0 if X is irrational. Consider all the pairs [C ,C ] of congruence 

classes obtained by allowing x to run through the set of irrational numbers. 

Regard the pair [C 1 as being the same as the pair [C ,C ]. Then the 

pair [Cy, same as the pair [C^, C if y is congruent to either 

X or -X. Assume the axiom of selection to be mlid. Then it is possible to 

select a from each of the distinct pairs [C^, ^ x^* ^x*° 

looted be denoted by , let the sum of all those congruence classes C be 
_ X X 

denoted by C, and let the sum of all the congruence classes C be denoted 

by Then (C)(^) = 0. C^+ *C + C is the set of all real numbers, and 
-1c = 7 + C^# Each of the sets *C, and "c has an everywhere dense set of 
periods (all rational numbers). = 0. If C is measurable, then *0 is 

also and their measures are equal since y = -x transforms C into O’. There¬ 
fore neither ^ nor C* can have measure zero. By part (3) of Theorem 7.10, 

=3 00 and Hence o’ and "C are not measurable. 
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CHAPTER VIII, 

LEBESGUE HTEGRAL. 


Definition 8.1 : Let f(P) be a fxmction of P, that is, let a real 
number f (P) be associated vrith each point P of the space R^# If in some nmy 
there is associatod with f(P) a nxiraber ^ f(P) dv^ which has the following 
properties: 

lo Jc f(P)dVp = c^ f(P) dVp, where c is a non-negative real number, 

2. i [f(P) + g(P)] dVp = J f(P) dvp + Jg(P) dvp , 

^ lj(P) dVp = ^(l), where I is any finite interval and 


4. 

5. 


ijCP) 


1 for P t I, 

C 0 for P t “I, 

Jf(P) dVp = 0 if f(P) = 0 for all P, 

^f[T(P)] dVp = ^f(P) dVp, where T(P) is the transform of P 
by any inhomogeneous linear transformation with determinant 

ii. 


then _Jf(P) dVp is called an integral of f(P)» 

It has been shown by Banach and Tarski that J f(p) dVp can be defined 
in such a manner as to be finite and not always zero for the set of bounded 
functions in Rj^. Jf(P) dVp can be similarly defined for the set of bounded 
functions in Rg if only orthogonal transformations are allowed. But an in- 

tegral can not be so defined for the set of bounded functions in R . n > 2- 

n' 

Hence it must be assumed that f (P) belongs to some restricted set of functions 
in order that ^ f(P) dVp may be meaningful. 
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H: can be shown bhab posbulabe 3 is dependenb upon posbulabes 4, 

and 5, when wribben in bhe form J lj(P) dv^ = k ji(l), where k is some non- 

-negabive consbanb. Hence posbulabe 3 really asserbs merely bhab k = 1» 

An inbegral as defined above arises from a funcbion defined over bhe 

enbire space. If M is a seb of poinbs over which f(p) is defined, bhen ib is 

readily possible bo define an integral of f(p) over M by inbroducing bhe no- 
ff(P) for P t M, 

babion f,/P) and defining C f(P) dv bo be f f (P) dv_. 

^ lo for P g. -M, M ^ J M P 

' ^ < 

If M is bhe one-dimensional inberval a = x < b, bhen posbulabe 5 assumes bhe 

form ^ f(x+c) dx = f (x) dxi, Ib cein be shown bhab the proporby 

‘^a 


b c c 

^ f(x) dx + ^ f(x) dx = ^ f(x) dx 

aba 

is dependenb upon bhe above posbulabes. 

I 

Ib is now necessary to introduce the concept of an ordinate seb in 
order bo be able bo give a definition of an integral. Let f(P) « o be defined 
over R^. Let "the space of poinbs with coordinates (x^, •••, x^^, 

In ® point seb 0 < ^(R)* "oo <x^<oo, i = l, •••, n 

and let C be the seb 0 = f(P), ~oo < x^< oo, i - 1, ..., n» If I is 

any finite interval of R^ then the sobs and may be defined analogously. 
Any seb S of ijoinbs such that C D S D B (or any set such that ^ 

will be called on ordinate set of f(P); C is the outer ordinate seb of f(P) 
and B is bhe inner ordinate set. 

THEQP™ 8.1 ; If any ordinate seb S arising from f(P) = 0 j£ measur- 
able, bhen every ordinate set is measurable suid all their measures are equal . 

Proof: Consider first the case of a measurable ordinabo seb 

corresponding bo a finite interval I in R and suppose f(P) to be bounded. 

f f 

Let Tt be bhe transformation x ^ = x , x. = x and let T„ be bhe brans- 

1 n+1 n+1 11 c 
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I 1 

formation x x + t » x. » x. • Let I be the interval -f < x x. t I. 

(In this discussion i»l, ...^n.) It is obvious that (l) T^(Sj) c wid 

(2) ySj) + 1^0 Cj. By (1), ;i(Sj) - ;i[T^(Sj)] 5 i^) - 

- + 2£^(I). Henoe /»*(Bj) ■ ;i(Sj). Similarly by (2), p*(Cj) - 

- )i*[T^(Sj) + ] - /i(Sj) + 2 £.ji(I). Henoe )u*(Cj) 5 p(Sj) and p*(Cj) - 

But it is obvious that p*(Cj) * ji^(Bj). Henoe ■ ^j^(Bj). 'Therefore the 

outer and inner measures of any ordinate set over I are equal. Since the en¬ 
tire space may be divided up into finite intervals, the theorem is immediate 
in case f(P) is bounded. If f(P) is not bounded, let “ minimum of f(P) 

and N, -where H is a positive integer. is bounded. Let be the outer 

ordinate set arising from the function g(P) * N. Since S is a measurable or¬ 
dinate set of f(P), S^S is a measurable ordinate set of fjj(P). If S* is any 
ordinate set of f(p) and if C is the outer ordinate set of f(P), then S^^S* and 

SjjC are measurable ordinate sets of * ji(SjjS*) = ^(Sj^C), and 

00 00 

p(3„C - SjjS*) - 0. 21 SjjS' - S' wid'2ISjjC - C. Hence |i(C-3'). 0 and the 
N»1 N=1 ^ 

proof is complete. 

Definition 8.2 : If f(P) » 0 has a measurable ordinate set with measure 
ji, then (1) f (P) ^ called measurable, (2) f (P) ^ called summable if ^ < oo, 
and (5) ^ f(P) dVp - p. 

Lemma : M is a set of points (x^, ..., x^) ^ and ^ the 

set of points (x^, ..., x^, ^n+1^ — ^n+1 ^^1* ^ ^ 

0 - then (1) ^(M) » H. ^ if. (2) P*(M) » 

(3) 5 (4) if M ^ measurable, then ^ also and |i(M) - 

(6) p*(M) 5 (6) p*(ll) - (7) p^(M) = and (8) ^ j£ 

measurable, then M ^ also and p(M^) " 

Proof: Part (1) is obvious. 

Part (2). There exists a sequence of open intervals I^, Ig, ... 
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ooToring M suoh that = fL*{yL) +t . Let I^ be the interval containing 

all the points (x^, x^, where (x^, x^^) t and 0 5 i. 

It * ^ 

The eequenoe of intervals 1^, I,^, ,,, covers and, by Part (1), - 

= 2I)i(Ij) “ y = }i*(M) + £ . Hence i 

Part (3). Suppose M botmded and lot C be a cube containing M. By 
Theorem 4,7, = ^(C) - p*(C-M), If is tho set of points 

(xj^, x^, where (x^^, .... t C and 0 5 1, then 

and Mj^)« By Part (1), p(C) = /i(Cj^), and by Part (2), 

M^) 5 p*(C-M). Hence p^(M) S p,(M^). If M is not bounded it is 
possible to divide up the whole of space inbo a sequence of finite non-over¬ 
lapping intervals and the condition holds in each interval* 

Port (4). This follovfs immediately from Theorem 4*3 if M is bounded* 

The proof of tho case where M is not bounded is apparent* 

Part (o)* Let jrf* be on open set containing such that * 

= + t • is closed* Let P* be any point (x^, ***, ^n+1^ 

of suoh that 0 = ^^+1^ ^ ^ point (x^, *••, x^) whose co¬ 

ordinates are the first n coordinates of P*. Let be the set of all points 
P arising in this way from all points P» of -J^'* The set of points P* is 
closed (since it is the intersection of two closed sets) and -jrf is closed since 
tho coordinate is bounded* Hence fi is open and contains M* Let be 

the set arising from f! in the same my that arises from M* Then U^c. ji^<z jzf* 
and pi*(M) = p.{fS) = = ;i(^') = + t . Hence p*(M) = 

Port (6) follows from Parts (2) euid (6)* 

Peirt (7) follov/s from Part (6) and the relations occurring in the proof 
of Port (3)* 

Part (3) follows from Parts (6) euid (7), 

It is obvious that the preceding Lemma holds if either or both of the 
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equality signs in the condition 0 = 1 are omitted* 

Theorem 8* 2? If f (P) msasura ble and non-negati Te^ then the sets of 
points P such that f (P) > a, = a, < a, = a, where a j£ any real number^ 

are measur ablo* 

Proof* Let be the set of all points of that a = 0* 

Let C be the outer ordinate set of f(P)* Then S^C is the measurable set of 

points of such that a < ^*(P)» IP "the transformation =* 

a X . x’ k(x -- a) be performed in R then S C becomes the measurable 
n+1 ' n+1 ' ^ n+1' a 

set of points of such that 0 < sum of all these 

point sets corresponding to the values 1, 2, *•* of k is also measurable* Let 

be the set of all points P of such that f (P) > a* Then XI Is the set of 

all points (x^, •••! x^, ^n+1^ ^^1* ^n^ ^ subset of 

^ _ such that 0 = I# being the intersection of two measurable sets, is 

measurable* Hence, by the preceding Lemma, A is measurable* If a < 0, A 

a a 

is the whole of space and therefore measurable* Thus A^ is measurable for 

every a* If D is the set of points P of R such that f(P) » a, then P is 

seen to be measurable by considering "fT A ■. * The reTimlBiag parta of the 

k*l (a^) 

theorem follow from Theorem 3*3* 

Corollary * If f (P) ^ measurable and non*negative, and if M is a 
Borel set of real numbers, then the set of points P oP R^^ such that f (P) t M 
is measurablo * 

Proof* The corollary follows immediately from the preceding theorem, 
the definition of a Borel set, and TheoremB3*10 and 3*11* 

THEOREM 8*3 * If M ^ ja sot of real numbers , if f (P) non-negative, 
if Sp[f(P) t M] denotes the set of points P such that f (P) t M, and if 

there exists a set of numbers a everywhere dense over the set of real numbers 
such that for each of them the set Sp[f(P) > a] measurable, then f(P) 
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measurablo. 


Prooft The 'sets Sp[f(P) > a] and Sp[f(P) = a] are measurable for 
all real For let ^ sequence of* the numbers a of the theo¬ 

rem approaching a given number ^ as a limit from above. Then all the sets 
Sp[f(P) > a] are measizrable, as is also their sum which is simply 
Sp[f(P) > a]; the complementary set, Sp[f(P) = a] is likewise measurablo. 

Let a and b be two numbers such that a < b. By Theorems 3.3 and 3.6 the set 
Sp[aL < f(P) 5 b] is measurable since it is the common part of Sp[f(P) > a] and 

S^[f(P) « b]. Let A , be the set of points (x , ..., x , x -) such that 
P ab x n n'rjL 

(x^, ..., x^) t Sp[a < f(p) = b] and 0 = likewise lot be the set 

of points (x., •••, X , X ) such that (x., ..., x ) t S_[a < f(P) » b] and 
X r n+i i n p 

0 « X b® By the above Lemma it follows that A , and B , are measurablo. 
n+1 ab ab 

In fact, ® < ^(P) ® Le't 

be the outer ordinate set of f(P) and lot 0 = •». be a sequence of 


real nuiribers approaching oo . It is obvious that 

n=l n-1 n n= 


Let C* be the interval -N < x^ < N, i = 1, •••, n, -oo < 


h-1 n 
< 00 • Then 


]Er C’A C C*jrfczZ • Since the sets C*A. . are non-inter- 

n»l ”^n-l^n n=l ^n-l^^n Vf^n 

seoting, as are also the sets C*B. . , ot ^ " 

Vl*ii ' r?l ^-1 n 

^einp{c3p[«Cn_i < f(P) " . where C is the cube -N < < N, 


n=l 

00 


n“l 


i - 1, n. If f(P) is bounded, then, for some value n of n, f(P) “ Otj^ , 

and all the preceding sums are finite. If ^n-i ” ^ then 


;»(E c-B ) - C'A ) - E (V Vl> WVl < = ^nO ° 

n»l n-1% n=l %-l% 


■^n-l^n 


n=l 


n=®l 
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» S Ji(c). Hence ^lim ^ 

00 a 

11m )i(X!c*A ) is a lower bound of and lim /i(X- ) 

6-^0 n»l ^n-l®^n 6-^0 n=»l n-l*^n 

is an upper bound of ^*(0')[()• Hence C'J^ is neasurable* summing C'/A over 

all intervals C* it is seen that f(P) is measurable. The theorem still holds 

4 

if f(P) is not bounded; this may be proved by considering f„(p)aminimum of f(P) 
and and allowing N to become infinite. 

Corollary : Theorem 8.3 holds if the condition that the sets Sp[f(P) < a 
be measurable be replaced by any one of the conditions that the sets 
Sp[f(P) ■ fit], Sp[f(P) < a], 2L be measurable. 

Proof: The third of these conditions is immediately equivalent to 
that in Theorem 8.3. The second is equivalent to the first, and the first 
leads to the condition of Theorem 8.3 by taking a sequence of values a^, ^ 2 *** 
approaching any given nimiber a from above and summing the resulting set of 
sets Sp[f(P) - a^]. 

It is now desired to set up an explicit formula for ^ f (P) dVp. 

Suppose f(P) " 0 except over a measurable set M of finite measure. The proof 

of Theorem 8.3 applies verbatim from the point where the ordinate set fi is 

introduced, except that the sets C and C are no longer needed. It is evi- 

dent that ^ {V‘*n-1 “ I “ 

n*l 

* f®P^^n-l ^ * ^nO * Ii^stead of considering merely one sequence 

. let 0 » &P < < • •• be an infinite set of sequences such that lim 01 ^ 00 

n 0 I n 

n^^co 

and that max(oC^ - 1 ) “ 5 —♦ 0 as p —► 00 . Let P be any number such 

n n-1 p * n 

that <'fP5c(P . Then the following theorem is obvious: 

n-i 0 n n 
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TBEOREM 8.4 t I£ S? - 1% i < ^(P) “ ]) . then 

n=l '^n L - 

lim SP - ^f(P) dVp. 

p -^00 

THEORSM 8>5 > *•* is a monotonioally Inoreaaing se- 

uenoe of measurable non-negative functions with a limit function f(P), then 


f (P) ^ measurable and lim ^ ^ 

n-^QO ^ 

Proof: Let be the inner ordinate, set arising from f^C^)* Then 
B-, B«, ••• is an increasing sequence of neasurable point sets. ?y Theorem 

00 CD JO 

3.9, 2Z ® meas\irabl6 and lim ^(B ) » p(2I ®)» ZT ® inner 

n=l n->oo n=l n=l ^ 

ordinate set of f(P). The theorem follows from the fact that " I 

00 

“d H Bq) - I 

nal 

THEOREM 8.6: If fT(P), f^CP)# ••• is a monotonically decreasing se- 


uenoe of measurable non-negative functions with a limit function f(P), then 


f (P) measurable and lim ^ ^^p “ J ^"^p provided that at least 

n-^oo 

one of the fimctions fj^(P) summable . 

The proof is analogous to that of the preceding theorem. 

THEOREM 8.7 ; I£ *** is any sequence of measurable non- 

-negative functions with a limit fimction f(P) and if there exists a summable 


function g(P) such that f^^(P) " 6(P) £or aU n, then f(P) ^ measurable and 

lim f fj^(P) dvp - ^ fCP) dvp. 
n-aoo 

Proof: Let 


P^ ir(P) " minimum of .w>')- 


F^(P) * greatest lower bound of - 
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It follows that F t(P) » P o(^) * ••• and that P^ ,(P) approaches F (P) from 
m, 1 m^6 m^jc m 

above as k-^^x). Similarly, F,(P) » F 9 (P) = ••• and F^(P) approaches f(P) from 

X ^ lu 

below as m-^oo* All these functions are obviously measurable. For emy n re¬ 
lations f (P) • P ,(P) and f f (P) dv^ « fP .(P) dv_ hold for all m « n 
and all k ■ n-m. Hence, by Theorem 8.6, ifn-m, ^ ^^P " 

lim inf ( f (P) dv« « ( F (P) dv„ for each m. Hence, by Theorem 8.5, 

^ n r v' m r 

nHKX) 

lim inf dTp i 11m ^ FjP) ^ lim FjP) dVp - ^ f(P) dVp. 

n-^ m-xx) m-^oo 

It follows by a simiiir argiament that lim inf ^ (g(P) - dVp - 

n-^oo 

• ^ (g(P) • ^(P)) dVp. But the left side of this inequality is 


lim inf [ J g(P) dv - C f (P) dv ] » ^ g(P) dv - lim sup J f (P) dv . 

n-a<D n-^oo 

Hence lim sup^f (P) dVp * Jf(P) dVp. Therefore lim sup ^ ^^(P) dVp - 
n-^oo ^ n-^<o 

- lim inf J f (P) dVp. Hence lim ^ f (P) dv exists and equals ^ f(P) dVp. 
n-WKX) ^ n-woo ^ 

Definition 8.3 t If f(P) is a non-negative function which assumes only 

the values 0, v^, v^, is the set of points P at which f(P) ■ v^, 

and if Ji(S^ ) exists and is finite for each v^, then f(P) is called a finitely 

X 

valued function. 

THECRBH 8 . 8 1 If f(P) iis a finitely valued function , then in the no- 

“ n 


tation of Definition 


8.3j Jf(P) dVp - 2Z )• BUtt of two finitely 

K**l ^ K 


valued functions is finitely valued and the Integral of their sum exists and 


equals the sum of their integrals . 

The proof of this theorem is apparent. 
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THEOREM 8t9 : Every real non-negative measurable function f(P) ijs the 
liTAit of a sequence ••• of finitely valued functions . This se¬ 
quence can be chosen in such a manner that 0 * f^(P) = ^ 2 ^^^ • = f(P) 

everywhere . 

Proof: Let be the closed cube in R^ with edge N and center at the 

N 

origin, where N is a positive integer. If P is a point such that f(P) < 2 , 

then there exists a positive integer V - "V (p) such that - ^(P) ^ 

2 2 
Let 





if P £ L «nd f(P) < 2* , 
for all other P. 


^u(P) finitely valued and is measurable, fjj(P) is monotonioally increasing 

in N, and lim f„(P) - f(P). 

N-aoo " 

THEOREM 8.10: If f(P) and g(P) are real non-negative measurable func¬ 
tions, then f(P) ♦ g(P) ^ also measurable , and ^ [f (P) + 6(P)] dVp « 

- ^f(P) dVp + ^ g(P) dVp. 

Proof: This is obviously true for finitely valued functions, and it 
follows from Theorem 8.9 that this is true for all functions. 

THEORKM 8.11 1 f^^(P) - S^(?) • gj^(P) - ggC?), then 
5 fj(P) dTp-^fgCP) dVp dVp Pro'^tding that fj^CP). 

*£i 82 ^^^ are non-negative . 

Proof: The theorem follows immediately from Theorem 8.10 upon trans¬ 
posing terms. 

Theorem 8.10 states that Postulate 2 in Definition 8.1 is satisfied 
by the integral of Definition 8.2. It is apparent that the other postulates 
are also satisfied by this integral when f(P) is real and « 0. 
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If two such functions are identical except over a set of measure-zero, 
then it is obvious that their integrals are equal. Hence it is possible to 
generalize Theorem 8.7 as follows: 

THEOREM 8.12 : If fj^(P), ^o(P)f is a sequence of measurable non¬ 
negative functions which a pproach a limit function f(P) except over a set of 
measure zero and if there exists a summable function g (P) quch that each 
f^(P) ■ 6(P) except for a set of measure zero , then f(P) ^ measurable and 

lim (P) dv - ^f(P) dv . 
n-Mo 

Proof: The theorem follows immediately from the preceding comment 
and Theorem 8.7 when the values of each g(P) are cheuiged to 

zero over all the sets of measiire zero mentioned in ikhe theorem. 

Definition 8. 4: Let f(P) ^ any real-valued function and let f(P) 

« where f^^(P) and are real and non-negative . If such 

a pair of functions fj^(P) and exist which are summable, then f(p) 

called summable I if such a pair of functions exist Tdxich are measurable, then 
f(P) is called measurable and ^ f(P) dVp is taken to be ^ f^(P) dVp- 

It follows from Theorem 8.10 that the value of ^ f (P) dVp is indepeun¬ 
dent of the manner in which f(P) is resolved into f^^(P) euid ^‘gCP) so long as 
the difference ^ ^^P 

Let f(P) be any real-valued function emd let 


f;(p) 


'f(p) if f(p) - 0, 

* 

0 If f(p) < 0, 


f;(p) 


0 if f(p) - 0 . 

-f(P) if f(P) < 0. 


THEOREM 8.13 : A necessary and sufficient condition that a real-valued 
function f (P) be measurable ( summable ) is that f J(P) and f^(P) ^ measurable 
(summable). 
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Proof* That the condition is siifficient is evident. To prove that 

the condition of measurability is neoessary, it is necessary to show that 

Sp[f^(P) > a] and Sp[f 2 (P) > a] are measurable for every real a. Since f(P) 

is measurable, the functions f^(P) and ^ 2 ^^) Definition 8.4 exist and 

f®(P) » max [f^(P) - ^ obviously if a < 0, and 

therefore it is measurable. If a « 0, the condition max[f^(P) - ^ 2 ^^^* 0] > a 

is equivalent to the condition f^(P) - ^^ 2 ^^^ ^ condition 

f^(P) > f 2 (P) + a. But Sp[fj(P) > f 2 (P) + a] - ^ Sp[f^(P)> p > a], 

p rational 

and Sp[f^(P) > p > fgCP) + a] - Sp[f^(P) > p]. Sp[f 2 (P) < p - a]. Since the 
two sets in this product are measurable, f°(P) is measurable; ®ay be 

shown to be measurable in a similar way. That the condition of summability 
is necessary follows from the fact that f°(P) » f^(P) and f^CP) " ^' 2 (^)* 

THEOREM 8.14 ; A necessary and sufficient condition that a real^valued 
function f (P) ^ measurable is that the sets Sp[f (P) > a] ^ measurable for an 
everywhere dense set of values of a. (Cf. Theorem 8.3). 

Proof: The fact that Sp[f(P) > a] is measurable for all real & if 
measurable for an everywhere dense set of values of & follows as in the proof 
of Theorem 8.3. Since Sp[f°(P) > a] is R^ if a < 0 and Sp[f°(P) > a] * 

■ Sp[f(P) > a] if a a 0, and since similar relations hold for follows 

by Theorems 8.3 and 8.12 that the condition is sufficient. Since Sp[f(P) > a] ■ 
= Sp[f°(P) > a] if a = 0 and Sp[f(P) > a] =• SpLfgCP) < -a] if a < 0, it follows 
by Theorem 8.12 and 8.2 that the condition is necessary. 

Corollary: ^ Theorem 8.15 the condition f(P) > a may be replaced by 
any of the conditions » a, < a, = a. 

Proof: This may be proved in the same way as the Corollary of Theorem 


8.3. 
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THEOREM 8,15 : A necessary and sufficient condition that the measurable 
function f (P) summable is that | f (P) | ^ summable ^ 

Proof: This follows immediately from the resolution |f(P)l* 

. fj(p) + f®(p). 

It is readily seen that Postulates 1-5 are satisfied by the integral 
of Definition 8.4 and that Theorem 8.12 generalizes to sequences of real-va¬ 
lued functions when the condition fj^(P) * g(P) is replaced by the condition 

I^P)! - 6(P)- 

Definition 8.6 : ^ f(P) = g(P) + ih(P), where g(P) ^ h(P) ^ re¬ 
valued functions, then ^f(P) dVp is taken to be ^g(P) dVp + i^h(P) dVp. 

Thus f(P) is measurable ( summable ) ^ g(P) and h(P) are both measurable ( sum- 
mable)• 


Let fjj(P) 


rf(P) for ?tU, 


,0 for P t -M, 
8uid M is any measurable point set. 


where f(P) is any complex function 


Definition 8.6 : ^ f(P) dVp is taken to be ^Vp, where f^CP) 

M 

is as defined in the preceding paragraph and ^f^(P) dVp is the integral of 
Definition 8.5. 

THEOREM 8.]6: T f(P) dv^ has the following properties, where M is a 
measurable point set, f(P) is a measurable complex function, and C f(P) dv^ 
is the integral of Definition 8.6i 

1) f 0 f(P) dv„ a 0 f f(P) dv^, where o is any constant. 

M ^ M ^ 
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5) ^ f(TP) dVp a ^ ^‘(P) dVp, where T any linear 

transformation of determinant D. 

6) If f(P) * 6(P) + ih(P), f(P) is measurable when and only when 
Sp[g(P) > a-] and Sp[h(p) > a] are measurable for all real a, 
and f(P) is 8\3nnnable when and only when| f(P)| is summable. 

7) ^f(P) dv + f f(P) dv = f f(P) dv_ if MN - 0. 

M ^ N ^ M+N ^ ~ 

8) f(P) ^ measiirable and if = 0 for i / j, then the follow- 

' ' ^ 0 — ■ 

ing statements hold s f(P) ^ simimable over ^ when and only 

when ijfc summable over each and I !*(?) | dVp < oo, and 

^ this case we have J ,-(p) (iVp= H f (p) dv^. 

^— i i 

9) *** is a sequence of measurable complex functions 
which approach ^ limit function f(P) over measurable set M except 
for a set of measure zero ^ and if there exists a real summable func¬ 
tion g(P) such that I ^j^(P) I " 6(P) over M for each n except for a 

set of measure zero, then f(P) is measurable and lim { ^j^(P)dVp= 

n-^oo M ^ 

I f(P) dT • 

M ^ 

Proofs The proofs of all parts of this theorem are apparent. 

Definition 8.7as The set of continuous functions is called the class 
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tlonalf is called the class of Balre functions; succeeding classes of 
Baire functions arise from as in Definition 8.7a. 

i k 

Definition 8.7ot The set of polynomials / a^ ... is called 

the class of Baire functions; succeeding classes of Baire functions arise 
from as in Definition 8.7a. 

These three definitions are equivalent in the sense that they all 


lead to the same set of functions contained in the sum of all the classes C^. 
This may be seen by noting that the functions of class of each of our De¬ 
finitions 8.7a,bj o belong to some class of the next Definition (b,o,a, re¬ 


spectively) and therefore each C of these Definitions belongs to some C of 

p <1 

the next one als o. To prove statement concerning C^, consider a, b, and c in 


turn. 


A continuous function f(P) is the limit of a suitably chosen sequence 

of functions of the form a 1 (P) + ...•»• a_l- (P). Let 

-N ■ x^ *» N, i =* 1, ..., n.» It is sufficient to find such a function that 

I a^lj (P) + ... + a^^lj (P) - f(P) I = i over Kj^. Finding such a function for 
1 E 

each N - 1, Z, ... leads to the desired result. As f(P) is uniformly con¬ 


be the cube 


tinuous in KL, this can be done by a simple construction which may be left to 


the reader. Thus of 8.7a is part of of 8.7b. 

In order to see that every function a^l. (P) + ... + (P) 

1 II K 

tainable by taking successive limits of sequences of polynomials, it is suffi¬ 


cient to prove this for a single interval function lj(P), where I is the in¬ 
terval a^< x^< b^, 1 » 1, n. Now lj(P) is obviously the limit of the 

sequence of functions •••» * ) ^ 3 ^)) • ••• * 

Ur 

^(N(a - X )(x - b )), where f(u) = —--Z .(This follows from the fact 

n n n n ^^u^ 

^ r> 8i^ or < bj^, 

that (a^- x^)(x^- b^) ■ 0 according as x^ ^ * a^ or « b^, respectively, thus 

Ui or > bi. 



VIII. LBBESGUE INTEGRAL 


67 


r+oo') 

11m N(a - X )(x - b ) =• j 0 - 
N-»oo 

( + 00 ^ 


in these cases respectively, and lim f(u) 


.) Each x^) is analytical in x^, x^ 

and therefore the limit of a sequence of polynomials# Thus of 8#7b is part 

of Cg of 8.7c (one could even replace by but this is unimportant to us). 

Finally it is obvious that of 8.7c is part of of 8#7a. 

It ought to be mentioned that the classes C of Baire functions can be 

m 

continued beyond the finite numbers m = 1, 2, ... to all elements of the so - 
called ”Cantor*s second class of ordinal numbers**, but it is not desirable to 
go into the details of this problem here. 

THEOREM 8.17 ; If f(x^, ..., x^) and ..., x^), ••• , 

g^(x^, ..., x^) are Baire functions, then h(x^, x^) = 

* f(g^(x^, • •., x^), ... , is. Q-lso ^ Baire function. 

Proof: Consider Definition 8.7a. Assume first that f belongs to C^, 
i.e., that it is continuous. Then the theorem is obvious for g^, ..., g^ 
ioCo, for continuous functions, and it follows by induction for g^, ..., g^ 
in any other classes C^. Thus it is proved for f in and arbitrary 
^1* **** ^ obvious induction extends it to f in any class C^and arbitra- 

'•y .V 


according as lim u * -J 0 j 
I-00 


Hence it is possible to choose any continuous function for 
f(x^, ..., x^), for instance, max (x^, ..., x^), min (x^, ..., x^) or any po¬ 
lynomial; or again the Baire function fjj(x) other^ise^* obtaining 

from & Baire function g(x^, ..., x^) another Baire function gjj(x 2 ^, •••, x^) « 

= fJg(x , X )) = N , 

0 otherwise. 

THEOREM 8.18 ; If for the real Baire functions f^(P), f 2 (P). 



j8Up>| 

[inf] 
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e^erywh^rcj then this limit is a Baire function 


This limit certainly exists if fiC?), fo(P)# •*• a-re unifcrmly boxmded 


^belojr 

Proof: It is sufficient to consider lim inf f (P). This limit cim 

iiHM> 

be expressed by using only the operations "min" (for a finite number of func¬ 
tions) and "lim" (for everywhere convergent sequences) as can be seen in the 
beginning of the proof of Theorem 8.7. This, together with the remarks pre¬ 
ceding the theorem, completes the proof. 

THEOREM 8.19: If fT(P), fo{P)» ••• is a sequence of Baire functions. 


there exists another Baire function f(?) such that , whenever lim f^(5) exists 

m-M) 

this limit is f(P). 

Proof: It may be assumed that f-(P), f«(P), ... are all real, as 

1 

otherwise the real and imaginary parts could be considered separately. Let 




f (p) if I f (P) I 5 «, 


otherwise. 


If fjj(P) = lim inf and if f(P) 

m-*oo 


■ lim f„(P), then f (P) meets the requirements of the theorem. 

N-aoo " 

After these general theorems on Baire functions, it is desirable to in¬ 
vestigate the connection between measurable and Baire functions. 

THEOREM 8.20: Every Baire function f(P) is measurable . 


Proof: This is obvious for the class (using Definition 8.7b), and 

it follows by induction (by Theorem 8.7) for all classes C^. 

THEOREM 8.21 : A function f(P) is measurable when and only when i t is 
everywhere equal to a Baire function except over a set of points P of measure 


Proof: That the condition is sufficient for the measurability of 
f(P) follows from Theorem 8.20. Therefore only the necessity of the condition 
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must be proved. Suppose that f(P) Is measurable. f(P) may be assumed real, 
as otherwise the real and imaginary parts could be considered separately. 

It may even be assumed non-negative, as otherwise it is the difference of two 
such functions (f°(P) and fgCP), Definition 8.4). By Definition 8.3 and Theo¬ 
rem 8.9, f(P) is the limit of a sequence of finitely valued functions, so that, 

by Theorem 8.19, it is sufficient to assume that f(P) is of the form 

C1 if P g. M, 

(P)j 1„(P) * •< and where each set M* 

“n (0ifP£-M, i 

is measurable and of finite measure. But such a function is a Baire function 
if any function f(P) » ^^ere M is of finite measure, is a Baire func¬ 

tion. By Theorem 3.17, M is a Borel set of type except for a set of mea¬ 
sure zero, so that it is sufficient to consider the case where M is a set of 
the type . But, in this event, f(P) is obviously a Baire function. 

Definition 8.8 ; A sequence fj^(P), ••• functions is said to 

approach a limit function f(P) imiformly if, corresponding to any positive 
number 5, there exists an integer N such that l^j^(P) “ f'(P)l ® 6 for all P 
and for all n » N. A sequence of functions is said to approach a limit funo - 
tiin essentially uniformly if, for every g, > 0, there exists a set of measure 
< t such that over its complementary set the approach is uniform. 


THEOREM 8,22 ; If f ^(P), f 2 (P), . •. ^ a sequence S of functions sum- 
nable over a point set M of finite measure , and if S has ^ limit function 
f(P), then the approach of S to f(P) is essentially unifor m. 

Proof: Corresponding to any 6 > 0 let g be the set of points P 

00 00 


such that If (P) - f (P) I > 5. It follows that TT 


^ ^ since, 

n-n >e=0 o 
o 


for any fixed point P, If (P) - f (P) I < 6 for all sufficiently large n. 


® 00 

ButJZMN A A ^ • Each N f 

JfTo ^ n,0 


Each N f is measurable since 
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each f.(P) is measurable?. Hence, by the Corollary of Lemma 2 of Chapter III, 

^ 00 < 
for 6 > 0 and > 0 there exists a value n’ of n such that *" %• 

Let 6 have the sequence of values 1, l/2, l/?, ••• and let 7^ have the values 

L, ; if n. is the integer n* corresponding to 8 » ~ and , 

2 2 ^ 2 ^ . 00 00 ^ 

then and ji[YZ ^ MN^^ J " ^(E) = £ . Hence the 

sequence fj^(P) approaches f(P) uniformly over the point set M - B. 

THEORIiM 8.23: If f(P) is defined and measurable over a set M, then it 


is possible to exclude from M a set M of arbitrarily small positive measure 


so that, when f(P) is defined over only M-M , f(P) is everywhere continu- 


ous over • 

Proof: Suppose that M is of finite measure. By Theorem 8.21 it is 
sufficient to consider the case where f(P) is a Baire function of some class 
C^. If f(P) is of class C^, then the theorem is apparent. Suppose the theo¬ 
rem proved for Baire functions of class C^. If f(P) is of class then 

f(P) is the limit of a sequence S of functions f^(P) of class C^^. By hypothe¬ 
sis, f^(P) is continuous over M-M^, where * '"“pT ® ^ Theorem 8.22, 

the functions f^(P) approach f(P) uniformly 6ver M-E, where ^(E) » ^ . Hence 

00 

the functions f.(P) are continuous over the set M-T, where T » E + XI 

^ i=l ^ 

and where ji(T) * £, and S approaches f(P) uniformly over M-T. Thus f(P) is 

continuous over M-T. If M is of infinite measure, the proof is obtained by 

considering the part M*^ of M lying in the cube -N « x^ » N, i » 1, ..., n, 

constructing the exceptional set for N =» 1, 2, ..., where 

i ^ /I 

putting M^« M^ + M^ + ..., and replacing B by XI where ji(B^) » . 

N=1 2 

It is desirable to exhibit a measurable function f(P) such that t in 
the preceding theorem cannot be zero. Let f(P) be Ij^(P)« where M is a measur- 
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able set defined as follows: let all rational open intervals a < x < b be 
ordered into a sequence I^, Ig, ••• . Define a sequence of intervals 
'^l* ^2* *** such a manner that 1^ every A and such that 

‘^2V-1 every v « Consider those points x which belong to 

only a finite positive number of the intervals . For each such point x 
there is a last interval which contains x and its index A= A(x) is a func¬ 
tion of X# Let M be the set of all such points x for which A is even, and let 

N be the set of al] such points x for which A is odd. Let K - J - J (> J ) 

AAA 'r::^ A"^! 

CO 00 

? ju(j^)(] “ ” •••) “ Since M = K^+ ... and N =» Kg+ ... 

it follows that M and N are measurable. Furthermore I^ ^ and I^ 3 

so that in every interval there is a part of M and a part of N and each such 
part is measurable and of positive measure. Hence in every interval f(P) 
assumes both of the values 0 and 1 over sets of positive measure, and ^ must 
be positive. 

Defin it ion 8.9 : If for each t > 0 and each 0, 0 < 0 < 1, there exis ts 

^ 5 > 0 such that, for every cube C: ^i ^ ~ (i = 1, ..., n) 

with edge a < 6, the set of points P ^ C for which |f(P°) - f(P)l = 6 
of measure = then f(P) is called ap proximate ly continuous at P°. 

THEOREM 8.24. If f(P) is defined and measurable over a set M, then f(P) 
is approximately continuous over M except for at most & set of measure zero . 

Proof: Let be the complex plane so that, for any point P, f(P) t 
Let all rational intervals in R^ be ordered in a sequence I^, Ig, .... In 
the notation of Theorem 8.3, each set s'^ = Sp[f(P) S I^] is measurable. By 
Theorem 6.5, for every point P, except for a set Z of measure zero, it follows 
that all 3^ containing P have unit density at P. Let P be a fixed point in 
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R but not in Z. Let C be the circle in R^ with center f(P) and radius t • 
n f* 

Inside C there exists a square I^ containing r(P)* Since the corresponding 
set S is of unit density, the condition for approximate continuity at P is 
satisfied. 
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CHAPTER IX. 

MONOTONIC FUNCTIONS 

Definition 9.1 i ^ apace of real numbers^ let f(x) ^ real and 
defined over any finite or infinite interval. f(x) is called 
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theorem 9.3 : If f(x) ^ m.i.,, then f^(x^) - f(x^) ^ 

The proof is trivial. 

Definition 9.3 ; If f(x) is m.i., the difference f^(x^) - f^(x^) ^ 
called the oscillation, oso f(x^), of f(x) ^ x^. 

It follows from Theorem 9.3 that oso ^‘(Xq) = 0. It is apparent that 
oso i’(x^) » 0 when and only when f(x) is continuous at x^. 

THEOREM 9.4 : If f (x) 3^ then the number of points at which it 

is discontinuous is at most countable . 

Proof: By Theorem 9.2, for x^/ x^ the intervals f^(x^) * y ^ 
and f^(x^) * y » f^(x^) are non-overlapping except possibly for a common end 
point. The interval -oo < y < +oo can be divided up into only a countable 
number of non-overlapping intervals of length = ^ > 0. Hence the number of 
points at which oso f(x) ■ ^ >0 is at most countable. If t is given the va¬ 
lues 1 / 2 , 1 / 3 , 1 / 4 , ... , the oscillation of f(x) at each point of discon¬ 
tinuity is greater than almost all of these values of ^ . Hence the number 
of points of discontinuity is at most coiditable. 

THEOREM 9.5 1 If f (x) ^ the set of points of discontinuity of 

f(x) may be everywhere dense over R^. 

Proof: ^y Theorems 1.8 and 1.9 the set of rational points in R^ is 
everyvdiere dense in R^ and may be ordered in a sequence S: x^, x^, ... . Let 

f 

X be a point of R. and let x , x , ... be the elements of S less than x. 

^ 1 n * n,' 

11 ± c 

Then f(x) ■ -+ -+ ... is m.i. and is discontinuous at each rational 

2^1 2 '"^ 

point of R^. 

Definition 9.4 : and g(x) are m.i, and if the conditions 

f^(Xo) ■ and f^(x^) » 6 +C^q) bold at every point x^^ then f(x) and 

g(x) are called equivalent. 
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THEOREM 9.6 : If f(x) and g(x) are , & necessary and sufficient con- 

Proof: The condition is necessary, for f(x.) ^ f (x.) = g (x^) ^ g(x„). 
Similarly, g(Xj^) = ^ Definition 9.1, J e(x^) 

and g(x^) = sCx^)* The condition is s\ifficient, for let x^ be any real num¬ 
ber, For all X < x^, f(x) = g(x» ) = where x < x* < x^. Hence 

f^(x^) s g^(x^)o By a similar argument « f^(x^), so that f (x^) 

=* g (^ )• Tt may be shown in the same way that f .(x ) = g^(x ). 

The preceding proof shows by its construction that either one of the 
conditions f_(x^) =“ Definition 9.4 is sufficient 

for the equii/alence of f(x) and g(x)o 

THEOREM 9.7 ; If the m.io functions f(x) 6uid g(x) are equivalent , then 

° S+(Xq) £21^ conversely , ^ 
either of these c onditions obtains , then f and g are equivalent . 

Proof: The proof is apparent. 

It follows from this theorem that two equivalent functions f(x) and 
g(x) have the same points of continuity and are equal at each point of con¬ 
tinuity, 

THEOREM 9,8 : A necessary and sufficient condition that the m,!, func¬ 
tions f(x) and g(x) ^ equivalent is that they be equal over an everywhere 
dense set of real numbers . 

Proof: The proof is apparent, as is also the following 

Corollary : If f(x) and g(x) are equivalent, there exists a number Xg 
between any two given numbers x^ and x^ such that f(* 2 ^ “ g(*2^* 

It is readily seen that f_(x), f^(x), and 



dition that f and g ^ equivalent is that ^ and V = < and 


2 


are equivalent 
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to f(x)| also that f^(x) is identical with F^^(x) and that f^(x) is identical 
with f^^(x); also that if f(x) is identical with f^(x), f(x) is left continu¬ 
ous, and that if f(x) is identical with f^(x), f(x) is right continuous. 

The sum of two m.i. functions is m.i., but the difference between two 
m.i. functions nay not be m.i. 

Definition 9.6t If f(x) is any real-valued function defined over the 

Interval a - x ^ b, and if ..., x^ are any n points in this interval 

such that a - X, “ x« x_ - b, then the least upper bound of 

. I — lb n " ■■ ■ ■' ——— ' ““ 

- f(x. , )| is called the variation, var^^f(x), of f(x) in this ^- 
1-1 ^ ^ 

terval . If var^^f (x) ^ finite, f (x) said ^ ^ of bounded variation 

(b.v.) in this interval . 

THEORKil 9.9 1 If f (x) and g(x) are functions oi_ ^... over an interval 
a - X - b, then 1) of(x) of b.v., where o ^ ^ constant , 2) f (x) i g(x) and 
f(x)g(x} are of b.v., 3) f(x) ^ of b.£. over any interval a» « x - b», idiere 
a - a* 5 b* 5 b, and var ^,^,f(x) 5 var^^f(x), 4) ^ f(x) i£ of b.v. also over 
the interval b 5 x 5 c, then f (x) of ^.v. over the interval a 5 x 5 o, and 

THEOREM 9.10 > Every function with at continuous bounded derivative is 
of • $ every monotonio function is of v^., and the difference between two 
nonotonlo fxmotions is of b.v. 

Proofs I The proofs of these two theorems are apparent. 

If f(x) falls to have a right-hand limit at any point P, it is not of 

, » I » * / 0. 

StT. In uy int.x^l oontaining P. The function f(x) ■ < is of 

1,0, X - 0 

unbounded variation near the origin even thou^ it is continuous. 

Definition 9.6 1 If f(x) is^ defined over a 5 x 5 b and if x^^, , x^ 

fcre n points in this interval suoh that a - Xj^5 X25 ... ■ x^- b, then 
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*^f(x) - l.u.b. ^ maxi [f(x^) - f(x^_^)], 


and 


i-1 

n 


OJ 


var^^f(x) - l.u.b. max l [-f(Xi)+ f(x^_^)], Oj . 

THEORBM 9.11 1 Tar*^f(x) + var^j^f(x) ■ var^j^f(x). 

Proof* It is apparent that the left member of this equation is not 
loss than the right member since, for einy particular set of x*8, 

i-; 


_maxl[f(x,)-f(x ,)], 0] + 21 max I [-f (x. )+l‘(x. ,)], 0} - 2^ lf(x )-f(x 

1 1 1 J . 1 1-1 1 1-1 

€uid since var^.f (x) + var” f(x) ? 


• l.u.b.[2'»x I [f(x. )-f(x. ,)], Oj + l[-f(x,)+f(x. ,)], Oj], (The in¬ 
i-1 ^ ^ i-i ^ 

equality is necessary inasmuch as the same set of x's is used in the two sums, 

whereas var^^f(x) and var^^f(x) must be approximated independently.) On the 

other hand, there exists a sot S, of x*8, a • x,^^- ... * x^^^ ■ b, such that 

1 1 m 

^ maxi Oj > var^^f(x) - luid the left member of this 

inequality is not decreased if more x*s are added to Likewise there exists 

a set Sg of x's, a ■ x^^^ - ... ■ - b, such thau 

^max{ [-f(x^^^) + f(x^^^), 0} > var“^f(x) - ^ , and the loft member of this 

inequality is not decreased if more x*s are added to Sg. Let and Sg be 
combined into a single set 3 whose elements (eifter proper reordering) may be 
denoted by x^, ..., x^^. Then var^^f(x) ^ ^lf(x^) - f(x^__j)i - 

•51 maxi [f(x^) - f(x^^^)], 0] * ^ maxi C-f(x^) ♦ f(x^^^)], Oj > var^^f(x) 


i-1 


i-l 


+ var“^f(x) - t • Hence var^^f(x) • var*^f(x) + var“^f(x) and the proof is 


ab' 

completed. 


ab 


ab* 
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THEOREM 9.12 } var^^f(x) - var^^f(x) » f(b) - f(a). 

Proof: Let Sg, and S be the sets of x»s occurring in the proof 
of the preceding theorem. Then 


0 


< 

at 


var*jjf(x) - Oj 


Trar"j^f(x) - ^maxl [-f(xj^)+ f(xj_j^)], 0} 


< L 

2 • 


Hence 

Ivar^^fCx) - var;^f(x) - - f(x^_^)J) - 

"' I " r ’ 


and the theorem is immediate. 

THEOREM 9.13 : Every function f(x) of ^aV. over a * x * b can be repre« 
sented as the difference between two m.i. functions . 

Proof: Let lg(x) » var^f(x) and let h(x) ■ var^f(x). It is obvious 
that g and h are m.i. By Theorem 9.12, ^(x) - h(x) » f(x) - f(a), so that 
f(x) - [f(a) + g(x)] - h(x). 

The resolution of f(x) just given is of interest in that g(a) h(a) » 0. 

THEOREM 9.14 : If f(x) = g(x) - h(x) i^ any resolution of a function of 
b.v. over a 5 x » b, where g(x) and h(x) are , then , in the no tation of 
the proof of the preceding theorem , g(x) • f(a) lg(x) + f(x) and h(x) • 

“h(x) + f(x) where H^(x) is m.i. 

Proof: Let g(x) - "gCx) ■ f(a) + fCx). Then h(x) - h(x) -^(x). But 
if a 5 u 5 V S b, then Tar^f(x) - ▼ar*^[g(x)-h(x)] S var^g(x) - g(T) - g(u) 
Since g(x) is m.i. Inasmuch as var^ f(x) * var^ f(x) - var^ f(x), it follows 

\ aV ft . V ft\X 

that g(T) - Ta/^fCx) • g(u) - var^^fCx), that is, gCv) - gCv) ? g(u) - g(u), 

SO that ^(v) » ^(u) and 'f(x) is m.i. 
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Suppose f(x) is m.i. over a S x = b. Then, for a fixed x^, 

- YL ^®^^ member 

x<x k=x 

o o 

of this equation is left continuous and each term of the right member is right 

continuous. Hence the two members of the equation are continuous. 

Definition 9*7 : If f(x) ^ m.i., then f (x) - osc f(x* ) is called 

" x*< X 

the continuous part, 1 *q(x), of f(x). The difference f^(x) =» f(x) - is 

oallod the discontinuous part of f(x). 

THEOREM 9*15 ? and fjj(x) are m.i. 

Proof: Suppose that Xg > x^. Then f^(x) is m.i. since f^^Cxg) - f^(x^)« 


* [f^(x 2 ) - f^(x^)] - — osc f(x» ) and in the right member of this equa- 

x^= X*< Xg 

tion the first term is positive and the second term is not greater than the 
first inasmuch as osc f(x) « osc f (x). Again, is m.i. since 


- [f (xg) " ^ * , 


. n 

< , 

osc f (x*) a 

X^=» X*< Xg 


H 
< , 

OSC f (X*) a 




OSC f (x*), 

X^< X^< Xg 



and all the terms in this last expression are non-negative. 

The following development is preparatory to proving Theorem 9.18, the 

well known theorem of Lebesgue on the differentiability of monotonic functions. 

Definition 9.8 : f(x) is said to be upper semi -continuoua (u.s.o.) ^ 

X « x^ if, corresponding to each ^ > 0, there exists a 5 > 0 such that 

f(x) ■ f(x ) + L whenever x-6*x=x +5. 

'' ' 'o' - o o 
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THEORSil 9.16 t If f (x) ^ the interval a < x ■ if x is 

^ PQtnt in this interval corresponding to ufaioh there exists another point x» 
in this interval such that f (x*) > f (x), and is the set of all points x 

in this interval ^ bhen 1) jrf the sum of a sequenoe ( finite or infinite ) of 

non-over 1 apping open intervals I^^s a^< x < b^, point of I^, 

f(* ) - 

x^ a 
> n 

Proof t Part 1) If x t jrf and if f(x*) > f(x), then, since f(x) is 
U.S.C., there exists an open interval Itx-6<x<x + 6 such that every 
X t I satisfies the condition f(x*) > f(x). But I may bo chosen so that it 
lies in the interval a < x < b, and so that x < x» for all x in I, Hence 
I C if. As this holds for every x t jrf, |f is an open set. Therefore 0 is the 
sum of a countable set of non-overlapping intervals. 

Part 2) Let x^ be any point in the interval a^< x < b^. Let C be 

the set of all points x" in the interval x^* x » b^ for idiich f(x^) » f(3c)* 

t 

(C is not empty since x^ t C.) C is closed (since f(x) is u.s.c.), and there¬ 
fore C contains a maximum x^. If x^» b^, then f(x^)5 f(b^). If x^< b^, then 
x^ t fi, and there would exist an x» > ^2 that f(x’) > f(x^). The condi¬ 

tion X* « b^ would imply that x* t C# so that x* < x^. Therefore x* > b^. 

If f(x*) were > would be in jrf. Since it is not, < 

<fU') ^ f(b^). 

Part 3) follows from Part 2). 

If f(x)is m.i. over the interval a * x » b, it is obvious that f^(x) 
is U.3.C. over this interval. Hence f^(-x) is u.s.o. over the interval 
-b * X - -a, and therefore the functions f^(x) - Ax and f^(-x) + Ax are u.s.c., 
where A is an arbitrary constant. (The notation f^(-3c) is ambiguous in that 
it maJces a difference whether the operation ’*+•* or *•-" is applied first to f(x). 
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It is to be understood here that the operation is applied first.) 

If a^< X < is one of the intervals I^ of the preceding theorem 
•when applied to the functions f^(x) - Ax or f^(-x) + Ax respectively, then 
Part 3) ass\ames the form f^{a ) - Aa = f^(b ) - Ab or f (-a ) + Aa • 

- A(b^. aj or 5 

»A(b-a), In the first case it should be remarked, however, that if 
n n 

b^ » b, then “^ay be replaced by because f(x) may be redefined 

for X * b as f(x) * f^(b) + t without chemging anything in the above dis¬ 
cussion, “Where t is any constant > 0, and where t is then allowed to ap¬ 
proach zero. 

THEOREM 9.17 : In the preceding notation ( with regard to the function 
f^(x) - Ax i£. the following parts 1) and 2), and with regard to the function 
f^(-x) + Ax In parts 3) ^ 4)), 1) b^^- a^S i (2rtioro 

may bo replaced by f (b^) if b^“ b), 2) J~(b^- a^) S j [f_(b) - f^(a)], 

3) f.(-a^) - = A(b^- a^), ^ - f+(-b^)] - A(b-a). 

Proofi Parts 1) and 3) have been proved above, and parts 2) and 4) 
follow by summing parts 1) and 3) over n *• 1, ..., N, and then allowing 
N-^oo • 

If f(x) has a derivative at x =* x^, the derivative will be denoted by 

THEOREM 9.18 > If f (x) m.^. over a » x » b, then f * (x) exists and 

is finite over this interval except for ja set of measure zero . 

f(x) - f(x ) ^ 

Proof: Let d(x) » -2— , and ]e t D f(x ) - lim sup d(x), 

X - X x^ 

o >0 


D^f(x ) - lim inf d(x), 

^ ° x-«c 

> o 




lim sup d(x), and D^f(x^) » 


lim inf d(x). 


x-wc 

< o 



72 


DC. MOHOTONIC FUNCTIONS 


It will be shown that 1) D~f(x) » oo over a set of measure zero, 2) f(x) ■ c» 

over a set of measure zero, 3) the condition D^f(x) < C <D < D^f (x) holds over 

a set of measure zero (where C and D are any two numbers such that C < D), and 

4) the condition D~f(x) < C < D < I^f(x) holds over a set of measure zeroo 

Suppose that these four assertions have been provedo Let I^: * 

« X a d. (where c, < d. and i * 1,2,...) be a sequence of all rational inter- 
i i 1 ^ 

vals in 0 * x < oo • Then, except over e set of measure zero, all 
are finite and no relation D^f(x) < c^ < d^ < D^f(x) or D^f(x) < 
holds. Therefore D^f(x) » D^f(x) and D^f(x) « D^f(x). Since D^f(x) » D^f(x) 
and I^f(x) a I^f(x), it follows that D^f(x) » D^f(i^) * D^f(x) » D^f(x) < oo . 

At such a point x, f(x) is differentiable and the theorem is proved. Now 
assertions 1) and 3) become 2) and 4) respectively if f(x) is replaced by 
-f(-x). Thus only l) and 3) need be proved. As the points of discontinuity 
of f(x) form a set of measure zero (it is countable by Theorem 9.4), it is 
necessary to discmss only the points of continuity of f(x). 

Proof of 1): Let C be a positive number. If D~f(x^) > C, then there 
exists a point x* > x such that > c, so that ) . > c. 

X* - X X* - X 

O 0 

(x^ being point of continuity); that is, g(x*) > g(x^), where g(x) « f^(x) - Cx. 
Hence Theorems 9.16 and 9.17 apply, is in tte set ji, that is, in one of the 
intervals a^< x < b^. By Theorem 9.17, part 2), the sum of all such intervals 
may be made arbitrarily small by talcing C sufficiently large. This completes 
the proof of 1). 

Proof of 3): Suppose DTf(x ) < C < D < D'*’f(x ). Then there exists a 
^0 r o 

point X' < for which < C; therefore T .. < c 

(x^ being a point of continuity) so that - Cx^< ^‘^(x*) - Cx*. Let 
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v ‘*0 y > yo ^+("y') * °y'‘ 

Again, there exiets a point x" > x^ for T»hioh —-'^w ~ > d, so that 

A-_U«) - f»(Xo> ^ , X ^ „.,... 


- X * —“ > D and f+(x^) - 0x^< f^(i") - Dx". (in the preceding dls- 
o 

ouBBion x' and x" can be arbitrarily close to x^.) By Theorem 9.]?, part 4), 

idiere A - C, if - -x^ is regarded as lying in some Interval It a»< y < b', 

then y^ lies in one of the intervals a^< y < b and [ f (-a )-f (-b )] - 

^ n 

* C(b' - a»)a Suppose lies in the interval a .< y < b .. Then 

o n* n' 

-l>n,< By Theorem 9.17, part 2), where A = D, it folJows that x^ 

lies in one of the intervals -b . < x < -a . and SZ (-a + b 1 = 

n*m n*in m '■ n*in n»in' 

” ^ [f_(-ajj^, ) - f^(-b^, )]. Hence T1 a^) = ^(b'- a') and every y^ in I 

i!i,n 

lies in some interval a^< y < b^o Thus for every interval I the part of 

the set S^[lJ^f(x) < C < D < D^f(x)] lying in I has measure = yihero 

C > 

^ is a fixed number * 0 and <1. By Theorem 6o4, the set S has measure zeroo 
(The use of Theorem 6.4. may be avoided by the following argument: if the 


measure of the set is yi, then it can be covered by intervals I of total 

C 

length < yi + t • Hence the measure of S is = ^ (p +1 )• If h "► 0# then 
^ ^ |i and ^ - 0.) 


Corollary; Every function of b.v. is everywhere differentiable except 
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Proof: If m > n. 


fjx) - fU) 
f(x) - \(x) 


^„(X) - \(x) 


is m.l. and 11m 


'fj*) - 


1 f (x 

m-^00 I ^ m' 


) - 


is m.i. In either of these cases, lim ■ 0 


and m.i.for m > n. Hence it is sufficient to prove the theo¬ 
rem for the sequence ^ there exists a sequence of valueq» n^, n^, ... 

of n for which the theorem holds, then the theorem holds for the sequence ^ (x). 


for if m > n. 


0 and 4^^(y) - S^i^y) - 0. 


There is no loss of generality in assuming that “ 0 for all n. Since 

lim ^ (b) * 0, there exists a subsequence (x), (x), ... such that 

n-e<x) ^ 12 

(b) is finite. Let this subsequence be denoted by w^(x), w^Cx), ... . 

Then w-(x) + ... + w.(x) + ^ w (x) » ^ w (x). Since the ri^t member 
^ ^ pV+1 ^ ;i»l ^ 

is bounded, each term in this equation is differentiable over a « x « b ex¬ 


cept for a set of measure zero. Then 


Wj(x) - w^(y) 


Wy(x) - w^(y) 


O) w (x) - w (y) <a. tr (x) - w (y) 

+ - » > — -- —^ -and the sum of the first V terms 

^ov+1 " ^ p*i ^ “ y 

is not greater than the right member of this equation* Let y be constant and 
let X approach y. The limit of the right member exists (except over a set of 

w 

measure zero) and is independent of V • Hence w»(y) is bounded auid con- 

|i»l ^ 

vergent (excej>t over a set of measure zero) and lim w»(y) » 0. 

u-aoo ^ 

THEOREM 9.3 9: If f(x) is real and summable over a » x » b and if 

X 

•fCx) * ^ ^(y)^» then 1) 'f(x) is continuous and of b.v., 2)C|p(x) is differen- 
tjable over a « x * b except for set of measure zero ., and 3) ^*(x) » f(x) 
exc ept over set of measure zero. 

Proof: It is sufficient to consider the case where f(x) ■ 0, for any 
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real function f (x) =• i ——^ I-**" . ©ach of these fractions 

2 Z 

is always « 0, and it is evident that the theorem extends to the difference 
between two non-negative functions. Since f(x) a 0, 'f (x) is m.i.; therefore 
'f(x) is of b.v. and, by Theorem 9.18, part ^) obtains. Let x^, x^, ... be 

a sequence of values of x with limit x*. Let f^(y) =* |^o^eis©where* ^ ^ 

X b 

Then 'f (x) » C f(y)dy « ^ f^(y)dy. Sincelf (y)|S|f(y)|for all x, and since 
'^a a ^ 

lim f^ (y) =* f^|(y). Theorem 8.16 is applicable and it follows that 
n->oo n 

lim ^(x ) a 'fCx* ), so that part 1) obtains. It remains to prove part 3). 
n-^oo ^ 

If f(x) is not bounded, let fjj(x) * f(xj > N* N = 1, 2, ... . Then 

X 

’f^(x) a J f‘jj(y)dy is m.i., “ f" ^(^)* 

The preceding lemma shows that it is sufficient to consider fjj(x), that is, 

bounded functions. In Definition 8.9 let 0=1-8. » make | h| <take 

a a 2 I h I . Let M be the set of points such that | f(x) - f (x^) | < 8. i N 

be the complement ofMinaax = b, let be the part Of M in the interval 

X a X a X +h or in the interval x = x a x +h (corresponding to the cases h > 0 
Cl o o o 

8Lnd h < 0), and let be the complement of in this interval. Then 


^(x^+h)-f(x^) 


T X -rn „ 

^ f ° f(x)dx-f(x ) = + 5 f(x)<ix)-f(Xo)‘ 


2 

• — [C [i'(x)-f(x )]dx +r [f(x)-f(x )]dx]. Because of the approxinate con- 

tinuity of f(x), the first integral is = . The second integral is 

= 2A(a8. ), where A is a bound of f(x). Hence the entire expression is 
a (4A+1)8. , and part 3) is immediate. 

If ^(x) is m.i. and if f(x) =■ ^^(x) (where it exists), the assertion 
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X X 

that ^ f(y)dy « S^(x) is obviously false because J f(y)dy is continuous, iihile 
*^a a 

^(x) need not be continuous. It will be shown in the sequel that this asser¬ 
tion is generally false even if Y(x) is m.i. and continuous. 

Let f(x) be suxnmable, unbounded, and non-negative over a « x = b; let 

fjj(x) - ^ Then lim ^ fjj(x)dx = ^ f(x)(i!c. Henoe there 

b ^ b 

exists an N sufficiently large such that ^ f^^ (x)dx =« J f(x)dx - t • 
b a o a 

Thus J [f(x) - f (x)]dx - ^ f(x)dx ? 0, .here S » S^[f(x) > K^]. This 

a ^o S 

proves 

THEOREM 9.20: If f (x) is summable , unbounded , end non-negative over 
a ^ X » b, then it is possibles to integrate it over such & set S ^ this in¬ 
terval that its integral is arbitrarily smal l while f(x) bounded in the set 
complementary to S. 

Definition 9.9 t A function f(x) defined over an interval a « x « b is 
said to be absolutely continuous over a » x » b if, corresponding to each 

■■ n 

t > 0, there exists a 6 > 0 such that whenever " ^> 4 ) < 0, where 

— 1 

a ■ a^« b^a ... = a^« b^* b, | f(b^) - f(a^) 1 < t • (This definition is 

obviously unaltered if n is allowed to become infinite.) 

It is desirable at this point to indicate the object of the disc\ission 

in the next few pages. Suppose 'f(x) is m.i. over the interval a * x “ b. 

Other possible properties of ¥(x) are l) f(x) - fCa) is the integral (from a 

* / 

to x) of some function f(x), 2) 'f(x) - 'f(a) » J ^ (y)dy# 3) 'P(x) represents 
sets of measure zero on sets of measure zero, 4) *f(x) represents measurable 
sets on measurable sets, and 5) Y(x) is absolutely continuous. It will be 
shown that if ^(x) has any one of these properties, then it has all of them. 
The equivalences will be proved in the following order: 1-^, 5-a^, 3-^2-^l, 
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THEOREM 


* UL *f(^) "■ 4^(a) = ^ ^(y)dy, then 'f(x) is absolutely 


continuous. 


Proof: It is sufficient to consider the case where f(x) » 0. Let t 
be a given positive number. Let S = S^[f(x) > N], where a = x S b. Then, by 

Theorem 9.20 there exists a sufficiently large N such that f f(x)dx <4* o Le 

< < r ^ 

M be any subset of the Interval a = x = b of measure < 0. Let M^» M - MS. 
Then C f(x)dx » ^ f (x)dx + f f(x)dx < n 6 + |- . If 6 is taken to be , 


''MS 


then C f(x)dx < t • Now let M be the sum of all intervals a.® x ® b., where 

1 i 


< < < 
a ® a-® b,® 


® a^® b^® b, and where p.(M) ® (b^- a^) < 5. Then 


i=l 


u u. tt. n 

J f(x)dx ® zl[5 ^f(x)dx - f ^f(x)dx] ® -^(a. )]. There exists a 

H i=l a a i=l ^ ^ 

6 > 0 such that this last sum is always < t • Since ‘f(x) is m.i., this last 
n 

sum® ^ZlfCb.) - ^(a,) I and H^(x) is absolutely continuous. 
i®l ^ 

THEOREM 9.22 ? If 'f(x) absolutely continuous , then the 

» transformation x* ® 'f(x) maps sets of measure zero on sets of measure zero. 

Proof: Lot M be a set of measure zero in and let N be its image 

under the transformation x* ® 4*(x). Let M be covered by a sequence of non- 

00 

overlapping intervals I,, I„, ... such that YZ h(^i) 

< < i=l 

terval a^® x ® b^, then 0 can be taken sufficiently small so that 

ZZ[f(b. ) - )] <£ because of the absolute continuity of 'f(x)* (The ab- 

i®l n 

solute continuity gives this directly only for YZ » but n may be allowed to 

i®l 

become infinite.) But the set of intervals ^(a^) « y = Y(b^) covers N. 
Hence ji*(N) < t $ that is, ^(N) ® 0. 

It is desirable to show that the condition of continuity alone is in- 
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sufficient in the preceding theorem. This will be done by exhibiting a m.i. 

V 

continuous function which does not map a set of measure zero on a set of mea¬ 
sure zero. Let 'f(x) be defined over the interval 0 - x « 1 as followss lot 
M^ be the point x - i and lot Mj^ be the point ‘f (x) *■ J-. Let ®- sub¬ 
interval of 0 “ X » 1 with center M^ and length oc^, 0 < 1, and let Qj^ 

be a subinterval of 0 » » 1 with center M*^ and length 0 < ft^< I 0 

Itet M^j^ and M^^ be the centers of the remaining intervals OP^ and Q^l, and 

let Mj'^ and Mj^g bo the centers of the remaining intervals OPj^ and QJ^l. Let 

^11^1 ^12®12 subintervals 

of OP^ and Q^l with centers M^^ 
and M ^2 and length ^ 2 * where 

2^2 

i3r “ %• ° ”‘ 2 *' 

and ^22^2 subintervals of 0P| 

and 1 with centers and 

and length where » ft , 

c ^ 

0 < p 2 < 1. Let this process of * 
selecting intervals in the "middle" 
of the remaining intervals be con¬ 
tinued indefinitely, where all the 
intervals P . Q . are of equal 
length, where the ratio of their total length to the total length of the re¬ 
maining intervals in which they are located is 0 < 1, where a similar 

statement applies to the intervals P* .Q’ and where 0<A,<1. If 

X is either a point P or a point Q, then '^(x) is represented by the corres¬ 
ponding point P* or Q*. ’f(x) is defined to be linear over each closed inter¬ 
val PQ, linear over the complement M of the sum of the intervals PQ, and con- 
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tinuouB over the interval O^x^i, Nis then the compleirient of the sum of 

CD GO 

the intervals >i(M) « TT (l-^.) and p(N) » TT (1- ft.)* If ^ 

i=l ^ i=l ^ ^ 

for each i and if ^ then |i(M) = 0 and ^(N) > 0. 

LEMM Ai If *f(x) is m. i, over J; a « x * b, and maps set s of measu re 
zero on sets of measure zero, if M is any measurable point set in J such that 
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Proof t Let ^(x) be extended continuously over x « b, for example, by 

setting 'f(x) « ^(b) for x » b. Since ^(x) is m.i. lim ^1^) . » 

n-^oo ' 

b 

a ^*(x) except for a set of measure zero. But ^ n[ 'f(x+l/n) - TCx)] dx » 

a 

b-»-l/n b b+l/n a+l/n 

" n[ C 'f(x)dx - r <p(x)dxl » nt J f (x)dx - C ‘f(x)dx] and the 
a+l/n aba 

limit of this expression as n-^oo is'f(b) - ^(a). In the proof of Theorem 8.7 

b b 

it was shown that lim inf ^ n[ 4^(x+l/n) - Y(x)]dx * J vf*(x)dx. Hence 
n-^^ a a 

^ b 

H>(b) - YCa) ^ S ‘f U)dx. 
a 

Now let 0 « ^1^ ^2^ *** ^ sequence of numbers such that 

lim 00 . Let M, be the set of points in a = x 5 b where 4^*(x) exists 

i-SKX) ^ ^ 

and satisfied the condition ^ < oC^ and let be the image of M^ 

00 

under the .transformation x» » 'f(x). By Theorem 9.18, ^ /i(M.) « b-a. But 

i*l ^ 

])] “ y(b) “'f(8-) since 'P(x) is continuous, and, by the 

i-1 ^ i=l 

v> ^ 00 

preceding lemma, ^ p*(M* ) « . i" then 

i=l i i«l ^ ^ ^ ^ ^ 

lim ^,oL u(M.) - C '^*(x)dx. Hence C vf*(x)dx « 4^(b) - y(a). 

6-^ i-1 ^ ^ a & 

b 

Thus Y(b) - y(a) » v^»(x)dx, and the proof is complete. 

a 

THEOREM 9.24 : If YC*) ^ over J* a ■ x ■ b and maps sets of mea¬ 
sure zero on sets of measure zero, then ^(x) maps measurable sets on measur¬ 
able sets . 

Proof t Let P be a measurable set in J. If, in the proof of the pre¬ 
ceding theorem, the sets M^ are replaced by PM^ and M^ by (wherer Q is the 
image of P), then ‘f*(x)d3c S’ If K is the Intenral f (a) • y ^f(b). 
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then, in the same my, J 'f'(x)<iic m )i*(K-Q). Hence ji(K) » J ^f'(x)dx = 

J-P J 

“ )1*(Q) + H(K) = }1*(Q) + } 1 *(K-Q). By Theorem 4.7, ji{K) » 

“ Hence p^(Q) = and, by Theorem 4.3, Q is measurable. 

Thus ^ vf»(x)dbc « fi(Q). 

THEOREM 9.25 1 If m.^. over a « x « b and i£ ^ i®. fi. of 

measure zero ufaose Image M* under the transformation x* » ^(x) is not of mea¬ 
sure zero, then ^{x) maps a measurable part ££ M on a non-measurable set. 

Proof! The theorem is immediate if M* itself is non-measurable. If M* 
is measurable, let A and B be the two non-measurable sets of Theorem 7.11. 

Then AM' and BN' are not meas\irable and are the maps of measurable parts of M» 
It is now possible to prove the equivalence of the various conditions 
enumerated in the paragraph just preceding Theorem 9.El. 

THEOREM 9.26 : The five conditions enumerated in the paragraph pre¬ 
ceding Theorem 9.21 are all equivalent . 

Proof: 2) obviously implies l), 1) implies 5) by Theorem 9.21, 

5) implies 3) by Theorem 9.22, 3) implies 2) by Theorem 9.23. Thus 1), 2), 

3), and 5) are equivalent. 3) implies 4) by Theorem 9.24, 4) implies 3) by 
Theorem 9.25. Thus 3) and 4) are also equivalent and the proof is complete. 

These results can be applied to the problem of determining the mea¬ 
surability of a function f(g(x)) from properties of f(x) and g(x). 

THEOREM 9.27 ; If W’Cx) increasing, then f( (x)) will be measurable 

for every measurable function f(y) when and only when ^(x) absolutely 
continuous ( where is the inverse of y(x)). 

Proof: Let yCx) » fC'fCx)). The measurability of f(y) means that 

every set M* 3 [f(y) >o] is measurable (c any real number), while the mea- 
c y 

surability of f ( Y(x)) meeuis that every set M^ » S^[f('^(x)) > o] is measur- 
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able. But M^ is a perfectly arbitrary measurable set, and M^ is its image un¬ 
der the transformation x » ‘^"^(y)o Thus the condition is really condition 4) 
in Theorem 9.27, and is equivalent to absolute continuity. 

TEBOREM 9.29 ? f (g(x)) measurable when g(x) measurable and f (y) 
is a Baire function . 

Proof: This follovrs immediately from Definition 8.7c, Theorem 8.16, 
and the fact that the product of two measurable functions is measurable. 
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CHAPTER X 

GEirERAL MEASURE FUNCTIONS AXiD OUTER MEASURES 

}1* Elementary properties of measure functions 

In this section we shall deal with certain collections of point sets, 
which collections we shall distinguish variously as hairs p rings , rings , re- 
stricted Borel-rings , Borel-rings * These are generalizations of certain ele- 
menteu-y collections of sets which play an important part in the treatment of 
the Lebesgue measure and of the more general additive functions of point sets 
in a Euclidean space* An instance of what we shal] call a half-ring is the 
sot of all half open intervals in the Euclidean space* The set of all finite 
sums of half open intervals is an instance of what we shall call a ring; the 
set of all bounded Borel sets an instance of a restricted Borel-ring; the 
set of all Borel sets an instance of a Borel-ring* Tfe shall be interested 
in generalizing only those properties of these elementary collections which 
make it possible to define additive functions of point sets over them* These 
properties, as it turns out, are non-topological* Hence the topology of the 
space in which the point sets lie - even if it exists - is irrelevant* Some 
use of topology will be made in section 5 when introducing the general notion 
of Stieltjes-Radon-Lebesgue measure* The considerations needed for this pur¬ 
pose extend from Definition 1*15 to Theorem 1*18* Lebesgue measure itself 
can be discussed without any use of topology, cf*§5* 

Let S be an arbitrary class or space, fixed for the entire discussion; 
let ^(S) be the power set of S« i.e*, the totality of subsets of S* 

Definition 10*1*1 * A colle otion of sets C ^(S) ^ called & Borel- 
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ring where : 

(a^) If each set of ^ se quenoe J M^] belongs to 'It, then so does 

(Pi) j[f each set of a sequence [ M^J belongs ^ ^, then so doesT T. 

(-y^) If M and N belong to then so does M - MN» 

Definition 10«1«2 » A oolleotion of sets is called a re¬ 

stricted Borel«ring whe^ 

(cCg) ^ If M eind N belong to then so does M + N • 

(ftp) If each set M^ of a sequence 1 M^J belongs to then so does TT-i. 

(y^) If M and N belong to then so does M - MfN* 

Note that (^g) is weaker than However, if all M^ of a sequence M^ are 

subsets of a fixed N € ^ , that is if M^ € ^ , M^c N € then we can 

8 iff irm rujtii on the basis of (ft^)* ( 72 ) alone, owing to N-T^(N-M^), 

Definition 10»1,3 . ^ collection of sets 'TL c ^ (S) ^ called a ring 

when: 

(flig) If M and N belong to then so does M + N. 

(Pj) If M and N belong to 72», then so does MN, 

( 75 ) M and N belong to Ti, then so does M - MN. 

We note that in Definitions 10.1.1 €uid 10.1.3 the condition (P^), (ft^) 

respectively are superfluous. This is a consequence of the identity TTV 

-2:m- ). 

i d i ^ 

Definition 10.1.4 . Let 'T( ^ c /^(S)) be any collection of sets. 

A sot M 6 'T* is said to bo "immediately below" a set N€'J^if* (1 )Mc:N, 
and (2) N - M 6 . ^ • This relation is of course relative to the collection^ 


it is denoted by M $ N. 
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Definition 10,1,5 , A collection of sets % c'^(S) is called a half- 
ring when 

(P^) If M and N belong to so does MN« 

^"^ 4 ^ — ^ ^ belong to ^ and M 3 N^ then there is a finite chain 

^o' ^ 1 * ***' such that relatively to ^,N = N^<s 

G Nj^= M. 

The labeling (P^) {y^) of the postulates in the definition of a half- 
ring is used to emphasize the analogies with the corresponding postulates for 
Borel-rings and rings. It is clear that the postulate (<3(^) implies (cA^) which 
is equivalent to that (p^), which is equivalent to (p 2 )» iiaplies 

(Pg) which is equivalent to (P^)# and that ( 7 ^), (^g) and ( 7 ^) are equivalent 
and imply ( 7 ^)« Thus each one of the four properties of being a Borel-ring, 
a restricted Borel-ring, a ring, and a half-ring, implies all subsequent ones, 
TBEOREM 10.1.I t The intersection of any number of rings ( respectively , 
restricted Borel-rings , Borel rings ) contained in ^(S) ^ again ^ ring ( re¬ 
spectively, restricted Borel-ring, Borel-ring )• 

Proof: Let I ^ •••] be any class of rings, and let ^ be the 

intersection. If M and N belong to they belong to each Therefore 

M + N, IIN, M - MN belong to each hence to ^ . A similar proof ap¬ 

plies to restricted Borel-rings and to Borel-rings, 

A like theorem does not hold for half-rings. The reason that the 
theorem went through in the three other cases is that the postulates for 
these simply assert a kind of closure with respect to certain operations 
(addition, multiplication, and multiplication by the complement). The postu¬ 
late ( 7 ^) is not of this type. 

The collection "^(S) is clearly a Borel-ring; therefore it has the 
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three other properties too. Hence for any T^c:^(S) there is a ring (re¬ 
stricted Borel-ring, Borel-ring) containing 

Definition 10.1.6 . Assume that We shall denote by R( Y) 

the smallest ring in ^’(S) containing i.e., the intersection of all rings 
^ for Tdiich ^ <z ^ (S). Similarly BR* and BR(^) are defined as 

the smallest restricted Borel-ring and the smallest Borel-ring containing OT^ 

Evidently wo have ^ c R(f^ C BR’C-^) c BR(^). 

THEOREM 10.1.2 . Let ^ ^ half-ring . Then R( HI) is the totality of 
sets of the form 5" M^ where the sets M^ are finite in number^ are mutually 
disjunct ^ and are contained in 

Proof: Denote by ^the totality of the sets where M^ are as 

described in the statement of the theorem. Since by an obvious induction 
applied to postulate (^g) the sum of a finite number of sets from a ring be¬ 
longs again to the ring, and since RCTJ) 3 , it is evident that T c R('3?), 

To prove the theorem it is sufficient simply to show that ^ is a ring, for 
than we shall have hence We make the following ob¬ 

servations : 


(i) If M € / and N e 'T then MN 6. For, let M - ^ M., 

^ i " 

N ■ 2-where the M^ and similarly the N^ are disjunct, finite in number, 

and belong to Now MN => Z^M.* Z^N. =* YL ZI M.N.. Since the sets 

i ^ j ^ i j ^ ^ 

Mj^Nj are also disjunct and contained in'^,MN6'^o A similar remark 
follows Inductively for the product of any finite number of sots from 

(ii) If M e T, N € ^ and MN - 0, then M + N € ^9^ . For, again, 
let M - N ■ ZI N. be representations of M and N as elements of ^(i.e., 

be sums of sets of ^ of the type described in the definition of v ). Since 
MN » 0, M.N. ■ 0 and M + N - ZI^. +53^4 representation of M + N as 

i j j I j j 
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an element of • A similar remark follows inductively for the sum of a fi¬ 
nite number of mutually disjunct addends from^. 

(iii) IfM e'I'landN e'M then M - MN £ ^ . For, since M DMN 

there is a chain N , N^, N, from ^9? such that MN » N € N,^ No<5 ...€ N, - M. 

o 1 ic ole k 

The sets L^s (i*l, 2,*.«,k) are mutually disjunct end belong to *91 ; 

furthermore, their sum is M - MN. 

(Iv) IfM eTandKCl? then M - MN 6 To prove this, repre¬ 
sent M as an element of T"i M » M^N, Prom (ill) the 

L^€ ^ • As parts of the M^, the have no points in common. It follows 
from (ii) that M - MN - (M.- M N) -Y] L. 

ill ^1 

(v) If M € 'J^and N eT then M - MN 6 '3^ . For let N - ^N^ be a 

representation of N as an element of ^. From (iv) M - MN^ € ; hence, 

using (i), M - MN » TT(M - MNj £ "9^. 

i ^ 

(vi) If M € ^ and N then M + N e-T-. For, since M+N- 
- (M - MN) + N, we can apply (v) and (ii). 

(i)p (■^)n (vi) above,prove that ^ is a ring. 

THEOREM 10.1.3 . Let ^ ^ a ring i£ ^(S); Ut ^ such that 
'di C ^ C. '^(S) and such that 

(cK) ^ JM^] ^ finite or denumerable sequence of mutually disjunct sets from 
'Jl', then ^ M^ € ' 

(y) ^ M e')f^ N £ then M - MN C 

The theorem is to the effect that if is such a collection of sets, then 

31"3BR(^). 

Proofs Denote by ^ the totality of sets M £ having the property 
that if N e then M - MN £ By the definition of W*, also 

by the condition ('y ) it is clear that The theorem will be proved 
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If it is shoTin that la a Borel-ring, for then we shall have BR(?f ). 

We proceed to show that ^ is a Borel-ring. 

(i) If M € N 6 then M - MN € 'X'*. For, since M € "Ji" 

H € the definition of "X* shows that 1C - BUT € We have thus to 

show that for any L [{II - MM) - (M - MM)L] € . Since H € '32”, we 

have that if L £ then N - ML £ and hence by condition (<<), N + L« 

- (N - ML) + L £ 'K'. Hence if L £ 'Jl', we have [(M - MM) - (M - MM)L] - 
« M - M(N + L) € 

(ii) If iM^Jis a sequence of disjunct sets belonging to ^ , then 

M. £'3?*! Let N we have to prove that ^ 

i ^ i ^ i ^ 

]^M.- N^M. » (^i- M.M), The sets (M.- M.N) are disjunct, and since 

iliiiii 11 

M^ C they belong to ^ ; by the condition (^ ) bheir sum does also. 

(iii) If {M^Jis a sequence of sets from ^ , there exists a sequence 

|MJ of disjunct sots from ^ such that ^ M.» For, define the sets 

1 i ^ i ^ 

Nij(i *■ J) as follows j 

^11 - ^ ' 

^12 - “2^ ^22 - »12- ^12^ ' 

" “ 3 ' ^23 ’ ^13“ ^13^' *^ 33 ’ ^ 23 " ^23^2 ' 
etc•, etc• 

These recursion formulae said the observation (i) above, prove inductively 
that e Now define Then 

Ni - M^. 

®2 “ “ 2 - “2“l ' 

- V “2> ' 

etc., etc. 

The sets N. have no common points, they belong to ^ and their sum is 5" M.. 

^ A 1 
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The obserTations (ii) and (ill) together show that ^^satisfies postu¬ 
late for Borel-rings; (i) shows that is satisfied. Since (oC^^) and 

{7j^) together imply is a Bor el-ring. 

THEOREM 10.1.4 . ]£_ 'Tc^(S), then SR’(T) is the set of all 
(U^+ ... + where .... , N€ BR('3^*'). 

Proof s Denote the set in question by ^ . If M then 

U « MM , M 6 BR(T), so M that is, 'T'oT. It appears imme¬ 
diately that ^ fulfills (^ 2 ^^ ^^ 2 ^' ^"^ 2 ^ (because fulfills (/^^), 

( 7 ^)); thus it is a restricted Borel-ring. Therefore ^ O BR*(^)e Consider 
now those sets N, for which M £'T^ implies MN € BR^('^)e Denote their set 
by Clearly ^ and ^ is a Borel-ring, as it fulfills (* 7 ^) 

because BR*('J^) fulfills (Pg)* ^^1^ owing to the remark after Defi¬ 
nition 10.1.2. Thus BR(^); that is, if M e'T, N€ BR(T), then 

n € BR»(^). (<^ 2 ) extends this to all (M^+ ... + M^) • N with M^, ..., 

^ • Thus ^c; BR*(^), completing the proof. 

Corollary 1. If ^ is a half-ring, we may assume the M^, ..., M^ 
disjunct; if ^ is a ring, we may a ssurae n =» 1 . 

Corollary 2. If M € BR» (^), N 6 BR(^), then MN 6 BR' (T). 

Proof: If Mj^, ..., M^ eT. then M^+ ... + € R(^). thus the 

first statement of Corollary 1 follows from Theorem 10.1.2, while the second 
one is obvious. Corollary 2 follows immediately from Theorem 10.1.4. 

THEOREM 10.1.5 . ^a y{S), then 3R(^) 5£ ^ set of 

where f M^} is any sequence of sets M^ £ BR»(^)* 

Proof: Denote the set in question by ^ . Since BR*(^)c: BR(^), 
(4^) implies BR('9^). On the other hand we have ^ ^ BR^ 

^9^'clearly fulfills (ot^). If fN^^l is a sequence of sets, then 

write ^ “j* Now fe SR{^), fj N^ € SR{'t), 
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M. • *7X^4^ thus y^M.JjN. C but it is « N^TT ^4 ■1X1^4# 

^ii ^ i ^ i ^ 

proving Similarly (-y^) is proved by decomposing M. So ^ is a Borel- 

ring and therefore BR('3^), completing the proof. 

Corollary 1 . The may be assumed to be disjunct ^ or again they may 

be assumed to satisfy c. M^c ... , 

Proof I Putting M* » ^ M. ((<^p)l) loads to M» c M» c •••; putting 
^ J=*l ^ 

llj « M^, ^+l'** ^i-t-l"* ^i * disjunct M" *s. 

Corollary 2 . If ^ is a half-ring, then every M6 BR(^)^ 
where the are all disjunct and • 

proof: By Theorem 10.1.4, Corollary 1 and Theorem 10.1.5, Mc y“ 
i*h8re R(^). Replacing the by = Mg" “a V 

M^ - Mg- Mg (Mj^+ ••** ^he MJ^ 's disjunct and M^ € R(%). 

Then Theorem 10.1.2 proves the statement. 

As was indicated in the introduction to this section, the definitions 
of the four kinds of rings were chosen with a view to defining a measure func¬ 
tion over these collections of sets. We now proceed to say what is meant by 
a measure function euid we deduce a number of its properties. 

Definition 10.1-7. Let ^ be a half-ring. A numerically valued func¬ 


tion ^(M) defined for each M 6 ^ is called a measure function on ^ if 


(a) for any two disjunct sets M, N of 'Jt , such that M + N € TR, 


>i(M) + ;i(N) - yL(M + N) 

(b) a sequence jli^} of sets M^,€ 0?, exists such that 51 M. ■ 3. 

1 1 ^ 1 

Definition 10.1.8 . A measure function ^(M) ^ called a complex valued 
measure function when its values are finite complex nuabers . 

Definition 10.1.9 . A measure function ji(M) ^ called a^ real measure 
function when its values are finite real numbers. 
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Definition 10.1.10 . A measure function ^(M) Is called no n-negative 
when each of its values is a non-negative real number or is +oo • 

Definition 10.1.11 . A non-negative measure function ;i(M) is called 
finite when the value +oo is disallowed. 

Definition 10.1.12 . A measure function |li(M) is called totally addi¬ 
tive provided that if Jm^} is a denumerable sequence of disjunct sets from % 

such that ^ ^ then )i( ^M^) =• p(M.). 

-1 - ^1 

The assumption in Definition 10.1.12 concerning the numerical series Y )la 

that it should be convergent, except when the left side is infinite (which 

can only occur in the non-negative case. Definition 10.1.10), when it should 

be properly divergent to +ao • But if the M. are disjoint and ^ M. » M, then 

i ^ 

any permutation of the M. does the same. So the series Y convergent 

1 i ^ 

in any order, which, as is well-known, implies that it is absolutely conver¬ 
gent. 

The apparent prolixity of Definitions 10.1.7 to 10.1.10 is deliberate. 
The measure functions with which we shall concern ourselves will without ex¬ 
ception be required to fall under at least one of these definitions. For ex¬ 
ample, we shall never speak of a measure function which is sometimes negative 
and sometimes infinite, nor one which takes on both the values +oo and -oo . 

Since every ring (restricted Borel-ring, Borel-ring) is a half ring, 
it has a sense to speak of a measure function defined on a ring (restricted 
Borel-ring, Borel-ring). 

In the course of the ensuing discussion we shall develop a connection 
between a measure on a half-ring ^ and a measure on R( ^t) which measures agree 
on Later, a similar connoction between measure on a half-ring and its re¬ 

stricted Borel-ring and Borel-ring will be discussed. 
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THEOREM 10,1,6 > Every non«> empty half-ring contains the set 0. If ^(M) 

Is a measure function defined on ^ , and ^ ^ is, not true that )i(M) ■ +cx), 
then ^(O) - 0. 

Proof: If M € 'Jl then put in (-y^) N » M, the N^, N^, •••, N^^ must 
all be - M, thus MgM, andO=«M-M€^. 

If some /i(M) is finite, then ji(M) + p(0) * p(M) necessitates ^(O) « 0. 

If a measure function ja(M) is defined on the half-ring ^ , then ^ 
cannot bo empty, owing to Definition 10.1.7(b), Thus 0 6 ^ • Since the case 
in which ji(M) » +oo is devoid of interest, we exclude it. Thus we shall al¬ 
ways have 0 6 ^ , p(0) « 0. 

Definition 10.1.13 , Let ^ be a half-ring . If a set M € the sum 

of a finite number of (tajunct sets M^, M^, M^ o£_ ^ , the collection [ M^j 

is called a partition of M , 

Definition 10.1,14 , If ju(M) ^ ai measure function defined on ^ , then 
a partition }M^j of M € ^ is called an m-partition of M (with respect to }i) 
provided that for any N € ^ wo have )i(MN) = ^ yi(Mj^N)o 

Defi n ition 10.1.15 , If [Mj and [N j are partitions of M, the parti- 

mmrnmm J ^ 

tion jNj] is called a sub-part it ion of fM^j provided that each N^ is included 
in one of the sets M^. 

Eividently the relation whereby one partition is a sub-partition of 
another is a treoiaitive one, 

THEOREM 10,1.7 . If {M^j , J N^} are partitions of M then the totality 
iMiN^J of sets forms a common subpartitio n of {M^j and [Nj J . 

Proof: U - ’ ZI belong to 

, and if amd have a point in common, then i ■ ij^, j » Fur¬ 
thermore jmdMj^NjC Nj. 
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We shall speak of this special kind of common sub-partition as the 

intersection of the two partitions. 

THEOREM 10.1.8 . If a sub-partition [Nj] ^^ partition i® 

partition^ then [ M^j ^ ^ m-partition. 

Proof* For N e % , h(MjN) = ). Since the sets 

J 

M^ are exclusive, M^NN^ is always void unless N^ c M^, and in this case 

M.OTl. - NH.. Therefore )i(M.N) » YL p(NN.). Observing that each N. 

^ J J ^ HjC J J 

occurs in one eind only one M^ we have 

IIp(M N) - ^ - HfidJ.N) - p(mi) 

i ^ i J j J 

This proves the theorem. 

THEOREM 10.1.9 . If {M^j and iNjj are m-partitlons of M, then the in¬ 
tersection of these two partitions is an m-partition . 

Proof* For any N € ^ we have p(MN) = ^)i(M.N) =» ^^p(M.MN) » 

i ^ i ^ 

i J ^ ^ 

THEOREM 10.1.10 . Let MC'^.iie^, M=>M. ^ 

M - € Ng g ... g Nj^ = M where £ ^ . Then if L^^ S a 

(i « 2,3, •••,k) the partition is an m-partition of M. 

Proof* For any N we have L^N + (i - 2,3,....k). 

Since ji is a measure function , 

(1) ;i(L^N) 

(i) )i(L^N) + )i(N^.iN) » ;i(N^N) (i = 2,3,...,k). 

Substituting (1) into (2), the result into (3), the result into (4), ..., un¬ 
til we reach (k), we finally obtain 

k 

^ p(LjN) - = p(lOl) 
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THEOREM lOtltll * Every partition o£ M ^ an m-partition » 

Proof: Let M^, Mg, •••, M^ be a partition of M. From Theorem lO.l^lO 
with M a M^ there is for each r (r « 1, 2, •••, n) an m-partition j in 

which L^^^a M^. Now define the partitions as follows: 

Let be defined by L^^^ 

Let be the intersection of the partitions and • 

Let be the intersection of the partitions and • 


etc •f etc• 

We observe that by Theorem 10.1.9 are all m-partitions. Further { M^^^J 

is a sub-partition of for r » 1, 2, n. But is a sub-par¬ 

tition of {M.} , for if any set M^^^ has a point, that point must lie in some 
M^, hence in some since I M^^^j is a sub-partition of iL^ J the set m|*^^ 

must lie wholly in L^^^; that is, wholly in M^# Hence by Theorem 10* 1.8 iM^] 
is an m-partition. 


THEOREM 10.1.12 . Let p(M) ^ a measure function for a ha If-ring . 
There is & unique measure function /i^(M) defined on R( %) such that for 
U€^ - >i(M). 

Proof: By Theorem 10.1.2 every M £ R('?J) can be represented as the 
sum of a finite number of disjunct sets from For each M £ R(^(^) ohoose a 
particular such representation: M ■ ]^M^ and define 

shall show that the value of fi^(M) is independent of the particular choice of 
the representation of M as the sum of disjunct sets from Let M -^N^ 


be another representation. We have to show that Now 

since Nj - MN^ ■ form for a fixed J a partition of JJy 

therefore by Theorem 10.1.11 an m-partitloH. Thus from 
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■which 21 y(N.) • ZI 21 By a similar argument we have h(M-) " 

3 d 1 i ^ 

= 21 21 P(“i*j) Pl^“) 

tive, and that it agrees with jj(M) on ^ is now evident from its definition. 

That there cannot be another function satisfying the requirements of the 

theorem is also clear, for if jigC^) is additive it must in particular be addi¬ 
tive when the addends are elements of 9?;, i.a., we must have “ 5Zp(M^) 

where the M^ are disjunct sets from 

We shall in the future refer to the function p^(M) defined in the pre¬ 
ceding theorem as the extension of p(M) from the half-ring ^ to the ring R('?i). 

THEOREM 10.1,13 . If p(M) a real ( resp . non-negative , finite ) mea¬ 
sure function , then so is its extension p^(M). 

Proof: We omit the proof. 

THEOREM 10.1.14 . If ^(M) ^ totally additive , then so is its extension 


Proof: Let M€ R(^); let [M^J be a sequence of disjunct sets from 
R(^) such that M » prove that p^(M) = YL Suppose 

first that M 6 • As an element of R(^) each M^^ is the sum of finitely 

many disjunct sets from let us say M^ =» XI Furthermore p^(M^) » 


■ The sets N^j^ are disjunct and at most denumerably many; their 

sum is M« Owing to the total additivity of p(M), pj^(M) » p(M) » t.Eri» 

ik^" 

m ). If M does not belong to %, it is the sum of finitely many 

i-1 ^ ^ 

disjunct sets from ^say N^, Ng, ..., N^, Using the result just ob¬ 
tained, we have “ H ;i^(NjM^). Thus p^(M) » ^ p^(Nj) » 

n 00 oo n _oo 


3 


_ z: r r - E 



96 


X. 6ENEKAL MEASURE FUNCTIONS AND OUl'ER MEASURES 


Sec.l 


THEOREM 10,1>15 « Let |li(M) ^ a finite measure function defined on a 

ring ^, A necessary and sufficient condition for the total additivity of 

^(M) ^ this t f if. sequence of sets M^ 6 'R with M^ D Mg ^ . D 0 «« 

» lim M., then lim u(M.) » 0. 

i-xx) i-^co ' ^ 

Proofs The original definition wast if N.« N^, ••• are disjunct sets. 

Id i 

B. e'Jl.ZiN, - N £' 31 , then ZT H(N.) » p(N). Now with M.- M - ^ N,, we 

111 i 1 1 j.i a 

have M. 3 M^ 3 •. • 3 0 » lim M , and any sequence of such M. * s can be ob- 

^ ^ i-e<D ^ ^ n 

tained in this way (put N *» M^, N^» 0, N^» M^^ M^). Further /Z. “ 

3 ■ i=l " 

- p(2Z ^a) “ - M ) »ji(N) -u(M ), and thus Y^fx{Yi,) • p(N) is equivalent 

i*l ^ ^ ^ i ^ 

to lim p(M^) » Oe 
i-#<o 

We shall close this section by developing a sufficient criterium for 
the total additivity of a non-negative finite measure function# It will be 
used in an application in section 5, as was pointed out in the introduction 
of this section# 

Definition 10#1#16 # gy a topological space we mean simply a space 3 
in which a notion of limit has been defined in such a way that for each given 
infinite sequence [ x^} o£ points of S, either there is associated exactly one 
point 3C of 3 callod the limit of [ x^} or else there is associated no such 
point, and further such that ^ x ^ the limit of a sequence J x^j then x is 
the limit of any subsequence I ] of 1 xj # 

The customary definitions of topological spaces, which are used in 
general topological theory (Frechet, Hausdorff), are narrower than the above 
definition - but this one will be suitable for our immediate purposes# 

Definition 10#1#17. A set M is called closed if every sequence of 


oints from M which has a limit has its limit in M# 
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Definition 10.1,18 , A set M is called open if its complement is closed. 

Definition 10.1.19, A set M is called compact provided that it is 
closed and provided that every infinite sequence from M has a subsequence pos¬ 
sessing a limit, 

THEOREM 10,1,16 , A product of closed sets is closed ; a sum of open 
sets, open . 

Proof: We omit the proof, 

THEOREM 10,1,17 , A closed subset of compact set is compact . 

Proof: Tfe omit the proof, 

THEOREM 10,1,16 . ( Cantor ): If { M^j la sequence of closed , non-empty 

sets such that M^ is compact and such that ^ ^ D ... D M « lim M 

then M is non-empty. 

Proof: Select a sequence such that for each n, 6’ M^* Since 

for each n, M^, the compactness of shows that there is a subsequence 
1 ] of {x^} which has a limit say x. Now for every i the subsequence 


f 3C , X 

*■ n. n 


, j has the same limit x and is contained in the closed set M , 


i+1 

Thus X belongs to infinitely many M^, Since the sequence [M^] is non-inorea- 

sing, X belongs to every M^, hence to M, 

THEOREM 10,1,19 , ( Borel ): ^ a compact set M contained in an infinite 

sum of a sequence of open sets p ., it is contained in a finite subsum, 

^ 1 1 

Proof: Assume the contrary. Then for no n is the set M » M-M( / p .) 

n 

empty (if it were for n = n then we should have Me A)* The sets M, M,, 

o i-1 ^ 


Mg, ,,, form a decreasing sequence, by Theorem 10,1,13 they are closed, and 

M is by hypothesis compact. By the preceding theorem their limit is not emp 

00 » 

But this is absurd for since XI p, ^ U we h^ve lim M » M-M X. A " 

i«l ^ ^ i«l ^ 
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THEOREM 10,1,20 , Let S la topological space ^ In it let a half-ring 
^ ilS. and let p(M) be^ la finite non-negative measure function in 

Assume further that for every positive t and every M € ^ there exist two 
sets P, Q from ^, a compact set C and an open set fi such that P c C c M c jrfc Q 
and such that ^(P) » )i(M) and )i(Q) » )i(M) * t • Under these assumptions 
ji(M) ^ totally additive . 

Proof: Assume M, N^, N^, ••• € prove 

Ji(M) - 2 Ija(Nj,)# If the N^ are disjunct and M "Xn^ we have besidea 
n ^ n 

^ u(N. ) - u( X] 1^4 ) • therefore 5Ip(N. ) ■ h(^)« 

i«l ^ i*l ^ i ^ 

X * p(M)j proving the total additivity. Select t > 0, Since M £ % 

we can find a set P € and a compact set C such that P c C c M and p(P) ■ 

■ Ji(M) • ^ • Also since we can find a £ 'TR# and an open such that 

H^c c 0 ^ and fj(Q^) ^ n(N^) ♦ . Now C c Me *!<= ZZ By the 

2 i=*l i**l 

n 

Borel theorem (10,1,19) there is an n such that Cc X We therefore have 

n n ^”^n 

pc Cc HjjCjC n Qj and thus ^(M) • fi(P) + | ^ p(Q ) 5 

i«l i»l 1«1 

• w + !^(u(N. ) + — A t) ■ ^ t • The number t being arbitrary this 

^ i-1 ^ 2^ i=l ^ 

proves what we wanted. Theorem 10,1,20 contains the desired oriterium. 


{2, Outer measure and inner measure . 

In the previous section we concerned ourselves with additive measure 
functions defined for a restricted class of sets« the half-rings. In this sec¬ 
tion we shall deal with functions of sets which are generalizations respective¬ 
ly of Lebesgue outer and inner measure. These functions« which we shall call 
outer (resp, inner) measure functions, are defined over the whole of ^(S) ^ut 
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are not necessarily additive. 

Definition 10,2,1 , Let S ^ A function |a*(M) defined for all 

M € ^(S) £s called ein outer ( exterior ) measure provided that 

I. 0 - ^’*'(M) » + 00 (all M ^ ^(S) )- 

II. ^ M D N then 

00 00 

III. If M - H M then u (M) 5 H (M, )• 

~ i-1 ^ i=l ^ 

♦ 

Definition 10,2,2 , Let fi (M) ^ ^ outer measure function . A set M 
is called measurable ( with respect ^ p*) for every P 6 

(1) /(f) - ji*(l£P) + /(f - MP). 

Measurable sets need not exist. For example, the function |i*(M) » 1 
is an outer measure. No set is measurable with respect to it since the equa¬ 
tion (l) can never be satisfied, If on the other hand at least one measurable 
set M^ exists, then equation (1) with M » M^, P = 0, the empty set, shows that 
either p*(0) « 0 or ^***(0) =* + oo , In the latter event since 0 is contained 
in every set, postulate II shows that )i*(M) ■ + oo • This case is without in¬ 
terest. Henceforth we assume that measurable sets do exist and that there is 
not p*(M) « + 00 (cf. the similar restriction made for the measure functions 

4i 

after Theorem 10,1.6 - that is, we assume y (O) " 0. 

In proving the measurability of a given set M it is sufficient merely 
to prove that for all P of finite outer measure 

(2) J1*(P) m /(UP) * fi*(P - UP) 

This is true because (2) combined with postulate III implies (1), Further- 
more (2,) is automatically satisfied if p (P) ** + oo, 

If we define -M * S - M the condition (l) for measurability teikes the 
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form 

(s) H*(p) “ A^) * /(i-m 

THEOREM A set M for which “ 0 measurable . 

Proof* Since for any P we have MP c M and P - MP c P, postulate II 

shows that )i*(P) =» y*W + p*(P) “ + j^*(P - MP). 

THEOREM 10.2.2 . ^ M Ijb^ measurable^ so is -M. 

Proof* Since -(-M) « M the equation (3) remains unaltered if we re¬ 
place M by -Mo 

THEOREM 10.2.3 . If M and N are measurable ^ ££ iS. ^ 

Proof* Since M is measurable we have for P of finite measure, (3) 

above * 

ji*(P) - )a*(MP) + fi*((-U)P) 

l|( ]|t l|l 

Since N is also measurable we have p. (MP) » y ((MP)N) + p((MP)(-N)) and 
p*((-M)?) - ;a*((-U)PN) + )i*((-U)P(-N)). Therefore 

(4) p*(P) - p*(URP) + p*(M(-N)P) + p*((-M)NP) + p*((-M)(-H)P) 

If in (4) we replace P by P(M+N) the first three terms of the right-hand side 
remain unaltered and the last drops out; we get 

(6) p*(M + N)P) - p*(MNP) + p*(ll(-N)P) + p*((-U)NP) 

Then since (-ll(-N)) - -(ll + N), (4) and (6) give 

A^) ■ ♦ »)p) 

Corollary 1. The sum of any finite number of measurable sets is mea ¬ 


surable 0 (Induction.) 
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Corollary 2 » If M and N are measin-able sets ^ so is M - MN« (By Theo¬ 
rems 10.2.2, 10«2*3, and the fact that M - MN » -((-M) + N)). 

THEOREM 1Q»2»4 » If M^, Mg, •••, M^ are measurable sets without common 
points and if P siny set then 

( 6 ) ^ ^ 

i=l ^ i=l ' ^ 

Proof: Since M is measurable 


p*(P) - /(II P) + /((-M )P) 


(m^ 1, 2, n) 


If in the m-th of these equations we replace P by M.P we get 

i=l ^ 




m-1 


P*(£m^P) = /(\P) ♦ /( Z V) (” = 2, 3.n) 


Substituting (7„) into (7„), the result into (7*), until we reach (7 ), 

CO 4 n 

we finally obtain (6)« 

Corollary . If M and N are disjunct sets and if either of them me a - 

surable, then p*(M + N) =• p*(M) + p*(N). 

Proof: Assume that M is measurable. Use Theorem 10.2.4 with n » 2,, 

P = M + N, M^ = M, Mg =* -M. 

THSOREt^ 10,2.5 . If [M^j ^ & denumerable sequence of disjunct measur- 


able sets and P ^ any set , then p ( 2_ M.P) ® 2L- p (M.P)* 

i=l ^ i=l ^ 

f m 

M.P^JIm.Po Therefore by postulate II and 
-1 i T ^ • 


Theorem 10.2.4. 


00 


P*( ^ M^P) = ji*( X “i?) " ^ P*(MiP) 


/(Z. M.P) - lim Z/(MjP) =■ /(M^P) =/(Zm^P). 

1 m->oo 11 1 


Hence 





102 


X. GENERAL MEASURE FUNCTIONS AND OUTER MEASURES 


Seo.2« 


the last step in this last Inequality being a consequence of postulate III* 


THEOREM 10. 


*2,6 * If iM^j ^ ^ denumerable sequence of measurable sets 


then M a> ^ M^ is also measurable* 
i-1 ^ ~ 


Proof: It is sufficient to prove the theorem when the sets are 
without common points, for if they have common points then the sets 
N. ■ M.- M,( ^ M.) are measurable by Oorollaries 1 and 2 to Theorem 10*2*3, 

1 1 j.l J 

they have no common points, and their sum is M* 

m 

Let P be any set. For any m, ^4 measurable; therefore 

p (p) “ p (IZ^M.P) + U )P)* If we now use the fact that ) 3 (-M), 

1 1 / 1 1 ^1 

use postulate II, and Theorem 10*2*4, we get 

P*(p) - E p*(v^ + P*((-M)p) 

A passage to the limit with m and an application of Theorem 10*2*5 gives 
p*(P) » ?! p*(UjP) + p*((-M)P) - p*(MP) + p*((rM)P) 


THEOREM 10*2*7* The sets measurable with respect to a fixed outer mea¬ 


sure p*(M) form Bore 1-ring , while the measurable sets with ^ finite p*(M) 

form a restricted Borel-ring * 

Proof: Postulate is Theorem 10*2*6; postulate is corollary 2 

to Theorem 10*2*3, thus proving the first statement* Owing to postulates II, 

III, ji*(L) is finite if L c U,y*{U) finite, and ji’^Cm + N) is finite if 

p*(N) are finite* Now refers directly to M + N, while (yg) refer 

to M. c M, and M - M * N c M respectively, so that the second statement 
i ^ 

follows from the first* ' 

Definition 10*2*3* The sets occurring in Theorem 10.2.7 will be deno¬ 


ted as follows: the Borel-r ing of all sets measurable with res pect to p*(M) 
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^ MS^^, restricted Borel-ring ^ ^ measurable sets with a finite measure 


THEOREM 


10»2»8 « If [M^J ^ sequence of measurable sets such that 


M^ C Mj^C •.. c M « lim M^, then M measurable and if p is any .net 
n-^oo 

lim fi*(M^P) » p*(MP). 
n-M) 

Proof: M is measurable since M » 5” M . Define N«M,,N“M-M , 

n linn n-1 

n 

n 

(n > !)• The sets N are measurable and disjunct; furthermore M » YL N., 
w “ “ 1=1 ^ 

M » YL ^ 4 * Theorems 10.2.5 and 10.2.4 


p*(MP) - ^ p*(N^P) - lim ^ p*(N.P) - lim p*('^ N.P) - lim p*(M P). 

i=“l n-^KDo i»l n-^oo 1=1 n-^oo 


THEOREM 10.2.9 « If [M^] is a sequence of measurable sets such that 

Mj^dM^^... 3M=» lim M^, then M ^ measurable o If further Pisa set 
n-XD 

such that for some n^ then lim ji'*'(M^P) » ^*(MP). 

0 n->oo 

Proof: M is measurable since M =» 7T^ second part of the 

n 

theorem we may by throwing away a finite number of terms assume that p 

is finite. All the outer measures occurring are then finite. The sequence 

M^- M^ is a non-decreasing sequence of measurable sets and has for limit the 

set Mj^- M. Since p*(M^P) = p*(M^P) - M^)P), Theorem 10.2.9 gives 

lim y*(,\P) “ - liro ^*((“ 1 - M^)P) =* M)P) =* 

n-*oo n-><x) 

Definition 10.2.4 . The outer measure p (M) o£_ ^ measurable set M is 
called its measure and is denoted by p(M)« ffe shall assume in this part of 
the discussion that if we write p(M) we mean to assert that M ^ measurable . 

Definition 10.2.5. An outer measure function p (M) is called regular 


( Caratheodory) if 
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(a) for any Id 

)x*{U) - g.l.b. ;i(N) 

N3M 

(b) a sequence of sets [M^} with finite and » S exists » 

In the sequel the outer measure functions will, unless otherwise indi¬ 
cated be a'BSumed to be regular. TIhat amounts to the same thing, we add a 
fourth postulate to the definition of outer measure: 

17. ]x (M) is regular . 

Definition 10.2.6 . Let fi*(M) be an outer measu re func tion. ( Regularl- 
ty is not assumed.) A half-ring 'JJ c ^(S) will be called a determining set 
for provided that 

(a) Every M G ^ is measurable and'of finite me asure . 

(b) A sequence [ of sets 6 ^ with 51^4 * S exists. 

-1-1 ^ 1 

(c) For any M € if?(S), » g.l.b. p(N) 

N D M 

N € BR(^) 

We note that condition (a) implies that every MG BR(^) is measurable, 
for the Borel-ring of measurable sets contains 'TH, hence BR('3l); condition (b) 
implies S 6 BR(9i) suid thus the set of N*s to which the g.l.b, in (c) refers 
is not empty. 

Corollary : The sets M^ in Definition 10,2 .6, (b), may be assumed 
disjunct. 

Proof: Put « M^, Ng* M^- M^M^, M^- Mg), ... . Then 

S,N e rCT?) and the K are disjvinot. Write N = 51 ^ » ^^e 

^11 1 1 ^ Ij Ij 

M^j disjunct by Theorem 10.1.2. If the M^^ are written as a simple sequence, 
they do what we desired. 

THEOREM 10,2.10 , The statement that an outer measure p*(M) regular 
is equivalent to the statement that there is £ determining set for ji'*(M), 
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Proof: Suppose )i (M) is regular. The set MS'^^ from Definition 10.2.3 
is a restricted Borel-ring, therefore we may put ^ clearly 

fulfilled, (b) coincides with Definition 10.2.5, (b). As for (c), note that 
the g.l.b. of a set of numbers is not changed if the number 4- cd is removed 
from it (if it belonged to it at all; the g.l.b. of any empty set is + ool). 
Therefore 

yi’^(M) = g.l.b }i(N) = g.l.b )i(N) = g.l.b. u(N) = 

N 3M N M N 6: MS’ 


p(N) finite 


N D M 




= G-I.b. p(N) = u (M). 

N £ BR(MS' ) 

N =) M ^ 


Then 


On the other hand suppose that there is a determining set 


p*(M) =» g.l.bo |a(N) * g.l.bo p(N) ^ U*(M), 
N 3 M N 3 M 

N e BR(^) 


proving Definition 10.2,5, (a), while Definition 10.2.5, (b) follo"'^ from De¬ 
finition 10.2.6, (a) and (b). Thus p'^(M) is regular. 

THEOREM 10.2.11 . If ^ half-ring ^ determines then for every 

set M there exists a set N € BR( %) such that M c N and y*{lH) - jj(N). 

Proof; If ^*(M) = + 00 , then y* {S) = p (M) - + oo , p (S) = + oo , and 
so N = S meets the requirements. Let therefore p (M) be finite. Since 
u*(M) = g.l.b p(N), there is for each b > 0 a set N such that N O M, 

N e BR( ) 

00 

N^ £ BR(^) and u(N ) = u’*'(M) + £ , Now let N =TT . We have N € BR(^) 

^ ^ t ^ n-1 n 

and for each n, M c N c: . Therefore p*(M) = p(N) * P ~ • 

n n 

Since n is arbitrary, p (M) = p(N). 
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THEOREM 10,2,12 « If ^ determines )i*(M), then in order that £ set M be 
measurable it is necessary and sufficient that there be two sets N*, N" from 
BR(^) such that H' e Me N" ^ |i(M" - N*) = 0. 

Proof: Suppose that M is measurable. If M is of finite measure, then 
by Theorem 10.2.11 there is a set N" € BR(^) such that M c N** and ]i(N") « Jli(M) 
Now N** - M is measurable and ;ji(N" - M) ** p(N") - }i(M) = 0. Again, by Theorem 
10.2.11 there is a set P 6 BR( 72) such that N** - M c P and ji(P) = jli(N’’ - M) * 0 
Now put N* « N" - N**P. Then N» c M c N", NJ^, N*» (: BR('R) and }i(N" - N» ) =» 

■ }i(N"P) » 0. If M is not of finite measure, use the sequence [ M^i^j from the 
Corollary to Definition 10.2.6. M * ^ MM^, and each MM^ is measurable and of 
finite measure. By what we have just proved there are sets NJ^ and Nj of BR(^) 
such that NJ^C MMj^c Nj and - Np. Hence N' =* Z McH Nj s N". 

But M" - N' = ZI N? - 21 C Z (K? " N!), so that 0 - fi(N" - N' ) “ 
i i i 

- ZI>i(N" - N') = 0. 

i 

Conversely the condition is sufficient, for if M is any set and N’, N" 
are two sets of BR(71) ^or which N* c M c N" and )i(N** - N') = 0, then since 
N" - Mc N" - N' we have 0 = )i*(N" - M) = (i(N" - N') =■ 0. Theorem 10.2.1 
shows that N” - M is measurable; therefore so is M » N** - (N** - M). 

Corollary ; I£ M measurable , then it is the sum of a set from BR(%) 
and a set of measure 0. Also conversely . 

Proof: We omit the proof. 

We remark in passing that the argument used to prove sufficiency in 
Theorem 10.2.12 uses essentially only the measurability of the sets N*, N”. 
Hence in order to prove that a set M is measurable, it is sufficient to show 
that there are two measurable sets N*, N’* such that N* c M c N" and 
Ji(N” - N») « 0. 
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The last theorem Bind its corollary establish a criteriua for measura¬ 
bility directly in terms of jsets from and BR(X) and the sets of measure 


THEOREM 10,2,15 . If p. (M) regular measure , then it is a totally 

additive measure function on the Borel-ring MS ^ (cf.Definition 10.2.3.) 

Proof: The sets from Definition 10.2.5 (b) can be assumed to be 
measurable by Theorem 10.2.11. This proves the condition (b) in the Defini¬ 
tion 10.1.7 of measure function. Definition 10.1.7 (a), as well as the con¬ 


dition in Definition 10.1.12 follow from Theorem 10.2.5 with P = S. 


We now proceed to define and discuss a notion of inner measure , a no¬ 
tion of which Lebesgue inner measure is an instance. 

D efinition 10.2.7 . Let ^*(M) be a regular outer measure function. The 

function (M) defined by p (M) = l.u.b. p(N) (when we write p(N) we mean to 

% ^ , .. _ 

assert that N is measurable) is called the inner measure function associated 
with p (M). 

In the next theorem we shall demonstrate a number of properties of 
inner measure which have their close parallels in the postulates I - IV for 
regular outer measure. ^ 

THEORETA 10.2,14. ^ p*(M) is a regular outer measure , then the cor¬ 
responding inner measure p^(M) ^ defined for all M and satisfies 
lo 0 S * 4- 00 

II. If M 3 N then m,(M) = )i,(N) 

III. ^ {M^{ ^ ^ finite or denumerable sequence of disjunct sets 

whose sum is M, then p^(M) = ^ p^(Mj^) 

i 

IV. For any set M, p.(M) = l.u.b. u(N). 

N c M 


Proof: Statements I, II are trivial to verify; IV is the definition 
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of To show III we shall show first that for each set M there is a mea¬ 
surable set N c M such that )i(N) * Let M be any set, then, if ;i^(M) is 

finite, by the definition of ji^(M) there is for each n =* 1, 2, ... a measurable 

set H such that M e M and ji(M ) > )i^(U) - - . Now let M - ^ N^; then N c M 

> > 1 ^ 

and we have for each n, “ vW “ ^ " n * ^ ^ becomes infi¬ 
nite this gives infinite, the same result obtains 

by using n instead of ~ • Now let [M^J be a sequence of disjunct sets 

and let M ■ ^M.. By what we have just proved there is for each i a set 
i ^ 

NfC M^ such that |i(N^) = N s is by Theorem 10.2.6 measurable 

and it is obvious that N cz M. Using Theorem 10.2.5 we get ^p^(M^) = 

- Z - u(N) ~ l.u.b. u(N) - u (M). 

i N c M 

In connection with the parallelism between outer and inner measures 

it is to be observed that for outer measures the following statement is true: 

If ^ is a determining set for ^*(M), then u*(M) = g.l.b. w(N) jand the 

‘ NOM;NeBR(^?) 

greatest lower bound is actually attained (Theorem 10.2.11). The correspond¬ 
ing equation p^(M) = l.u.b. p(N) holds in general; and the least upper bound 
Nc M 

m{%) 

is actually attained. This is clear since in the prnof of Theorem 10.2.14 
it was shown that there is a measurable set N c M such that p(N) = jli^(M); 
and Theorem 10.2.12 shows that there is an N* from BR(^) such that N* c N 
and p(N» ) » )i(N). 

If ^ is replaced by any system ^ of sets, then we have in general 

only u*(M) ■ g.l.b. p**^(N) and p (M) « l.u.b. p*(N) 

N ::>M NC M 

N € BR(^) N € BR(^) 

THEOREM 10.2.15 . If p*(M) a regula r outer measu re function , then 

^ 1®. P^^fts^rable p*(M) « yL^{lA), also ^ M jjs any set such that ^*(M) and 
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have a commo n f inlt o value^ then M_JL£ meas urable« 

Proof: If M is measurable then it is clear that the g.l.b. in the con¬ 
dition for regularity and the l.u.b, in the definition of inner measure are 
both attained by the common value >i(M), If ju’^(M) and )i^(M) are equal and fi¬ 
nite, then there exist measurable sets N*, N" such that N* e M c N” and such 
that ji(N* ) =* P,(M) « )i*(M) == |i(N")* Since these numbers are finite we have 
p(N’* - N* ) a 0« Hence, by the remark following Theorem 10.2.12, M is mea¬ 
surable. 

THEOREiM 10.2.16 . If p. (M) ^ regular outer measure, then for any 

two dis j unct sets M, N vro have 


+ >>*(») = + N) S 


H*(M) + >i*(N)^ 

)i*(u) + ;1,(N)J 


= ji*(M + N) = p*(M) + p*(N) . 


Proof: Because of postulate III for outer measure and because of 
property III for inner measure (Theorem 10.2.14), and also because of the 
symmetry in M and N of the above inequality, it is sufficient to prove that 
)i^(M + N) 5 p*(M) + p^(N) S p*(M + N). 

Let P be a measurable set contained in M + N and such that ^^(M + N) * 
=■ )i(P)« Let Q be a measurable set containing M such that ;ii(Q) ^*(M). Then 
N 3 P - PQ and we have }i^(M N) =» ^(P) ;i(PQ) ^ )i(P - PQ) » /a(Q) + “ 

■ f*(M) + 

Now let P be a measurable set such that P3 M + N and p*(M + N) = /i(P)* 
Let Q be a measurable set such that Q c N and ^(Q) = ^^(N). Then P - QP 3 M 
and we have p*(M + N) *» p(P) » p(P - PQ) * p(PQ) ^ p(P - PQ) *♦* p(Q) ’ 

■ P*(u) + p,(Q). 

THEORliM 10.2.17. Th eorems 10.2.4, 10.2.5, 10.2.8, and 10.2.9 re- 
main true if jx*(N) ^ replaced in them everywhere by ^^(N). 
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Proof: As Theorene 10.2,8 an3 10.2.9 are direct consequences of 10.2.4 
and 10.2.5, and as 10.2.4 is a special case of 10.2.5, we need only to con¬ 
sider Theorem 10.2.5. Because of property III for inner measure (Theorem 
10.2.14) we must only prove u (2 Im.?) » 

/ i 1 ^ 

If N is any measurable setc^M.P, then M.N is measurable and c M.P. 

ill 

Thus 

H(N) » - ZpUjN) 5 

The u(N) on the left side can be replaced by l.u.b. w(N) =* u ( H^.P), and 

NC^M.P / i ^ 

we obtain ® we desired. 

THEO REIi 1 0.2.18 . If p*(M) a regular oute r measure and if P is a 
mea surabls set of finite meas ure, then for any set M C P w have p^(M) ** 

. p(P) - p*(P - M). 

Proof: Theorem 10.2.16. with M=M, N=»P-M, P-M + N gives 

^vP) ■ H,(M) + ^ (P - M) » p (P). Since P is measurable we have ^^(P) ** 

■ p*(P) ■ p(P)* Therefore p(P) » p^(M) + ^^(P - M). 

This last theorem suggests an alternative method of defining inner 
measure. This method is in fact precisely that used by Lebesgue. Lebesgue 
first defines outer measure in terms of interval coverings, defines the inner 
measure of a bounded set M by means of the equation ^^(M) * p (P) (P - M) 
where P is some interval containing M, shows that this definition is indepen¬ 
dent of the particular choice of P; he then defines measurability for bounded 
M in terms of the coincidence of the values of p*(M) and p^(M), and finally 
defines a measurable set as a set whose intersection with any interval is 
measurable. The procedure could be carried over mutat is mutandis to the pre¬ 
sent discussion replacing the intervals by sets of a determining ring. Of 
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course it would bo desirable to reformulate the definition of determining 

ring in such a way tliat the concept of moasurability is there avoided. This 

could be done by requiring that the outer measure y*{U) be totally additive 

and finite over the ring (tJiese properties being described in Definitions 

10.1i7, 10.1.12, 10.1.11. Note that condition (b) from Definition 10.1.7 is 

required) and that it satisfy the condition = g.l.b, ^ ). That 

SiNp M ^ 

N. fe at 

this definition is equivalent will bo seen later in the discussion. (See 
remark after Theorem 10.3.2.) 

THEOREM 10.2.19 . ^ if. ^ determining set for p*(M), then if P is 

any set of ^ and if M C P then in order that M ^ measurable it is fuffi- 
^ ^ ^ 

cient that y (P) = p (M) + ja (P - M). If. arbitrary sot then in order 

that it be measurable it is sufficient that for all P € )i*(P) - 

= p*(PM) + ^*(P - MP). 

Proof: As for the first part of the theorem, Theorem 10.2.18 shows 

that “ y*{?) - - M) and by hypothesis p'^(M) - Ju'^(P) - p*(P - M), 

hence by Theorem 10.2.16 M is inoasurablo. The second part of the theorom is 

obtained by considering the sots M. 6 ^ with ^ M. = S from Definition 10.2.6, 

^ i ^ 

(b), and applying the above result to the sets MM^c M^ wit}i P = M^. Thus 

the MM^ are all measurable, and as M » ^ 

i 

General extension theorems . 

In the first part of this section wo apply the properties of outer and 
iiinor measure to the problems of extending a non-negati/e, finite and totally 
additive measure function defined on a half-ring ^ to measure functions de¬ 
fined on BR*C^) on BR(^). As a preliminary we prove 
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THEOREM 10,5#It Let )i*(M) and }i 2 (^) ^ two regular outer measure 
functions > Let ^ ^ a half-ring such that it determines ju*(M), and such 
that every set ^ ^ measurable with respect to pigCM), eind such that for 
M ^ Under these ass\imption 8 we have 

Por every M ^ ^(S), )a*(lk) - 

2) FoL ^ Pt (U) = p, (“) 

* * « 

3 ) M set measurable with respect to then it is measurable with 

respect to and p^(M) = 

Proof: We lose nothing by assuming that ^ is a ring, for if ^ is a 
half-ring satisfying the hypotheses of the theorem, then since the sets of 
H('X) are also measurable with respect to both outer measures. Theorems 10«}.12 
and 10.1.13 show that the hypotheses of the theorem with ^ replaced everywhere 
Ly R('^) are satisfied# Since BR(^i) *» BR(R(^l)), the conclusions of the theo¬ 


rem 8U*e the same in either case# 

Denote by ^ the totality of sets M which are measurable with respect 
to both outer measures and which are such that if N then ^j^(MN) » p 2 (^)* 
The collection ^has the properties: 

(oC) If [M. j is a sequence of disjunct sets from then M - ^ M. 6 • 

^ i ^ 

(y) If N € and M e then N - NM £ ^ . 

To prove (oC) let N be any set of then by Theorem 10.2.6, 
p^(MN) - ^ p^(M^N) - Y1 prove (7 ) let N M ^ ^ , P 

then p^((N-NM)P) - p^(NP) - p^(NPM) - p^(NP) - ;i 2 (NPM) - ;i 2 ((N-NM)P). 

By Theorem 10.1.3, T 3BR(^). Hence for every M 6 BR(3?.) and every 
Yi |i^(MN) « pgCMN), that is, by Theorem 10.1.4. and its Corollary 1, 

for every M G BR*(^), p^(M) - T^®orem 10.1.6 and its Corollary 1 ex¬ 

tend this at once to all M € BRCBI)# 
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To prove conclusion 1) of the theorem we now observe that 

=• g.l.b. ;i^(N) =■ g.l.b. ^^CN) ? ^*(M) 

N ^ lA N 3 M 

H € BRC?1) N € BR(^) 

As for conclusion 2) it was shown in the remarks innaediately follovdng 
Theorem 10.2.14 that for any regular outer measure function jx*(U) determined 
by a set ^ and for any M there is an N* ^ BR(^) such that N* c M and 
^(N* ) » Applying this remark with jx » we have 

(M) =• jaj^(N') = l.u.b. (M). 

♦ K Cl M ♦ 

As for 3), if M is measurable with respect to then by Theorem 

10.2.14 there are two sets N*, N** from BR(^) such that N* c M c N** and 
|i^(N" - N* ) « 0. Now N*, N" are also raeasui-able with respect to hence 

by the remark following Theorem 10.2.12, M is measurable with respect to 

Corollary : If to the hypothese s of the theorem we add that ^ deter^ 
mines jx!^{}IL), then conclusions 1), 2), 5) may be replaoed by 
1 » ) every M G 

2') For every Me '^(S), (M) « jx^ (M) 

3 *) A set is measurable with respect and only if it is measurable 

with respect to 

Proof: Conclusions 1*) - 3*) follow from the theorem by interchanging 
the roles of |i^(M) ajid 

THEOREM 10.3.2. Let ^ a_ half-ring ; let ^(M) ^ & finite non-nega- 
tlve , totally additive measure functio n on TL • There is exactly one oute r mea¬ 
sure function such that (l) = ^(M) for M €• 'Jl, and (2) ^ determines 

Remark : The reason for the use of the notation jx^ instead of the simpler 
one JX* is this: restricted to the sets M of 
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domain MS while the original u(M) has the domain Tl, . Now MS emd in 

n ' ^1 

goiirral t ^ • Hence ^(M) havo in general different domains and 

therefore they should not be designated by the same symbol. This precludes 
dropping the index 1 of ji* and of 

Proof 2 If such a function exist it is unique by the co¬ 

rollary to Theorem 10.3.1. 

No generality is lost in the theorem if we assume that is a ring. 

For, if ?L is a half-ring satisfying the hypotheses of the theorems, then using 

Theor6)ms 10.1.12 and 10.1.13 we can extend the measure function |i(M) to the ring 

The hypotheses of the theorem are satisfied if is replaced by R(^) 

and the conclusion remains the same. 

Define for all sets Mfe ^ (S) the function u*(M) » g.l.b. XI ^(H.) 

Zn 3 M i ^ 

♦ ^ 

We shall show that Jij(M) is an outer measui'e function with the desired properties. 

In the first place, if M 6 then ^*(M) =» ^(M). Since M is a covering 
for itself, tho sum consisting of the single term ^(M) is one of the sums over 
which the g.l.b. defining is taken. Therefore ^^(M) =» ya(M). If ^^(M) were 

actually less than ^(M) there would be a covering Mc]^N^, N^^ 3?^# such that 
<jx{U)» If we define L^» M(Nj^- N^ N^) then the are disjunct, 

Jti and M. Since ^(L^) » should have 


(7) 


^ ^ fi(\) < 


contradicting the total additivity of ^(M). 

In tho second place, i® ^ outer measure function. To show that 

^(M) satisfies postulates I and II for outer measure is trivial. That postulate 
III is satisfied is shown as follows: Let M be any set; let be a sequence of 
sets whose sun is M. Let t be a positive number. For each choose a covering 
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from lf{j j N^j, ^ ^ 

h("i) “ r ^ . 

Mow since ^ N. . is a covering for M, we have 

i i 

21^*(“1) ”21 21 • 

Allowing t to approach 0 we have ^ T~Thus postulate III is 

♦ ^ 

satisfied, and p^(M) is em outer measure. 

Finally ^ determines We show that conditions (a) -(c) from 

Definition 10.2,6 are fulfilled. As for (a) let M be a set of # and let P 

be any set of finite outer measure. Choose a positive t and let N 3 P be 

* i ^ 

a covering of P with sets of It such that jaj(P) + t - Since ji is 

additive over ^ we have ju(M^M) + since ^ Nj^M 3 PM 

and ^ P “ PM we have ^)i(N^M) ^ yu*(lM) and 21 ^(N^- N^M) « 

?^J(P - Hi) , Therefore 

;ij(p) +1 ” 21h>(»i) “ 21r^N^“) + 21 p(V »i“) = - »>)• 

If t approaches 0, the last inequality shows that M is measurable. That the 
measure of M is finite is clear since (^) is an immediate conse¬ 

quence of Definition 10.2.5 (b), if we remember that the sets occurring in it 
c€ui be chosen measurable by Theorem 10.2,11. To show (c) we observe that 

- —g.l.b. H )i(N ) - g.l.b.Xl Xlu^) ” 

XKj=>M i Zn^:3M 1 ^ ^ 1 ’• 


> -I 

- g.l.b. 


. 3 M 
N € BR{%) 


Pl(N) • y^{Vi). 


This completes the proof. 
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In the discussion following Theorem 10.2*19 it was asserted that a 
definition equivalent to Definition 10.2.6 for a determining set is the 
following} A half-ring is called a determining set for an outer measure 
^*(M) provided that (a* ) ^*(M) is finite and totally additive over 'dC (this 
is meant to include condition (b) from Definition 10.1.6) and (b*) for any U, 

g.l.b.E/CNJ. 

This equivalence becomes clear in the light of Theorem 10.3.2. Let 
be an outer measure admitting a half-ring as a determining set in 
the sense of Definition 10.2.6. By conditions (a) and (b) of Definition 
10.2.6 and Theorem 10.2.13, is a finite and totally additive measure 

function over ^ . Thus satisfies condition (a* ) above. From the 

proof of Theorem 10.3.2 (defining the fi(M) of that theorem as pgCM) for M € %) 

ifc l|c 

it follows that p,(M)5 g.l.b.Z:jip(N.) is the unique outer measure function 
2 INj=>u i ^ 

agreeing with ]j(M) • ^ admitting for a determining set. 

Since also such an outer measiire, we have for all M, 

Thus Uo(m)" g.l.b.XI >10(^4) and condition (b*) above is satisfied. We have 

En^om i ^ ^ 

N^€'R 

therefore proved that if an outer measure p*(M) admits a determining set ^ 
in the sense of Definition 10.2.6, it admits it in the above sense. Conver¬ 
sely, if P*(M) admits ^ for a determing set in the above s ense, then an 
exact transcription of the argument applied to p^(M) in the jroof of Theorem 
10*3.2 shows that ^ is a determining set in the sense of Definition 10.2.6. 

THEOREM 10.3.3 . Let ^ a half-ring ; let p(M) ^ a finite, non- 
negative, totally additive measure function defined on ^ • Form the outer 
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measure function as^ defined by Theorem 10,3,2, and the corresponding sets 

16' , MS ^ (of. Definition 10.2.3). 

^1 n! 

For every half~ring ^ with ^ c: MS^^ there exists uniquely a 

non-negative^ totally additive measure function jLi(M) such that for M ^ 
p(M) « p(M). 

For ^ given M, all p[(M) belonging to any ^ with M € ^ have the 
same value. 


The measure function ji(M) is finite if and only if ^cMS' 


n 


Proofs We prove the statements of this theorem in successive steps: 

(i) ^y Theorem 10.2.13 p(M) - /i*(M) =• ^^(M) is a totally additive measure 

function on " MS and by the construction of }i*(M) we have for M 6 

♦ 

Ji(M) » fi^(M) = |i(M). All these characteristics are conserved if we pass to a 
subset T C MS^* , except Definition 10.1.7 (b). But this holds for and 
therefore for every Thus the existence of ju(M) is established for 

every half-ring ^with T c MS^^ • 

(ii) If another totally additive measure function j^gCM) was defined on a 

half-ring Twith 1li<zT c MS^^, such that for M t ^ jlgCM) = ;i(M), then 
we argue as follows: Let be the set of all M with a finite JlgCM); 

cloarly c MS Form the outer measure which extends JigCM) 

♦ ♦ ♦ 

oy Theorem 10.5.2: /i^CM). Then we have two outer measures ju^(M), ^^(M), 

such that determines and for M (both are ■ p(M)). 

Thus Theorem 10.3.1 applies: if M 6 » then ^^(M) =• state¬ 
ment 3)). If M then wo have M ^ " 

■ ^j^(M). 

If M 6 'T, then form the M^ of the corollary to Definition 

10.2.6. MM^ ^ ^ (because is a half-ring), jij^(MM^) 5 Ji2(M^) - 
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■ 80 )52(MMi) finite, MM^ € Thus /i^(MM^) » 

M " total additivity implies ^^(M) 

Thus the uniqueness of /i(M) in ^ is established. 

(iii) As we saw in (i) the value of ju(M) is for every ^ with U 6. 'T' equal 

to >i*(M) fi^(U); thus it is independent of^m 

(iv) Owing to ^(M) » ^(M), /i(M) is finite if and only if |i*(M) is finite 
for all U ^ T, that is if T c MS* 

n 

Corollary . The ^ of_ the preceding theorem may be chosen equa l to 
BR*(^) or to BR('%), for the former choice Ji(M) is finite. 

Proof 1 MS* is a restricted Borel-ring, MS a Borel-ring, both 
Z> Hi • Thus thqy are D BR*('9i), BRC'JI) respectively, and therefore 
^ c: BR*(^) c MS'^j, 'li c BR('?l) c: MS^^ . 

THEOREM 10.3.4. For all ^ of Theorem 10.3.3 to which Theorem 10.3.2. 




can be applied ( that is , for those with £ finite ^(m), which mean s c MS* 
the outer measure jSj|(M) formed according to Theorem 10.3.2 coincides with 

Therefore the derived notions (measurability with respect to Ji*(M) 

or^^^(M), the inner measures )Ij^^(M) and |i^^(M)) coincide, too . 

Proof: determines ^J^(M), and for M t ^ , p*(M) » (both 

are ■ ^^(M)). Therefore Theorem 10.3.1 applies for all M, /i^(M) ■ ^*(M), and 

if Me MS^^ then }x*{U) - p*(M). If M is arbitrary, apply Theorem IQ.2.11 to 

Mi(M), which is determined hy ^ t An N € BR('^) with N 3 M, p^(N) ■ Ji*(M) 

exists. As MS , and MS is a Borel ring, BR(^) MS , cuid thus 

Fl HI Hi 

N ^ ^1^^^ ** Therefore p*(M) » together with 


what we proved above, |i^(M) ■ H*(M) 
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The rest of this section will be devoted to a general discussion of 
the various types of extensions of measure functions, 

THEOREM 10,1,2 shows that an unrestricted measure function - unre¬ 
stricted, that is, for the blanket requirement made after Definition 10,1.12 - 
defined on a half-ring ^ can be extended in a unique way to the ring R(^), 

The character of the measure function with respect to the range of admissible 
values and with respect to total additivity is the same after the extension 
as before (of. Theorems 10.1.13 and 10.1.14. The extensions to the restricted 
Borel-ring BR*('3Z) and to the Borel-ring BH('32) (cf. Theorem 10.3.3 and its 
corollary) are of a different typo. There would bo no reason why the ex¬ 
tension (to BR*('?l) or BR(^ )) should be unique, if its total additivity (on 
BR*(^) or BR('J2) respectively) were not required, but in order that such an 
extension exists, we must require finiteness, non-negativity and total addi¬ 
tivity of the given measure function already on ^ . The necessity of the last 
requirement is obvious, the reasons for the two first are of a technical cha¬ 
racter, and are connected with the method of extension wo used (based on the 
outer measures). In the next chapter we shall discuss the corresponding ex- 
tension-processes for measure functions the non-negativity of which is not 
assumed. 

Theorem 10.3.3 shows, however, that this type of extension can ge¬ 
nerally be carried essentially farther than to BR*('3i) and BR(^)t the maxi¬ 
mal ranges on which we found the same conditions being (according to whether 
or not we required the finiteness of the extended measure function), 
and MS^^ respectively. The reason that BR*(^) and BR( ®) still play an 
essential role in considerations concerning extensions of a given measure 
function ^(M), is that they depend only upon the range ^ of ^(M), 


and^not 
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like MS* * and MS « , upon ^(M) Itself* They are defined by purely set-theo- 
^1 ^1 

retioal operations (of* Definitions 10*1*1 and 10*1.2), and not by arithmetical 
means like the maximal ranges (of* Definitions 10*2*2, 10.2*3)* As one fre¬ 
quently considers many jji(M)*s defined on the same range ^ , these common ran¬ 
ges of extension are particularly useful. 

Without wishing to enter more deeply on this particular subject, we 
remark that BR*(^) and BR(X) are not even maximal ranges of (finite, non¬ 
negative, totally additive) measure function extensions which depend on ^ 
alone. The so-called •'analytic sets with respect to ^** form a range which 
is in general wider, and which is not maximal either. The subject, connected 
with the general theory of **analytic** and **projective** sets is far from being 
exhausted at present* 

Returning to the ranges of extension which depend upon ^(M) itself, 

the greatest importance must be attached to the maximal ones from Theorem 

10*3*3: MS’ * and MS ♦ • Their relation to other measure functions will be 

)\ 

clarified further by the following considerations. 

Definition 10.3.1 . Two fInite^ non-negative, totally additiv e measure 
func tion s ^(M), \|(N) are equivalent, if the outer measures p^(M), 'U*(N) asso¬ 

c iated with them by Theorem 10*3.2 , are identical. 

In what follows we restrict ourselves to finite, non-negative, to¬ 
tally additive measure functions* 

THEOREM 10*5.5 . If a measure function }x{U) give n, its extension 

Pt (M) on MS*_« iu the sense of Theorem 10.3.3, is the maximal measure fimc- 
J. fX^ - 

tion equivalent to p(M). That is 

(i) Pj^(M) is equivalent to ^(M). 

(ii) If V (M) ^ equim lent to ^(M), then its definition domain is contained 

in ijixat one of j3^(M), and ^ (M) * Ji^(M) holds identically . 
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Proof: (i) follows from Theorem 10.3.4. As to (ii), form v>^(M) (by 
Theorem 10.3.2), if V(M) is defined, M is measurable with respect to V*(m), 
and \;(M)» V*(M) — thus the same is true for So M 6 MS* ^l(M) = 

“ /^(M) - 

Defin i tion 10.3.2 . The measure function fi^(M) with the definition do- 

main MS* « (in the sense of Theorems 10.3.3 and 10.3.5) will be called the 

hi 

maximal equivalent extension of }i(M). 

THEORKM 10.3.6. }i(M) and v(M) are equi\a lent if and on^ if their 

respective maximal equivalent exte nsions ji^(M) and V^(M) are identical. 

Proof: If p(M) and \>(M) are equi^a lent, then the coincidence of Jaj^(M) 
and ^^^(M) follows from Theorem 10.3.5, or from the fact that ji*(M) s V >^(m) 
and that jl^(M) and V^(M) have been defined with their help. If, conversely, 
ja^(M) and V^(M) coincide, then as ^(M) and V(M) are equivalent to them re¬ 
spectively by Theorem 10.3.5, p(M) and V(M) must bo equiVvalent. 

THEOREM 10.3.7 . J£_ V(M) ^ an extension of |i(M), V^(M) ^ ^ 

extension of jS^(M). 

Proof: The definition domain ^ of ja(M)determines Every M^'^l 

belongs to the definition domain of V (M) too, and therefore it is measurable 

3ft 3f( 4^ 

with respect to V^(M). Besides =« V^(M) (because both are - ^(M) = 

« V(M)). Thus Theorem 10.3.1 applies, and its statement 3 contains our theo¬ 
rem. 

Corollary. ^ ji(M) is an extension of A(M) and 'J(M) an extension of 
yi(M), and ^ A(M) and V(M) are equival ent, then ^(M) is equra len t to them * 
Proof: Results by application of Theorem 10.3.7 to A(M), ji(M) and to 
ji(M), V (M), and then using Theorem 10.3.6. 

Theorem 10.3.6 shows that we cannot be sure whether an arbitrary exten¬ 
sion V(M) of |i(M) is equivalent to it. An actual example of an inequivalent 
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extension will be given in the next Chapter^ Section 5« The definition domain 


^ of an ^q^iivalent extension V (m) must be and *» MS* Thus 

the ^^(M^ of Theorem 10«3»3 with ^ c. MS*^^ are the only equlwilent 
extensions of ji(M) (remember Theorem 10.3.5). The extensions to R('W.) and 
BR*(^l) are therefore equivalent ones. 


§4. Measure in product spaces . 

This section is concerned with the construction in a product space of 
a measure function defined in terms of measure functions in the spaces over 
which the product is taken. One has in mind, of course, the familiar sitiia- 
tion in which the area of a plane interval (rectangle) is defined as the pro¬ 
duct of the lengths of two adjacent sides. Here, assuming that a measure is 
given for intervals of a line (the measure being the length of the internal) 
there is defined on the direct product of the line with itself (the plane) a 
measure for plane intervals. This is merely an illustrative instance; the 
general procedure will carry us beyond. Further examples of the process will 
be found in Section 5. 

Definition 10.4.1 . Let ^ be a set of elements which will be used as 
indices. If for every V € X a set M^ is defined, then we shall define the 
direct product ]] [f M^ of the M^ *s as the set of all functions x(v) such that 
x(v) is defined for every V€% and such that x(v) 6 • 

If 2 is finite or countably infinite, *4**{V^, Vg, ...] (this sequen¬ 
ce may end with a or not at all), then we shall sometimes write 
M ^ M. K ... instead of 71 fT [^^('''t)# 3 c(V ), .,,] instead of x(v), 

Vg ^ i ^ 

V elg. 


If for every V € S a space is given, we can form a new space 

if-ir-rr S called the direct product space of the S *s. For every choice 

'i€% ^ 
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of c (for each V € ^ ) the direct product sot ^ ’ 


V e g 


is a 


subset of y • 

We first discuss some properties of these sets cMf ot ^ which are 
direct product sets. 

THEOREM 10.4.1. Tl TT - 0 if and only if - 0 for soma V< ? . 

V c Sg ^ - 

Proof I If for some , M^ =* 0, then there exists no function x(v) de- 

1 

fined for all » such that x(V) 6 M^ (since the statement x(v) 6 M^is 

false for V^). On the other hand, if all *s are non-empty, the 

assertion of the existence of a function x(v) of the type described is simply 

a statement of the axiom of choice o 

THEOREM 10,4.2. Let ff M, and \\ N . . If for all 

-- V € S - V 6 ^ V- 

V 6 S d N^ , then cAba Jf', ^ o46/ 0 and JT then C N^ for all 

V 6 2 • Thus if c/^ / 0, the conditions c t/f* and c N^(V e ^ ) are equi¬ 

valent. 

Proof: The first part is clear since if a function x(v) satisfies 

x(v) 6 f or all V6 ^ it also satisfies x(v) e for all V e ^ , 

For the second part, suppose that for V - v^> - M contains 

o o 

a point X « Then since cJb / 0, has an element [x(v)]o Now the function 


X(V) 


^o 

x(V ), V/ V 


belongs to c/j4 but not to t/f’. Thus if cA(o ^ Jf, the 


set ^'^st be empty for all V 6 § - That is c: N • 


V € 


, then the M^ are 


Corollary : If 0 is of the form 

uniquely determined. 


Proof: If Ab ■ 


e 5 


71 IT N, . then M . c and => N . 

•v»tf«rv v V V V 


THEOREM 10.4.3. If ^ 6=11 T M,,. c^= Tl F N,, . 9 ^ =TI IT . 

- — M e'i ^ vfeS'^ ve2 

ai^ ^ / 0, <J* / 0, t hen iMi a c/T * ^ = 0 ^ equivalent to the 

existence of ^ (unique ) ^ such that for V / M^ = N^ = P^ while for 
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V - v^, - N^ + . N^ - 0. 

Proof: Assume first that ^ » 0. Since and 

o4^ D we have (Theorem 10.4.2) M^ 3 N^ and o P^ , thus M^ o N^ + P^ . 

Also we have again, by Theorem 10.4.2, cA* =TI IT N c T1 JT (N^ + P^) and 

similarly ^ C 71 TTCNv which cMj of cT c. 71 ir(N^ ) 

V 6 S V € G 

and hence M^ N^ + P^ . Therefore M^ = N^ + . Again, U ^ (N^ Ry) ® 0; 

for if not. Theorem 10.4.2 shows that it is contained in c4^ and in tP hence in 
*» 0. Theorem 10.4.1 then shows that for some V , say we have 

N P =* 0. Now for every M the sets - N^ and M^ - P^ are empty. 

Suppose not; for example, let be a point of - N with V / v ; Ist 

i 11^° 

X be a point of N^ ; let x(v), ^ % , be a point of the product set . 

o 

fx , V = V 

— ® ° — jU 

Define x( V ) x^, Now [x( V )] is cl3arly in (Ap but cannot belong 

^x(v), otherwise 

either to fP (on account of x’(v ) = x 6 N^. , N . P =0) or to ( on account 


V V 
0 o 


V- Nv 


of x(V- ) » x^ t M - N^ ). Thus wo have for V / V , M 

Assume conversely that for V € H , M / V^, = Ny = and for V = V^, 

^ ^ ^ N^M^:dP^, hence 

Any function [x(v )] of <JIp belongs to (A* or respectively, 
according as x(v ) 6 N or x('V^) 6 P^ . From this wo have cM> C. JP , 

0. ° ° ° 

Definition 10.4.2 . An admiss ible system is defin ed as foll ows: Let 
^ ^ ^ ^SiL indi ces) ; for each V 4. S let spac e S^ and a half "ring 

giv en in such way that, except possibly f<^ ^ most a finite 
nuiTiber of V*s, S^ £ • There may be no excep t ions at all. If ^ is a 

finite set the condition that there be at most a finite number of exceptions 
to € is vacuous . Similar remarks apply to analogous exceptions in this 
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defin ition and In Definition 10. 4.3. We shall upon occasion use the term 
"almost all" to mean "vrith a finite number and perhaps no exceptions". 


In the direct product space kf 


TTTT S^ 


let there be defined the 


system ^ sets 'Hi c.y{^) consisting ^a^ sets H ^ H M^ in which for all 
V 6 ^ £ ^^ and for alm ost all v € 'S , u^= s^. A system 

having these properties, we shall call an admissible system. 


We roinark that every exceptional v for which does not belong to 
is necessarily a V for which / S.^ ; on the other hand, a v for which 
My / ^y very well be one for which 6 

THEOREM 10a4. 4. The system of sets ^ ^ (cf ) defi ned in Definition 

10»4 a2 is a half-ring in • 

Proof: Let m \ and JP « I ] ^ o We observe first that 

JUs % JP " if x( V ) is a point of cMo*JC then for each 

V ^ x( V ) € hence x( v ) C and we have 

iM> • JC c. . Theorem 10.4.2 shows that the latter set is con¬ 
tained in both (Mo and JP , therefore in (M> • iJP , Hence (Mo • *■ T1 ^ Ny. 

If now (Ma € ^ and cJf L ^ then for each V 6 6 €: '3?/^ 

and by condition (f^^) for half-rings Furthermore with at most a 

finite number of exceptions * Therefore lM> • 

Thus Ifi, satisfies (p^) (Definition 10.1.5). 

To show that ^ satisfies ( 7 ^) suppose that (Mo € (/P ^ ^ and 

c4(> JP . If c/T** 0 then clearly JP <s c^. If 0, Theorem 10.1.2 shows 

that M.y:> for all V t ^ . Owing to the requirements of Definition 10.4.2 

there is an at most finite, possibly void,set of say Vg, 

for which / 3^ , and for all other V*s we have ■ N.^ <= . For 

each V. (i * 1, 2, ...,k) form a chain ® nJ (s ... € N?*'^ M. . 

^ ' i i i i i 
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Now 


define recursively the sets A .(1 - i - k ; 0 s? j « n.) in the f ollow- 

1*0 1 

ing way: Let q " * Having defined j all j » 0, 1, •••« 

define m , Having defined Jlo. . _ and shown that it belongs 

i,o i-1, ifj"! 

to %» , define Jb , as the direct product obtained from cMf, . . by simply re- 
1*0 l*0“l 

placing by the V.*th direct factor in the product ok, . It is clear 
1 1*0“^ 

that oM^, . t OSi and that Now for i > 0 define . as the di- 

1*0 ■*^*^iu IJ 

^ i i-1 

reot product obtained by replacing by N;^ - the V *th direct factor in 

.• Evidently ^ It follows from Theorem 10.4.3 that<^. .* 

i #0 1*0 1*0 

have J’- G ... G * 

Definition 10.4.3 . Let (^ , Sy , ^ an admissible system» Sup- 

pose that for eaoh V 6 ^ a measure function )iy(M) ^ defined on ^ such 
a manner that for almost all v € (§ ^ have }x^{ Sy) * !• Such a^ system of 
measure functions wo call admissible* (Every exceptional V of the first half 
of Definition 10.4.2, i.e., ai)for vdiich is not in '^y is an exceptional V 


here, but not conversely.) 

Associated with each admissible system of measure functions we de¬ 
fine a measure function u^ ) on % as follows: write "TI IT” M and 
* “T-r- 

define 

Concerning the Definition 10.4.3 we make the following observations: 


(i) The product I I )iy(M^) is actually only a finite product, because 
except for a finite number of V*8, Sy ^ ^y , ^y(Sy) » 1 and Uy* Sy - - 

and thus ^y(My) » 1. 

(ii) The numerical value of u(Jb) - TT^ p^(M^) is uniquely determined by 

V e 6 

Ji itself. If « 0, Theorem 10.4.1 shows that at least one My » 0 
and hence “0. If / 0, the corollary to Theorem 10.4.2 shows 

that the My are uniquely determined by 
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(ill) In oase th© factors 0 and + oo ocoiir in a product we shall employ the 
convention +oo * 0 “ 0. 

THEOREM 10»4«5 , The function constructed in Definition 10«4«5 

has the following properties > 

( i ) all jLi^( M ) * B are non^negative , then ^(t^) ^ non-negative measure 

function on • 

(ii) ^ all ^y(M )* s are finite^ then ^ ^ finite measure function 

on ^. 

Proof* We first show that is a measure function* We must prove 

(a) If ^ 0. then • 

• yi{v^) + and (b) A oounoable set from ^ covers if • 

If either c/f^ or is empty, (a) is trivial (remark (ii) following 
Definition 10«4a3)« If not. Theorem 10.4.3 shows, writing 6^ *TI ^ , 

■ Ti ^ ■ I ^ ^1 P-y » that for all except one V , say V^, we 

have « N^ - and for V - v^, = N^ + ]^, N^ » 0. Hence 




vf V» 


JJ* Pv(»,) * M-v„) TT^ 


V-fV, 


V +V. 


V c O V € 3 

As for (b) the condition that for each v a measure function ^^(M) bo 
defined over imposes on the requirement that a countable sot from 
cover Sy , of. Definition 10.1.7. Since we are dealing with on admissible 
system we have for almost all V , S^ ^ . Denote th© exceptional V*s by 


Vi* Vg, ..., For each i = 1, 2, ..., k, there is a sequence of 

sets from which covers • Consider now those c/^«TT 0” M^ from 

^i i 1 V6 s 

^ which are such that if V is distinct from '^•^$'^2* ® » 
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(n) 

and if V ■ V then NL is a set from the sequence I M^ '}. The totality of such 
i i ^ 

(/Ho »8 is obviously countable and covers ^ • 

The finiteness and non-negativity are evident when the original 
;i^(M)*s have the respective properties. 

We now prove two lemmas which will be needed in the proofs of Theo¬ 
rems 10.4.6 and 10.4.7. For Theorem 10.4.6 a somewhat weaker formulation than 
that given below would suffice: The outer measures could be replaced by mea¬ 
sure functions on rings, and the discussion carried out on the basis of the 
results of Section 1 alone. Besides, in Lemma 2 it would be sufficient to 
consider the case where only a finite number of V’s with / S^ occur. 

Lemma 1 . Let V*(M) be an outer meas ure in^ ^ space T; Q set in T 
having a finite outer measure; P^, P^, ... measurable sets in T having finite 
aieasurei; ft , ot^^ .,, non-negative real ni ynb ^ ers . Ass^jme that for each 
X € Q 

(1) :^"p ^i “ ^ ( the summation is over i); 


(2) PV*(Q). 

i ^ 

Proof: Lot 5 bo an arbitrary positive number. Now for each x 6 Q, 
o(. > ft ^ 5; hence the inequality also holds when the (possibly) infinite 

X o Jr^ i 

X! is replaced by a suitably chosen finite subsum. In other words, 

X € P^ 

there is for each x a finite subset J(x) of the integers such that for each 

i 6 J(x), X € P, and such that > P - 0. Regarded as finite sets 

^ i € J(x) ^ 

of integers the totality of distinct J(x)»s is countable (a given J may corres¬ 
pond to many x’s). Let J-, J«, ... be an enumeration. Now define F, = TT P.. 

The sets F^^ are measurable. Furthermore since for every x ^ Q there is an in- 
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teger k(x) such that J(x) = f'ollows that x 6 Hence 

Q. Define T^- Fj^(^ F^). The sets Gj^ are measurable and dis¬ 
junct and ^ G » • Let it be noted that for i^ 6 J , G, c F » 

k k ikkk 

■ T i P. c P. • Now 

i € ^ h 

= E<^i V*(P^(EGi^)Q) > E E ‘=^iV*(P^Gj^Q). 


H Il \ V*(P^Gj^Q) ? E E *<1 '^*(PiGj,Q) - E E ■^*(Gj^Q) 


k i t J 


k i 6 J, 


■Ev (Gi,Q)( E > (A - 6) E V*(G,^Q) ~ (ft- S) V(Q). 

k i 6 J, k 

k 

Since 6 is arbitrary this inequality gives (2). 

Lemma 2, Consider ^ ( finite or infin ite ) sequence of spac es 
JS^} i»l, 2, ••• and in each S^ ^ outer measiire ^*(M)# Except for ^ fi¬ 
nite num ber of i’s let =» lo Assume that in each S^ an ar- 

bitrary set M^ c and ( infinite ) seque nce of measurable sets N^ c: S^, 
h » 1, 2, ... ( measurable with resp ect to ^?(M))a^ given in such a manner 
that all ), - are finite and that for fixed h the number 

of i»s for which N^ / is finit^. 

Then 

mr M.cETnr ^ 

i " h i i 

implies 

"TT ) - E TT 

1 ^ h 1 ^ ^ 

(All the products here are convergent or divergent to 0, because for all ex¬ 
cept a finite number of i*s the value of /ijCM) lies always between 0 euad !» 
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inclusive .) 

Proof* Assume the contrary, that is 

(3) 7T fT • 

Denote by n the number of i's, so that n * 1, 2, ... or + oo. A system 
[x^, •••, x^], n » 0, 1, 2, will be called an X-system, if for 

j ■ 1, 2, ••n and 

(4) ft 

1-n+l ^ ^ h-1 [Xj€ for j-l,2,...,n] 

where the [...] after 5^ means that the sum is extended only over those h*s 
h-1 

which satisfy the condition in [•••]. Ifn»0 there is only one possible 
choice of [x^^, •««, x^], the empty one* [ ]. As (4) then coincides with (3) 

this is an X-system. 

Assume n < fi, and let [x^, ..., x^] be an X-system. Apply Lemma 1, 

putting T - Q “ ^n+1* ^1* ^2* *** equal to those N^^^, hal,2,..., 

for which x.tN^ (j ■ 1, 2, ••.,n); putting ft equal to TT u*(M.), and 
^ ^ - i«n+2 ^ ^ 

... to the "fr u,(N^), h » 1, 2, for ?diich x.e N^, j “ l,2,...,n. 

^ ^ i»n+2 ' ^ ^ ^ ^ n 

(If n+2 > n which occurs only if n is finite and n « n-1 every ** 1.) 

Then (4) states that (2) in Lemma 1 is not fulfilled. Therefore an x ^ Q must 

exist for which (1) is not true. Put this x ■ x ; then x M , and the 

n+i n+l n+1 

opposite of (1) is just (4) with n-*-! instead of n. Thus [x^^, is an 

X-system. 

We have thereby shown that it is possible to construct a sequence of 
X-systems beginning with the empty one in such a way that each contains its 
predeoesBort [ ], [x^], [x^, Xg], ... • If n is finite all n 5 fi occur; 
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if n is infinite all n ocoxir. Thus we obtain a sequence [x^, x^, with 

X. e M for every i. Now by assumption II (I M c ^ Ti II N^, Since 
^ i^hi^ 

[x^, Xg, ...]eTL II there must bo a f ixed h such that [x^,X 2 ,... ]e ll^ll , 

that is x^e for a fixed h and all i*s. 

If n is finite choose n * n ; if n is infinite choose n so largo that 

for all i > n^ ja^(S^) =■ 1, “ S^(h as defined above)e The latter implies 

that for i > n, ** we have 

■fr p*(M ) - 1 , it n (kP) . 1 . 
i’n+1 ^ ^ i=nt-l ^ ^ 

00 

Now return to (4) with this n. The YZ [•..] will certainly contain the term 

- h=»l 

for hah (because x^ 6 for all J*s), Thus (4) implies 1 > 1, idiich is 
impossible. 

THEOREM 10.4.6 . If all jLi^(M)*s occurring in Definition 1 0.4.3 are 
finite, non-negative, and totally additive , then the measure function ;u(c// 6 ) 
constructed there is also finit e, non-negative eind totally additive . 

Proof t Theorem 10.4.5 shows that jx{J(o) is finite and non-negative. 

To show the total additivity it is sufficient, as in the proof of Theorem 
10 . 1 . 20 , to show that if iMa €'3^ is contained in the sum of a sequence 
where c/V^h^ then a 

h 

Extend the measure functions to their outer measure functions 

as in Theorem 10.3.2. In order to avoid confusions in the notation we shall 
throughout this section write instead of and apply a consistent 

notation for all other extended outer measxires that may occur* (For the need of 
such an index cf. the Remark after Theorem 10.3.2) 
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Let J6 - il iJ M,, , - II !1 • The restrictions of Definition 

VcS V' h v€« ^ 

10.4.3 require that for each with the exception of a finite number of V*s 
N^ ■ Sy , Similarly for • The totality of all \/’s which are 

exceptional for or some is countable. Let these exceptional v*s be 
Ywitten as a sequence: [ V^, Vg* 1 • belonging to 

IV^} and all h wo have - N^ » S^ , ® Hence » 


We prove that 11. II M» C HirTN^ 0 Let x(v.) be a fiinction such 
^ 1 h i i ^ 

that for each i, x(v. ) 6 , that is, a point of I] ,11 M . Define for 

the function x^'^) as x(v^) for V « (i * 1 , 2, ...) and as any point of 
when V does not belong to V^, ... j. Then [x(v)] is a point of cAls , 

hence it belongs to some c/l^. For this particular h wo have for all V A *6 , 
X(v) 6 , hence in particular x(v^) € N^ for al3 i« Thus [x(Vj)] is a 

point in II, If N^J, • This proves the statement at the outL;e'c of this para- 
graph. 

We are now in a position to apply Lemma 2 with S = S^ , M. « M , 

a ^i 1 

’’ )\ 1 ^“^' obtain jx{J(i) m ^ 
i 1 h 

This extension of measure functions from the spaces to their direct 

product kf -irTTs admits of many important applications. 

V€ 6 ^ 

First, it enable s us in section 5 to introduce the Lebesgue-measure, 
in one dimension as well as in several dimensions, without the help of any 
but elementary (untopological) concepts. Second, it gives an easy approach 
to the theory of integration; for the integral in a spaoe S can be considered 
as a measure in the direct product, S X of S with the one-dimensjonal Eu¬ 
clidean spaoe R^(the set of roal numbers). (Cf. the theory cf Lebesgue into- 
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gration in Chapter VIII, and our general theory of integration in Chapter XI.) 
Third, it provides exactly the mathematical tool needed for modern theory of 
probability in the form given to it by Fr^chet, Kolmogoroff, Steinhaus, and 
others. Likewise, it is useful in some problems which are closely connected 
to probability theory, like those whde h group around the ”Brgodic Theorem". 

We now continue the investigation of the properties of the measure 
function in the direct product space ^ « 11 ^ || S^ . We are chiefly 

interested in questions concerning outer measures, extensions, and equiva¬ 
lence. 

First,it is convenient to introduce the notion of numerical products 
with arbitrariDy many factors. 

Definition 1 0.4.4 . Lf.it there be given for every v 6 ^ finite or 

infinite non-negative real numb er ; and , except for a finite nurber of v*s, 




by ni , ..., m 

n rs 


]. Then define the product 


IX 


m , as follows: Denote the > 1 


I ill , txa 

V4 G - 


, (s =* 0, 1, 2, ...), then 


f ^ ^ ® ® g • 1. b. 

M € 5 ^ Pi ^ ' 


„ ^ (m ... m ). 

rs G - [ p^,... ,Pg] 1 n 


In this g.l.b. n runs over all numbers 0, 1, 2, and o^, are 

any n diff e rent eleme nts of ^ , all / • ••» Pg • happ ens that fac¬ 

tors + 00 and 0 occur in the product on the right ^de, ^ use the convent ion 
+ 00 • 0 = 0 . 

The following remarks serve to clarify the nature of this definition: 
(i) If m^ < 1 occurs an uncountably infinite number of times then ^ M^ m^= 0 
8ind this even in spite of the fact that some m^^s may be infinite. This is 
clear for if there are non-denxanerably many m^*& less than 1, there must be an 
integer p such that infinitely many m^* s satisfy m^ < 1 - i « 


Thuj 
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g.ltb. ) ■ 0 and therefore TT a^-O. 

l<r^,...,o^}c S-I 1 n veX 

(ii) AasiniLe that < 1 occurs only a finite or countably infinite number of 
times* Then the V *8 with < 1 can be mritten as a (finite or infinite) se¬ 
quence v,, *.. • As 0 « m < 1 for all I's, the product IT bl. , if in- 

finite at all, is convergent or it is divergent to the limit 0* Since for 
v/p^, .... Pg, V^, Vg, .... 1 , we have 


g.l.b. (m . 

.pj 1 


V > “ ¥ “V, 

n i 


Therefore: 

(iii) If \inder the assumptions of (ii) 0 (either because some m^ - 0 , 

or because the product is infinite and divergent to the limit O), then, even 
if some m are infinite, we have TT. m^, “ 0 . 

Pi Vfeg V 

(iv) If under the assumptions of (ii) TJ m . / 0 (because all m . / 0 ^ and the 

^ i i 

product is either finite, or infinite and convergent), then 

I 1 m • m • • • m • TT m . (Now TT m . « +oo if and only if some 
ve? ^ Pi Ps ^ ^i vcU ^ 

m is infinite.) 

TT 

(v) The product I 1^ m has in common with the ordinary infinite product 

V fe o ^ _ 

the property that if is any finite set from % , then TLm - 

“ yet ^ 

m ^ / TT. m • This is trivial if there are uncountably many V*s 

2 n V6 

for which m^< 1, for the removal of finitely many cannot change this* It is 
a consequence of the representation as an ordinEU*y finite or infinite product 
in case the assumptions of (ii) hold* 

THBQKEM 10.4*7* Let there be given em admissibl e system ( ^) 
and in It an admissible system of finite, non-negative, and totally additive 
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measure funotions ().iy(M) ^ defined in Hiy); oonstruct in the sense of 

Definitions 10.4.1, 10.4.2 and 10.4.3 the product space ^ ■ ”11 U” 


V c 

the half-ring ^ , and in % construct the finite non-negative and totally ad¬ 


ditive measure function yi(y^6 ). 

Form the outer measures ^j(M) ^ Sy and ^ ^ determin ed in 

the sense of Theorem 10.3.2 by py(M) and respectively. 

If now for an arbitrary system of sets M^ c. write cMf « IT TT My , 




Proof:We first remark that the requirement that p^(M) be an admissible 

system of measure functions necessitates that for almost all V, « 

* ^y(Sy) = 1, thus for almiOst all V , » 1. Since also the are 

non-negative, the Definition 10.4.4 applies to the product TL on the right- 

V e & 

hand side of the above equation. 

Denote the V’s for which > 1-their number is, by the re¬ 
mark just made, finite-by ..., p^. Denote the Vs which do not occur 

among ..., and for which 6 ^ hold-their 

number is by the admissibility of the system also finite-by •••» 

We now proceed to carry out the p- oof of the theorem in several auc- 
nessive steps. 

(i) It is sufficient to prove the theorem for the case where all 
p*i(My) are finite. Assume that the theorem has been proved for this case. 

The V^s for which is infinite, if such occur, occur among 

p^, ..., pg, hence among p^, ..., p^. For each i = 1, 2, ..., t cover the 
space S with a sequence [P^] of disjunct sets P^ from ^ . The existence 

Pi Pi Pi Pi 

of such a covering is implied by the existence of the measure functions (M)« 
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How for eaoh set of t integers ^ 






where 


for v/ Pj,..., and 

.‘'t 

^ Up 

are disjunct, belong to PL, and that their sum is ^ • In 


* P for V « Pj . It is evident that the sets 

Pi ^ 


the 


^i ♦ ^i < ^i 

direct factor corresponding to S is M P and u _(M P ) *» u (P ) < 4co. 

Pi Pi Pi ^Pi^ Pi Pi '^Pi Pi 

O ^1 ***** 

Since, by what we have assumed the theorem holds for J 


we have 


with the help of Theorem 10.2.6 


i-l ri ri , . 


h^ # • • • I h^ 




,) 


.Pt 


v/yi,...,Pt 




From now on we assume that u^j(M^) are all finite. 

(ii) Ne prove that Choose an arbitrary po¬ 

sitive t • Select an integer u » t depending on t and u-t elements 

Pt+l' Ptt2’ Pu ^ ■ ^Pl' Pt^ 

■ft u* JU ) < TT u* (M ) ♦ £ . Now for each i ■ 1, 2, ..., u select 

i-t+i Pi^ Pi ''fee 

.Pt 

sequence of sets If** 3 from "X in such a way that M c ^ P^ and 

Pi Pi Pi h Pi 

p* j(M^ ) + f • For eaoh set of u integers h^, ..., h^ form the 

^h^,...,h^ 

set u in a manner exactly analogous to that used in (i) above. 
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,h, ^ h. ,«^,h 


Again we have j contained in ii and we have / c/ 

Therefore 


h. a • • • J h 

1 ' u 


/iW)5 r .V E ■frp.ffSncf p„(pS): 

‘‘l. \ h^.....h^i=l Pi Pi i< h^-1 Pi Pi 

■ “ * iSAi'' “ ■ ‘ vV*'' • 

v/pi,....p^ 

and allsirlng £ to become zero, we get . 

(iii) To complete the proof it Is sufficient to establish the reverse 
of this last inequality. We proceed to do this. Select a positive £ and a 
sequence of sets from ^ in such a way that iM> c and 

^ • Let =* ^ N^ . By the definition of ^ we 

have for fixed h that for almost all v , N^ « S,^ o The V ' s for idiich 

> 1 or for which it is false that for all h, n|J ■ S^ , ^ 

are therefore finite or countably infinite in numbero Write them as a se¬ 
quence \) , ... • Since T1 M c XI TTIJ" N^ we have evidently 

II II M <= Ti TTT , We my therefore apply Lemma 2 and obtain 
i ^i h i i 

Since for V / Vg, ... we have * 1 and *• 1, it follows that 

TTKw ^ ^ Jli. • 


^< ^*(*^) + 6 . 


As t makes the limiting transition to zero the latt inequality together with 
(i) and (ii) gives the theorem. 
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Corollary t Itot ( g, 3^, ), ^ ;i(^) ji*(^ ) to 

aa in the preceding theorem . If is an arbitrary subset of ^ then 

Pl(‘^) - R.l.b. ) 

h 


Prooft The g,l«b« in question cannot exceed the g,l,b, of the same 

expression where the are restricted so that and tnat for fixed h 

for almost all v , The latter g.l.b, is by definition On 

the other hand the theorem shows that if IHIn" , then 

h ve« '' 

s,;(En <> ■ 


IHEOREW 10.4.8 « tot ^ | , cf ^ ^ ^ Theorem 10.4.7, 

•the half-rings and measure functions Py(M), % , ^ tot there to 

given another set of half-rings and measure functions with the same properties ^ 
f , aU). If» for each 6 % , A^(U) m e xtenslon of py(U), 
then A (,Jb) to^ m extension of p(J6). ^ f^ each \l 6, ? , S2i \(M) 

equivalent, then p(<i6) and A(>fc) are equivalent . 

Proof: The first statement is obvious. The second statement means 
that 5 \j(^) iniplias This follows from the preceding 

corollary, which shows that and A*(v/t) can bo defined respectively by 

4k 4r 

means of the alone. 

We finally turn our attention to the notions of inner measure and of 
measurability. Theorems 10.4,9 and 10,4,10 will give exhaustive criteria con¬ 
cerning these. The Lemmas 3,4 with which we begin are special cases of these 
theorems, but necessary for their proof. 
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Lwnna S. Let % , 3^ , , jiy(U), to as in Theorem 

10.4.7, similarly the outer measures Form the corresponding 

inner measures ^^(M), (Cf, Definition lQe2,7 > All these outer mea¬ 

sures are based on Theorem 10.3.2, thus regular by Theorem 10.2.30.) 

Assume that ^ ^ finite . If for every V d an M^ C d 

is given, and ■ IT FT , then 
-— ve^S - 


Proof: Let ^ " ll* 2, •..,n } . For n » 1, the lemma is trivial. 

If it is establjshed for n « 2 and for n ■ n it folloirs at once for n - n+1 

as follows: Replaoe S , S by S X S M , M . by M X M .^^ , 

by (the of Definition 10.4.2) and by p’(M) (the 

p(c^) of Definition 10.4.3). An application of the lemma for the two factors 

M , M . and then for the n factors M., ..., M -,MXM^- gives it for the 
n' n+1 l' ' n-1' n n+1 

n+1 factors Mg, ..., 

We now consider the case n = 2. Let - 3jX Sj^, 9~ P^X Pg, 

^ » II^X llg. By Theorem 10.2,18 we have -•^) there¬ 
fore we have only to prove that 1*2“ **l^**2^ “ V‘2^*’2^"^I*^*®1 V*2I'* 

or considering that “i)» ’ 

Vzi^^z" * ^ll^**!" **1^ ^2^^2^ " ^ll^^l" **1^ J‘21^^2" **2^* 

Kow consider two sequences of sets hJ 6 Kg fe '^g, such that 

X N?’ o P X p - M, X IL. If X, & P,- U, and x, fe P,, then 

il21212 111 fcc 

[x^, Xg] ^ ^2. ^ ^2"* ^ ^ which it follows that for some i, 

(Xj, Xg] 6 X Kg , or x^ fe hJ, Xg fe Ng . Thus if x^ fc P^- then 
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^ j Hg 3 Pg. Similarly if 4 than i ®2 ^ **2" **2.* *®*' choose 

*1® *1 *1* "l 

by Theorem 10»2*14 a set c: ]f^ measurable with respeot to and suoh 

that - hJjCPi- Ml). Sinoa P^^- Mi = Pi' M^ it 


follows that, for e P. 


D P«, and therefore that 


x^41I^(Pj- fij) 


z: 

Z 


x,6 hJ(P,- ■/^ 2(^2)- *1 ^ ®1* 


Hg 3 Pg - Mg} therefore 

1 

>2= V "z- 2; . Ks). 


To these two relations Lemma 1 oan be appliedt replacing Q, P^, ^ 
P^* ^2^^2^ first case, and by 

^2^' /^2^^2^ second* Wo obtain: 


Adding these two inequalities, and noticing that 

^ll(Ni(Pi- M^)) ♦ Pii(MiMi) - - )ii(N^) . 

)^iA^ •>‘i(*’i) - )‘u(V “i) ' 

we find 

Epi(k^) ,ig(Nj) - ;iii(Pi- M^) jigCPg) > 

•*■ ()^i(Pi) - “p) P2i(^2" **2^* 

But the outer measure ^*(P^ x P^- ^ Mg) is defined as gel.b. of terms of 

the type on the left hand side of the last inequality* Hence the lemma. 
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Lewpa 4 > Let Sl^, , Pv^**)* if , ^ , p(^) be as in Theorem 
10,4>7^ aimllarly the oute r measu res ji*j(M), 

— ££L ^ ^ L ifl which ^ measurable with respect 

to ji^j(M), and if excep t for a finite or countab ly infinite number of v * s, 

M^ ■ , then <Ak • TI ^ M^ is measurable with respect to 

Proof* We must prove 

)ij( ^ - Ji^) 


for every 


fit. 


fit 




a finite number of V*6, The Vs for which we do not have » 

jiyCSv) " 1 are finite in number; let them be The 'U’s with 

')) / •••! Vj^ and M^ / S^ are finite or countable in number, so we can write 

them as a (finite or Infinite) sequence: *** * 

notation is self-explanatory) 






Ji, - 11^^' M. 


S., 






with P » S for i > k. 

^i i 

This implies 

!? - ttttt M X Tnr , 

^ ^ ^-1 

iP-c/^i^-EnTp II X (P - P ) xITITp^ X II II s 

i 1-1 ''l ''i '’j "'j i > j \ V 6 I 

" * * 


Prom this w« obtain, using Theoren 10.4.7 and the measurability of P and ILi , 

i 1 



142 X. OEHERAt UEASURE FMCTIOliS AND OUTER UEASURE3 Seo.4. 



“ Y * Y “/^i^ - , 

that 18 

as ire desired^ 

THBORBIC 10.4,9 , Let ^ » p(JO) j^as 

Theorem 10,4*7^ similarly the outer measures Form the oorres- 

ponding Inner measures ( Cf> Definition 10»2«7» All these 

outer measures are based on Theorem 10^3,2^ thus regular by Theorem 10,2«1Q> ) 

If for every V € ^ an M c: S Is given^ then we have for tAi ■ TTir 

- - V V - -- 

If except for a finite or countably Infinite number of V • s, ■ S-^; ( if ^ Is 

finite or ooxmtably Infinite» then this condition Is void), then the » holds 
In the above relations# 

Remark > The example In part (w) of the proof of Theorem 10.4.10 
shows that the restriction In the second half of this theorem Is really ne¬ 
cessary* 

Proof t Denote the V*s for idiioh > 1 — their number Is 

finite —- by p^, p^j denote the v's for idiioh V / and 
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for which ^ does not hold-their number too is finite -— 

by Pa 4 .i» (0“S-t, of, the beginning of the proof of Theorem 

10. 4,7.) We now carry the proof in several successive steps. 

(i) As in the proof of Theorem 10.4.7, it is sufficient to make the 
proof of the first part of the theorem for the case where M c P e. . 

Pi Pi Pi 

For, as in the proof of Theorem 10.4.7, step (i), we introduce for each S^ , 

i*l, ..., ta sequence of disjunct sets P^,hal, 2, ..., with 

v» 

P^ « S . Define the as in Theorem 10.4.7. Assxaming the 

h Pi Pi h. h 

... ,n^ 

theorem true for the sets u , the argument may be repeated literally 


with the following deviations: We have inner measures instead of outer mea¬ 
sures; consequently we use Theorem 10.2.17 instead of Theorem 10.2.4; and 
finally we add over a sequence of inequalities instead of a sequence 
of equations. Thus for the first half of our theorem we can assume M^ c P^ , 
* Pi* •••* Pt* other n’s this is the case too —- 

trivially with . 

(ii) Choose an arbitrary u « t and u - t elements of ^ , all 

Pi.Pt * Ptn.Pu- 

''"'iS''virr7 s 

v/ 


’ ®u' ®u+l replao«d 

by , .... , II **u' **u+l 


If Lemma 3 is applied with u+1 factors, so that S^, 

*Pi 


Pu 

.... (“)* •••» W and the measure function re- 

aultinf from the formation of the direct product Tl ^ . Since 

V 6 6 

v/pi.....p^j 
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c iT IIM xH ^ 

1 Pi V 6 6 

^/Pl'"--Pu 


this implies 




But tpg^. 3 ^E •••E P^i really any finite set C ^ •••« p^} 

and [ Ps-»-l* Pt J 




• g.l.b. 


^iPs+i'’**’Pt^ 


(ft 

j-1 




■ TT U (M ) • g.l.b. 

1-1 Pi Pi {oj^,...,(r^ Jc ^ “t Pj^,...,p^| 


(TT 

j-i 


^(r.I'»^“<r,^^ 


JJ% 


This completes the proof of the first half of our theorem. 

(iii) Let us now consider the second half of our theorem. We conserve 
the notation p^, ••.« Ps+l* ***' Pt' forget about the Pu 

from (ii}« The nimber of the v*s with v/ ...« p^ and / S.^ is finite 
or countably infinite, so we can write them as a finite or infinite sequence 

Pt+l' Pt+ 2 ' ••• * 

Choose for each 1 ■ 1, 2, ... a set M which is measurable with re- 

• _ 

speot to " '‘Pi^*^“pi^ 10.2.12). 

Put iMt - 11.1' 8 X n S.y . py LaoBia 4, is measurable iilth respect to 

Pi vet 

^^Pi'Pr**” 

p*(J6), and ire bave 
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M> - IT U X Tl 11 c “fl ir M X 11 II » Jb. 

^ Pi V6^ '' i Pi V6g ^ 

Pl*P2**** '^'^Pl»p2»"* 

So we have (using Theorem 10.4.7), 

- Y ’ V ’'Pii*^“Pi^ " JJt 

This completes the proof of the second half of our theorem. 

TBBORat 10.4.10 . Let ^ , S^, ^ ^ w i£ 

Theorem 10.4.7^ similarly the outer measures 

If for every V C: ^ ^ M^ C S^ given, then Ji> » Tl ^ will be 
measurable with respect to ^ and only if one of the two following con- 

ditions holds ; 

1) Either Pvi(^v) “ ^ 

2) ** C / 0, and besides : 

6 o " " 

a) For each is measurable with respect tp 

b) The number of ^;»s for which / 3^ , « Py(Sy) ^ finite 

or countably Infinite , ( if % finite or countably infinite, 
then this condition is void .) 

Proof: We carry the proof in several steps. 

(i) As in the proof of Theorems 10.4.7, part (i), introduce the 

Pl' •••' Ps’ Pb+i* •••' Pt Pvi^“v^ “ ^ Pv •••'Pb ^ 

^(Sy) - 1 for V / pj, p^, find for each i • 1, ..., t (t, not s') the 

disjunct sets , h =» 1, 2, ... , with e ^ ^ “ Sp . Consider 

and put f -iVp^Tpir S 

i-1 Pi V 6 ;§ " 
v/pi..... 


«uay combination h^, ..., h^ =* 1, 2, ..., 
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aa in Theorem 10*4*7« Then the 


. 


are diejimct 






h^i•••»h^ 


:p ^ .*. if. The measurability of is equivalent to that 

h. f • • • ,h. 


which arise if we replace the M , i » 1, •••« t. 

Pi 


of all sets ^ 

\ 

by M P respectively. The conditions 1), 2) of our theorem go over into 

Pi Pi 

themselves by this substitution. 

This proves that we can assiime M^c ^ V » •••# 

But for all other v*b this is the case^ too, trivially with P^ - S^ . 

(ii) Condition 1) is sufficient by Theorem 10.2.1, condition 2) is 

sufficient by Lemma 4, if we remember that the existence of an uncountably in 
finite number of V's with^j(M^) - ^j(My) < 1 would imply )i*j(M^) ■ 

■ 0 by remark (i) after Definition 10*4.4, and thus contradict one of the as¬ 
sumptions of 2)« Thus we need only prove that 1) or 2) is necessary, that is 
If ^ measurable with reepeet to and ■ 

- / 0» 2) is fulfilled. 

(iii) Oeoonpose ^ into two disjunct subsets} % ■ , Put 

if - n ^, if- jj , «id similarly Jh'- ^ , 

J,"- I let be the measure functions resulting from 

forming the direct products , || respectively; let 

be the corresponding outer measures, correspond¬ 

ing inner measures. Then by Theorem 10.4.7 and 10.4.9 applied to two factors 

As is measurable with resepot to ^*(«^}, we have *^^^8 

S As y!'^{A) > 0, 

we have > 0, th\is we can divide the above inequality by 
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obtaining y^^{yH)) is finite and 

> 0, must be finite, too, and so we can apply Theorem 10.2.15 

and obtain the fact that t4lc is measurable with respect to 

(iv) Apply (iii) to ^ - I V j . It shows that is measurable with 
respect to is necessity of 2) a). It remains to prove the 

necessity of 2) b)^ that is this: Under our present assumptions (including 
the measurability of all M,^*s) the number of the V*s with / S^ , 
ji^l(M^) » cannot be uncountably infinite. It is, of course, suffi¬ 
cient to prove that the number of the v*s with M^ / S^ , ^ 

cannot be uncountably infinite. Assume that it is, and denote the set of 

these ^*8 by % . Apply now (iii): c/ih*" T! Tl must be measurable with 

V e 

respect to So if we can prove that it is not, the contradiction is 

obtained. 


(v) Thus we have an uncountably infinite ; for every V€ 9 is 
measurable with respect to ^ 

to prove that is not measurable. Now ^ 

(Theorem 10.4.7); » ji*(if^) - • M) ■ 1 - y\^^' - Ml). We will 

prove " 0, thus establishing the non-measurability ofo^'or, what is 

the same thing, the equation ji^*( - ^>^6') *> 1. (Note that 

so that it will turn out to be >^^-^(^0* i^ accordance with the Remark after 
Theorem 10.4.9.) 

Remembering the definition of outer measure in Theorem 10*3.2, we see 
that this means: If for each m a sequence of sets is given, 

such that for every fixed h all *■ number of V's 

(depending on h), and if JZ li II ^ » TI fT, S - 1 1 ll M.^ , then 

^ TTNf-C)-!- 

h ve'S' 
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The v*s for which N^ / S^ holds for any h - 1, 2, form a (finite 

or infinite) sequencer Vg, ••• • Thus contains an element / V^, *'^2'*’ 

Choose a e S- - M:q • If any sequence x 6 S , i = 1, 2, is given, we 

_ _ i i _ 

can define a function x(v S^ with x(v^) « for i = 1, 2, x(v) “ 5 • 

Then [x(\;)] €. \\ ^1^ - TT^ M^ c ZI T1 IT^ ^ , and thus for some 

h » 1, 2, [x(v)] eTl [T ^ i € nJJ , and so in particular x . 6 nJ^ 

i i 

for all i - 1, 2, ••• • This proves that Y2. TI W " Tl TT S • Therefore 

h i ^i i i 




but ^ I ] U..(l^) ■ 21 u , (n|^, ), thus proving our statement, 

h -vet ^ h i i ^i 


§6, Examples of measure f\motions 

In what follows we shall develop a number of non-trivial examples of 
the foregoing theory. These examples will not only be illustrative but one of 
them, the Stieltjes measure (Example 4), will have important applications to 
operator theory. In the course of examples 2 and 3 we shall give an entirely 
new and untopological derivation of the properties of the Lebesgue measiire, 
which has already been discussed in Chapters 2-5, 

Example 1> The discrete space 

Let S ■ ix^, Xg, be a finite or countably infinite set. Assign 

to each x^ a finite, non-negative "weight" 

Definition 10,6,1 , Denote by the totality of subsets of S whioh 
are either empty or contain exactly one element. For each M €. ^ define 

;v.(“) " *^a — “ " ^ - 0 if M - 0. 

THEORBM 10,6,1 . 1, a half-ring} l8 a finite, non-negative , 

and totally-additive measure function on • 
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Proofs We omit a formal proof^ It is trivieil to verify that is 
a half-ring. The additivity and total additivity of are also trivial 

since none but one-element and empty sets occur in . The special chairaoter 
of S assures that a countable set from covers S • 

theorem 10,5.2. Concerning the space S, the system , and the mea¬ 
sure function we may make the following assertions: 

1) br(' 31^ ) - "IpCs). 

2) With respect to the outer measure aseoclated with every aet 

't'Cf. Theorem 10.3«2. As in S4| we use the notation ^*(11) instead of p*(H). 


U € y{S) is measurable; MS , - '^^(3). 

' <^I 

3) jv(“) ■ “ ?,/n 


X € M 
n 


4) A necessary and sufficient condition that M € (S) belong to MS* ^ is 

that oC be finite. 

X e M 

n 

Proof: 1) follows from the fact that every M ^ is the sum of fi¬ 
nitely or countably many sots from , hence the fact that BR(3^) 3 (S) 

2) follows from 1) because ^ (S) =» BR('3^) c MS^^ c ‘^(s). 3) is a conse¬ 
quence of 2) and of Theorems 10.3.2 and ,10.3.3. 4) is a consequence 

of 3) and the definition of MS* • 

/^<I 

Definition 10.5.2. We shall call the total weight of S. 

n 

It is evident that the finiteness of the total wei^t of S is equiva¬ 
lent to tbo finitoness of the measure function Jl^(M) —- that is, equivalent 
to MS* - MS , or u*(M) • u (M). The oases where the total weight of S is 

1 are of special interest. 

We proceed to give some examples. 
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Example la . Let S be a finite sett S 2, •••, m] ; let 

«i. >L(^) number of elements of M, divided by m* 

The total weight is 1. 

Example lb. Let S be the set i 1, •••]; *** * Then 

is the number of elements of M; MS'^ is the system of all finite sets; 
the total weight is +oo. 

Example Ic . Again, let S be the set{.l, 2, ; let 

i , ••• • Then ju^(M) » XI i total weight is 1* 

n £ M 2 



Example 2, Lebesgue measure in the interval It 0 < x ■ 1, 

In terms of the preceding examples we proceed to give non-topologlcal 
definitions of Lebesgue measxire* This can be done in two different ways. 

We shall denote by^^, and (M) respectively, the S and J[i^(M) of 
Example la with m « 2, and by (M) respectively, the S and ^^(M) of 

Example Ic • 

First Definition . Consider the direct product space S* ••• 

where there are denumerably many factdfsXg* In each factor spaceXlg 
aider the half-ring ^ measure function (M). Since 

^2 ^ ^^^2^ (X"^) * 1, we have an admissible system in the sense of 

Definition 10.4.3. We can therefore form in the half-ring eind on it 
the measure ^unction jl* (M). (M) are respectively the cf , ^ , 

of Definition 10.4.3.) 

Denote by ^ the general point of S '• Thus ^ ® sequence 

f x -1 

-2— , We have 

^ — •* _n 


n-1 2*^ 

THEOREM 10.5.3. Let S® ^ the set of all points ^ Xg, ...] of S'* 


such that for almost all n, x^= 1• Then 


1 ) S® is a countable set 
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E) S* Is measurable with reapeot to and we have 

ju'(S‘) - jrj.(S‘’) - ju^*(S") - 0. 

5) S* - S® mapped by x • x( ^ ^ one-to-one way upon the in- 
terval It 0 < x 2 1. 

Proof t Conclusion l) is evident from the definition of S®« If Ij 
is a set consisting of the single point ^ » [x^, x^, ...], then 
i x^i X I Xgi ^ and we have 

1) - i • i ... - 0 . 

Thus for every countable M, ^’(M) * 0* This establishes conclusion 2). 3) is 

a well known property of **dyadic expansions". 

In view of the last theorem, it is possible to interpret in the inter¬ 
val I certain of the results obtained in S*. As S® is a zero set in S*, .the 

measurability properties of a set Me S* are not cd'fected if M is replaced by 

M(S^* - S®) = M - MS®. If M is any set of S’* we shall call the x - x( J ) 
image of M - MS® the image of M in I. This correspondence between sets is of 
course not one-to-one, but it has the property that any two sets of S* which 
have the same image in I differ at most on S®. In general, if ^ is a collec¬ 
tion of sets in ^ (S^* ) we shall speak of the totality of sets of ^(l) which are 

images of some set of ^ as the image of 'T in J|?(l)« Since the mapping 

^ If ) Is a one-to-one between S* - S® and I, there exists for each sub¬ 
set of M of I a set of S*, indeed of S' - S®, whose image is M« The nature 
of this mapping makes it possible to speak of the - measure ot a set MCI. 
by this we mean the -measure of (any) set of S* whose image is M. 

THEORat 10.5.4 . The Image of BR('3y) In ^(l) is the set of all Borel 


sets 
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Proof* (i) The image of every set of BR(a) is a Borel set in 1. 

Ih shall have proved this statement if we can show that the image of every 
set of ^ is a Borel set. For, let ^ be the totality of sets of 5* whoso 
image is a Borel set. Then it is easily verified that ^ is a Borel -ring. 

The temporary hypothesis that the imago of every set of is a Borel set 
says that We should therefore have ^ D BRC'R*). We proceed to 

establish that • A set M ^ has the form 

M - Mg X ...X where ...,MpC Zg - Hl.2)j . 

It is sufficient to consider those M*a where each M has exactly one element, 

m 

as all other M* s are finite sums of such. Thus we have M * I x } where x 

m m m 

is either 1 or 2. Then M =• ... X *** clearly corresponds 

^ ^ < t-E- ^ 1 

in I to the half-open interwil ~— ^ ^ ^ zl ■** '«^hioh is a 

n«l 2^ n»l 2^ 2^ 

Borel set. 

(ii) Every Borel set in I is the image of a set from BR(^'). Denote 
by ^ those sets of ^ (l) which are images of some set of It is 

again easily verified that is a Borel-ring in *jf^(l)« The Borel sets of I 
are the sets of the Borel-ring generated from the totality of the intersec¬ 
tions of I with open sets. Thus we shall have established the statement above 
if we can show that the intersection of I with any open set belongs to 
Now the intersection of I with an open set is expressible as the sum of count¬ 
ably many (they may be assumed disjunct) half-open intervals of the type 
a < X • b where 0 < a < b « 1 and a and b are ’’dyadically rational". Bach 
such interval in turn may bo written as the sum of finitely many disjunct 

half-open intervals of the form < x « where N and p are integers sa- 

2^ 2^ 

tlafying the conditions p > 0, 0 » N < 2^-1. We have already established in 
(i) above that these latter intervals are the images of sets from hence from 
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Since cT* is a Borel-ring it contains with these intermls the sum of 
any countable set of them; hence it contains the intersection of I with any 
open set. This establishes the second part of the theorem. 

THEOREM 10.5,5 . Any open , half-open , or closed interval of the form 
a^^jX b (0«a5b»l)^I has ( is the image of ^ set havin g) the 
ja* -measure b - a. 

Proof: The intervals in question belong to the domain of ;li* (M) by 
Theorem 10.5.4. If the theorem holds for all open intervals a < x < b with 
0 » a < b ^ 1, then it carries over to all other cases, because from the proof 
of Theorem 10.5.3, 1) the measure of a set consisting of a single point is 0. 
Further, if the present theorem holds for all half-open intervals < x » 


(N and p as in Theorem 10.5.4), it will hold for open intervals because they 
can be represented as the sum of countably many disjunct such intervals. We 
thus need only to prove that a set M whose image in T is the interval 
X -1 p X -1 


N ^ ^ i » N+1 


n=l 2 


n=l 2 


has the ^’-measure — . As this M 


is equal, up to except possibly a subset of S°, to 

[x^}x ... Xpj X Z1 ^ X ^2 X ..., this fact follows from the definition of 


THEOREM 10. 5.6 . Let ^ the set of all half-open inter vals M: 
a<x5b (0=aab = l)_^I. Define for M ^ ^^(M) = b-a. Then 

1) ^ half- ring. 

2) ^^(M) a finite , non-negative, totally-additive measure func¬ 
tion . 

3) ^ eq uivalent to (M) . 

Proof: Conclusion 1) is evident. By Theorem 10.5.5, ju*(M) is an ex- 
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tension of therefore conclusion 2) holds* As for 3}« we need to 

prove that ^j(M) Since jr^(M) and jf*(M) agree on it is suffi¬ 

cient by the Corollary to Theorem 10.3*1 to show that determines both 
outer measures. For this is definitory; ]|Ij*(M) is definitorily deter¬ 
mined by In* (more precisely in I by the image of By Theorem 10.5.4 

the image of BRC'DJ*) is BR( Thus 3) is established. Now simply define 

the Lebesgue measure |y(M) as the maximal equivalent measure function to 
and (M) 

^^(M) s jr^(M) = 


We can now discuss how the customary method of introducing Lebesgue 
measure —— the one used in Chapters 2-4 compares with the present method. 
These remarks will also apply to the situation to be encountered in Example 3. 
The customary method consists in forming or its many dimensional ana¬ 

logue, proving its additivity and total additivity the latter by a topo¬ 
logical process, cf. Example 4 Theorem 10.5.18 as well as Theorems 1.3 euid 2.3 

8uad Theorem 10.1.20 of the present chapter-and then passing over from the 

outer measure This is now all automatically teiken care of 

by the general theorems of sections 1-4 of this chapter. 

It may be remarked that we could have used the s of Example la 
with any m > 1. The results would have been similar to those obtained above 
for m » 2. 


Second Definition . Form with the sets of Example Ic the space 
s^-r XEx.. . to a countably infinite number of factors. For each 

CO ^ 

use the half-ring ^ (Z^) and the measure function (M). As ^ ^ 
and Definition 10.4.3 applies with this as an admissible system 

and we can form in the product space P* the half-ring and the measure func- 
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tionJi?*(M) (corresponding respectively to if , ^ in Definition 10.4.3). 

The general point J of S" is a sequence J “ [y^, yg, ...] where the y^ are 
arbitrary positive integers. Define 


00 

y(1) ■ H 

n»i 



then we have 

THBORffll 1Q.5.7 » S'* mapped by x = y( 3 ) ^ one-to-one way on the 

interval I: 0 < x » 1. 

Proof: a y(X ) =» "j ■■ is clearly a possible way to de- 

n=l 2^^ ••• yn 

scribe the (unique) dyadic expansion of x in which infinitely many terms / 0 
occur. 


As was the case with Theorem 10.5.3^ this result makes it possible to 

replace subsets of S'* by subsets of I. Here, however, it is e'ven simpler as 

there is nothing to take the place of the exceptional set S*. Hereafter we 

shall speedc of the sets of S'* in terms of their images in I. 

THEOREM 10.5.8. BR('3t'0 ^ I ^ the set of all Bor el sets . 

Proof: (i) E^7ery M € BR(%*') is (has as its image in I) a Borel set. 

As in the proof of Theorem 10.5.4, we need only to consider the M of the form 

II-M, X ...X M X z: X Zl.X.. • where M consists of a single element y • 
1 p 2o n ^ •'n 

Such an M is simply the half-open inter-val 





< X 


P 

n 

n=l 




eind this is a Borel set. 

(ii) Every Borel set belongs to (is the image of a set from) BR(^^*')• 

As in the proof of Theorem 10.6.4, we need only to consider the half-open in- 

N < N+T Q 

tervals of the form, — < x ■ - where q * 1, 2, ..., N * 0, 1, ...,2 - 1. 

2 ^ 



156 


X. GENERAL MEASURE FUNCTIONS AND OUTER MEASURES 


S6C • 5 


2N*+1 < 2N*+2 

We have just established it for those of the form < x » ■ where 

2 2 

q»» 0, 1, 2, •••, N’ » 0, 1, •••« 2^-1. The former intervals are the sums 

N < N+1 

of infinitely many intervals of the latter type* — < x ^ ^ is obtained by 

2 2 

assigning to N*, q* in turn values N,q; 2N,q+l5 4N, q+2; ••• and adding • This 
completes the proof. 

THEOREM 1 0.5.9. Any open, half-open, or closed interval of the form 
< < 

®^(a) ^ (=) ^ In. ^ the jul" - measure b - a. 

Proof: The intervals in question belong to the domain of ^**(M) be¬ 
cause by the preceding theorem they belong to The same arguments as 

used in the second half of the proof of Theorem 10.5.4, in the proof of Theo¬ 
rem 10.5.5, and in the second part of the preceding theorem, show that it suf¬ 
fices to consider the half-open interval of the type 







This interval must have the measure 



but as the interval is the 


image of lyJ £ y«! ^ £y Zl X ZI- X this fact follows from 

X b p CO U) 

the definition of the measure in S'*. 

THEOREM 10.5.10 . Let be as in Theorem 10.5.6. Then jr^(M) 


is equivalent to ji?*(M), 

Proof: This follows from Theorems 10.5.8 and 10.5.9 in the same way 
that conclusion 3) of Theorem 10.5.6 followed from Theorems 10.5.4 and 10.5.5. 

Thus all we said at the end of the first definition about the rela¬ 
tionship between Lebesgue measure and^*(M) applies equally with ji]L'*(M) instead. 
Thus we have 
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EUample Lebesgue measure in the s-dimensional Euclide an space R^(s=l, 2,... 

Consider first the case s = 1. Denote the S, of Example lb 

respectively by necessary to pass this 

time to jl^(M), Form the space S'” “ ^oo ^ ^co measure func¬ 

tion ^^(M) and its half-ring ^^consiating of all sets having one or no ele¬ 
ments; for I we could, recalling Theorem 10.4,3, take any one of the four 
equivalent measure functions ;a^(M), ^^(M), jir»(M), iJr”(M); we choose to taice 
jr^(M). As we have only two facto* s. Definition 10.4.3 applies, and we can 
form the product space S”* , the half-ring and the measure function 

ji?** (M), corresponding respectively to ^ of Definition 10.4.3. 

The general point ^ of S'” is a pair x] where V = 0, 1, ^ 2, ... 

0 < X » 1. Define the function 

z(li ) = V-*- X, 

then we have 

THEOREM 10.5.11 . ^ mapped by z = z{ri) i£^a one-to-one way upon 

the set of all real numbers z, that is on the R^. 

Proof: Clear. 

As in past examples, we replace every set by its image in R^; thus we 
pass from subsets of S'** to subsets of R^. Analogous theorems hold: 

THEOREM 10.5.12 , BR(% ^ SL sets . 

Proof: (i) Every M € BR(^*** ) is a Borel set. As before it is suf¬ 
ficient to prove it for M 6 . But M {v ] X S^[a < x « b] • 

-S[V'»‘a<z» V+b]i8a Borel set. 
z 

(ii) Every Borel set belongs to BR('3l’** ). We need only to prove this 
for half-open intervals a < z 2 b. We have already seen that this is true for 
the intervals V+a<z< V+b(0»a5b5l)^ that is for the intervals 
0 < z 5 d where V^o^da V+1# But every interval of the form 
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a < * ■ b is a finite eiua of those of the latter type. 

THEORiM 10.5.13 . Every ogen, half ogen, or clos ed interval of the form 
* (■) ^ has the - measure b • a. 

Proof I The argimient follows closely the lines the proofs of the two 
analogous Theorems 10.5.5 and 10.5.9. We observe that one point sets 

{ x \ have the measure zero and hence that it is 
sufficient to consider the half-open intervals a < x « b. For those, as we saw 
in the last half of the proof of the preceding theorem, it is sufficient to con¬ 
sider V + c<x« V+d, 0“o-d^l. But such an M - [ V } X S^[c < x ? d] 
and our original statement hero follows from the definition of 

THEOREM 10.5.14 . Let ^ the set of all half-open intervals M: 
a<x-b (a«b)j^ R^. Define for M € « b - a. Then 

1) is a half-ring. 

Si 

2) 5. finite, non-negative, and totally additive measure 


function. 

3) p^(M) is equivalent to (M). 

Proof* Conclusion 1) Is evident. Conclusion 2) follows from the fact 
that by Theorem 10.5*13 j?*’(M) is an extension of ^(M). Conclusion 3) follows 
from Theorems 10.5.12 and 10.5.13 in the some way in which Theorem 10.5.6, 
conclusion 3) followed from Theorems 10.5*4 and 10.6*5* 

Thus we have essentially the same relationship between j?" (M) euid the 
Lebesgue measure in as we had between ^*(M} or p'CM) and the Lebesgue - 
measiire in I* 

We can thus define the Lebesgue measure in R^ as the maximal equivalent 

measure function to y (m) and (m)s 
'3 f 
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Consider now an arbitrary s « 1, 2, ... . Form the space 

R^ ■ R^ X ... X R^ (with 8 factors). For each R^ we could use-recalling 

Theorem 10.4.8 any one of the three equivalent measure functions 

P** (M)* We choose to take (M). As R^ is a direct product of a 

finite number of factors, the process of l^efinition 10.4.3 is applicable. We 

can thus define the space R , the half-ring end the measure function 

s o * ® 

^(M) corresponding respectively to the ^ ^ , jnUH) of Definition 10.4.3. 

R^ is the 8-dimensional Euclidean space with the general point 

[z., ..., z ] where z., z are arbitrary real numbers. M € is any 

i s i s d j ® 

8-dimensional half-open interval s a < z_» b. a * b . <r - 1, 2, .... s, and 
^ 0“ cr cr cr cr 

^ (M) ■ II (b - a ). All this follows by direct application of the defi- 

nitions. 

We see that g(^) co**responds in the same way to Lebesgue measure in 
R^ as )ig(M) and did in R^ and I respectively. Thus we define -— avoid¬ 

ing the detailed discussions of Chapters 1-6 which are obviously contained in 
the general theorems of sections 1-3 of this chapter —- the Lebesgue measure 
as the maximal equivalent measure function to g(^)* 




.(M). 


To sum up what has been done so far in this sectioni We have, by di¬ 
rect product processes, reached I, R., R 

X s 

I ■ 5Z ZZ „ X ... or ZIx r.x ... (with a countably infinite number 

2 " of factors) 

i 00 

R ■ R- X ... y R. (s factors) 
si 1 ' ' 

Thus by rearranging the factors as a simple sequence we obtain 
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(with s factors and a countably infinite number of factors or 

By this process, which is the natural one to generate R^ from discrete 
spaces, we have obtained the Lebesgue meas\ire from the discrete measures of 
Example 1* 

Example 4> Lebesgue-Radon-Stieltjes measure in the s^diir.ensional Euclidean 
space Rg. 

In Example 3 it was shown that the set of all s-dimensional half- 

3 , s 

open intervals M: a^< b^ a = 1, 2, s, a^« b^ is a half-ring and 

that it fulfills condition (b) of Definition 10.1.8, that is a countable set 
from ^ ^ covers R • Lebesgue measure was seen to be a finite, non-negative 
and totally additive measure function which was the maximal equivalent one to 
a similar measure function with the domain It is natural and signi¬ 

ficant to consider the problem of determining all such measure functions with 
s “their domain. Their maxinial equivalents are the Stieltjes measures 
or more precisely the Lebesgue-Radon-Stieltjes measures. We proceed to carry 
out this determination. 

Denote the interval a^ z ^ b^, or = 1, .,.,s, a^ b^ by ^ 


Theorems 10.4.] and 10.4.2 show that either S 


a.... a_ 

^ Si 

[b,... b,J 


is empty, in which 


case we must have a = b for some o"= o; or else it is not empty and all the 
O' o- 1 ^ 

a and b_ satisfy a < b eoid are uniquely determined by it. Thus any set 
C O’ ^ <T 

function which veuiishes for the empty set-and every measure function is 

like that — oan, when considered on the half-open intervals, be thought of 

as a function ?** * * * of the 2s real variables a^, •.., a , b-, .. •, b 

i s J. s 

which is defined for a^ b^and which vanishes whenever for some cr a » b • 

O’ O 

We shall characterize completely in the next theorem those functions 
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• • • *s 
>,... \ 


of this type which arise from finite measure functions. 


THEOREM 10.5.15s A function J 


function ji(M) 1^ ^^ s — sense given above, i.e_., with 

(') <vv ... 

is characterized by the property thet it is finite and satisfies 

b,...bj -^[b,... e,...bj ^Lb,...b,...bJ 

where •**$ s, and a,p= • Such an 

L 1' * • li 

be extended in a unique manner to all values of a^^^ a^, b^, b^, so 

that (2) holds without exception> 


""a,... 

b^ • • • 


belonging to a finite measure 


•— — 

Proofs If ^ V* belongs 

b. • • • D. 

•* 1 s 


to a measure function, then it ob¬ 


viously satisfies condition (2). On the other hand, if c/ 


a, ... a 

|_b,... b,_ 


is finite 


and satisfies (2), we can show that (l) may be used to define a finite measure 
function on • We have merely to show that if M, N, ,N • P =» 

* 0 and M a N + P, then ji(M), p(N), ji(T) defined by (l) satisfy ^(M) *• 
a ^(N) + ^(P). By Theorem 10e4«3 these last assumptions guarantee in the case 
N / 0, P / 0, that M, N, P have the respective forms 



with a < b , cr« 1, ..., s, a„. 5 e J , or else these forms with the 
cr O' ''X/ a X 


roles of N and P reversed. The condition that ^(M) » ^(N) + ^(P) then becomes 
simply the equation (2). To show the additivity when N or P is the empty set, 
it is clearly sufficient to show that this set has the measure zero. This may 
be shown by writing ^ ^ \ equation (2). 
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As to the existence of an extension of 3^ 


Pa,... afl 

Lb,...b,j 


let a., a 

1' * a 


be arbitrary real numbers. Denote by a^ b^the pair a^, b^ In 

case a » b and the pair b . a In case a > b_ and let e be the number of 
cr <r O' 0 “ or O’ 


Indices or for which a > b^ 
O’ o 


Define 


We show that 5* 


tv" 5]“ 


a"“ 1, ..s, a » b , then e»0, a=»a_,b»b , and 

* * * or cr * *o*o*'oro' 


the unique desired extension. If for every 

agrees 


with 3 ^ 


a^... a^ 

_^i • • • \ 


In the latter's domain of definition. To show that 
satisfies equation (2) consider the expression 


.rofl a] 

0 » * “iTI + T*r^ • • * ®c • • • ®s| + • N... a7| . 

G remains Invariant under any cyclic permutation of > fi^nd changes 

Its sign if we replace \ » by • Thus under any per¬ 

mutation of a^ , e^ ^ b^ ^ G at most changes Its sign. Assume therefore that 
a^ ■ e^ - b^ . Using the definition of *** and equation (2) and 

denoting by e' the number of cr / T for whioh b^ , we get 

and this Is equation (2) for the extended function. Final]y, the extension Is 
unique because if 7 | ^*** is any other extension, equation (2) for it 

^bi... b^ 
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described in 


Theorem 10.5.16 coincide with the functions which can be written in the form 


L ^ • • • * 1»2 

where a^eind o^^^«b_for <r» and where d)(c. ... c ) is an 

arbitrary finite ( complex ) function. 

Proof! Let X *» l,...,s. Equation (2) above gives 


fo ... 0 a^... a1 ^ ^fo ... 0 Oa^^^... a 

^ 4"-^^ b^... bj ^ [4^^.. 4Vb,b,,,... b^ 

0 

^R) ... 0 0^... O -« y~ (-i)^T ° 

3 ••• \J 


Multiplying (4) through by (-1)^'’^***^ 


0 ... 0 a ... a^ 

/rO (rx) , . 

•^1 ••• «t 


and adding over Tj^, ... 1,< 


we get 


9X 

, 2 :^ ."'-rf]..-^ 

rj# • • • # « i, ... c^^^ \ • • • 

= ZI VRr/” fri 


Adding equations (5) for 't “ 1«...«b, we get (5) with 




Conversely, every function of the form (3) satisfies eq\B.tion (2). 


For simplicity we take T - I, Then 





164 


X. GENERAL MEASURE FUNCTIONS AND OUTER MFiASURES 


Seo.5. 


L iJ *1* • • 

- Y- (-ir* (4)(b,^f=‘\.. §■"'> ) - ... of* ) + 

• • •»1^® 1 # 2 

*4,(.,i?'... f.')-<m.?....r.))-irg;::;g • 

THEOREM 10.5.17. yf?''*** does not determine ^(c. ••• c ) 

- L^--- \|-^1 s' 

uniquely , but 

^) i£ solution (c^ • •. known , others are given by 

^'(Cl ••• °s) “ ••• °S^ •*• %.l®t+l ••• ®s^ 

‘ • H^g arbitrary s-1 variable functions , 

2) there j£ a unique solution 4^{c^ o^) with the yoperty that 

(|)(Cj^ Og) » 0 if any « 0; it is 


( 6 ) 


(|)(0i ... Cg) - 4)®(o^ ... O^) 3 7" 


0 ... 0 


Proof: 1) We first observe that the equation (3) may be regarded as 
defining by means of a homogeneous linear operation upon 

(j)(c^ ... Cg). This is olear from the form of (3). If therefore two functions 
Cj)(c^ ... 0 ^) andcf)*(c^ ... c^) generate the same interval function 


r a^ ... a^ 

_b,... 


then their difference will generate an interval function iden¬ 


tically zero, and conversely. We have thus reduced the question to one of de¬ 
termining all functions which generate zero interval functions. Let %(c^...Cg 

be such a function. Wo wish to prove that x(o, ... o ) « 
s is 

• XZ 4^ ••• prove it by induction on s. The result 
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is clear for s » 1 for then X must be a constant. Assume it for s - 1. Then 
we have 

T— * . 4.— ^ 


Z 

r^ • • • 2 

1 ^ 


r,+... +r, . , fi;-, frj) 


• • • Oj ; 


We apply the induction hypothesis to the expression in brackets in this last 
equation (regarding a and b as parameters) and get 


(7) X(c^ ••• ••• " 

a-1 _ 

- Z %(oi Vi» S V 

Now giving to a some fixed value and writing b » c , we obtain the completed 
S 8 s 

induction by writing in (7) 


• ••C -ja e) 

s-1' s s' 


(t ^l|««.yS~l) 


f=<“l 


... c^_j) - X(c^ ... o^_j a^) 


Thus every function which generates a zero function of intervals is of the form 
s 

Z">i- The converse is clear because when the difference is formed with re- 
t=l 

speot to the variable the function is annihilated. 

2) That ••• ® ^ *’* ^ is a solution of equation (3) 

T 1 s ... c^j 

was shown in the proof of the preceding theorem. Also ••• 0 ... ^g) " 

= ’** Q ® 0. Conversely if ••• c^) is a solution having the 

given property, then upon using (3) with a^=» ... =* 0, readi¬ 

ly verified that all terms in the sum of the right-hand side of (3) drop out 
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except that for which r^- ... - 2; and we get <J>(c^ ... c^) - 

■ 4^*(c^ ... 0 ^). Hence ... c^) ia unique. 

The foregoing theorems show that any finite measure function ^(M) in 
"31 is characterised through equation (l) by an interval function 

j 

^ v' satisfying equation (2), or, through equation (3), by a point 

function ... o^). While ^(M) corresponds to exactly one 


it corresponds to many ^ ... c^). The family of all such <^(c^ ... o^) 

is characterized in Theorem 10.5.17,1), and a normalization which makes 
(j)(c^ ... c^) \mique is given in Theorem 10.5.17,2). 

It is now significant to characterize those ••• 'which lead 

to non-negative and totally additive measure functions. The condition for 
non-negativity is clearly (of.Theorem 10.6.16) 

(g) ^ (-1)*’ *’”* is '•esi and - 0 


for all choices a,, ..., a , b^, ..., b , with a ^b , (or » 1,2,...,s). 

i S i B O' (T 

If s ■ 1, this means 4^(^ 2 ^) " ® that is, 4)(c) is 

monotonous. The monotonous functions were discussed in detail in Chapter IX. 
If s > 1, there is no such simple statement to characterize (8). 

Definition 10.5.3. A function Cj)(o 2 ••• ^g) satisfying condition (8) 
for all choices of a^,...,a., b,,...,b_ with a_ ^ b_ (o- ■ l,2,....s) is 

mrnmmmmm y : r i - X 8 jL 8 — — ^ ^ t^mm 

called quasi-monotonous . 

Definition 10.5.4 . A function (t>(Cj^, ..., c^) is called right-con¬ 
tinuous when fpr every system o f sequence (or* 1, 2,...,s;v^« 1, 2, .. 

for iriiloh ? °cr!Si ®cr" have ^llm 
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We are now in a position to prove an exhaustive theorem concerning non¬ 
negativity and total additivity. 

THEOREM 10.5.18. A finite measure function ji(M) ^ ^is non-ne- 
gative and totally additive if and only if at least one of its cj>(o^,...,Cg)*8 
is qnasi-monotonous and right-continuous . 

Remark? We remark first that if one ... , 0 ^) of jLi(M) is quasi- 

monotonoua, all are; for quasi-monotony is by (8) really a property of 

of |i(M) is right-continuous, others will not be as the of Theorem 10,7.17,1), 
are perfectly arbitrary. Nevertheless, if one (j)(c^,.•., 0 ^) is right-con¬ 
tinuous, then • ,c^) will also be as the subsequent proof will show. 

Proof 1 We have to prove that in the case of quasi-monotonous func¬ 
tions the right-continuity of one (|)(c^,..., c^) is sufficient for the total 
additivity of yi(M) and that the right-continuity of (|)®(c^,.. .,c^) is ne¬ 
cessary. 

To prove the sufficiency we employ the sufficient topological oriteri- 
um developed in Theorem 10.1.20. Assume that (c^,... ,c^) is a right-con¬ 
tinuous point function associated with p(M). Let M ■ be any 

fixed interval in let fe be an arbitrary positive number. We show that 

there exist sets P, Q from g» ®- compact set C eind an open set (J> such 

that PCCCMC^ cQ and ji(P) > fx{U) - fc , ya(Q) < ^(M) + t . Assume first 

that M / 0 so that a < b . Since ^ f^ is a finite linear combination 

(T cr ^b, ... 

of the c^‘^) , it is right-continuous in its 2 b arguments. Now 

choose an integer V so large that a^+ v < that ^ ^ :::r5 and 
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R + J ... a^+fl 

E* ^ J 


by an aiiio\mt in absolute value less than t . Let 


p > Si 


Q ■ 3 




Let C be the closed in¬ 


terval a + Tn * » b_ and lot S be the open interval a < z < b + i 

o"2vo^cr ^ ^ O' <T cr ^ 

(<r* l,«..«s). In the space R « C is compact and ^ is open. Furthernore 


we 

> 


have PcCcMc^cQ where P, Q € ^ and ji(P) - ^ ^ ^ ^ 

" ;i(“) - e • similarly ^(Q) < ja(M) + fc . If M - 0 take 
••• ■ a^* b^s» ... - b^» 0, P = C « 0, ^ and Q as before, then the same 
inequalities hold. Theorem 10.1.20 therefore applies to prove that ^(M) is 
totally additive. 

We now proceed to prove that if jx{U) is (non-negative and) totally 

additive then (J) ®(o^,... ,o^) is right-continuous. For this it is obviously 

more then sufficient to prove that the extended ^j^"**** of p(M) is 

right-continuous in its 2s arguments. Let a^, ..., a^, b^, ..., b^ be any 

fixed set of arguments, { sequences such that 

for 0“» l,«..,s, V" 1, 2, ••• we have a =*a ,b = D , lim a * 

• • • • • <ro"'orcr'. cr 

V-‘ 

^v) 

■ a lim b ** b . We have to prove that 
o* . <r 0 “ 

V -a^x) 


lim ^ 


r cv) <v) 




-T 

a,... a^ 

1 — 

J 

3 ... b3_ 


^ . J>f) 

Define a^ , b^ , 


iv) _ C\i) Cv) — 

e,. in terms of a , b , and a , b , e, in terms of a 


b^ , exactly as was done in the proof of Theorem 10.5.16. Now 

a » min (a ,b ) » min (a ]2 # b^'^ ) « and b * max (a # b ) « 

0“ cr (j V cr o“ cr ^ 

< f Cv) (v) V - (v) - -tv) 

» max (a^ , b_ ) - b^ ; also lim ■ a , lim b_ « b^ . 

oo O^ ^O" O“o 

V-^OO V->00 


We now define 
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fs =1 


-Ivl _(«) 



a^ • • • a^ 

= a 

5 



for V « the intervals M 

Consider in R^ the sets “v-^ (V= 1. 2, ...). These 

n«o n«o “ 

belong certainly to BR('9i^ and we have the relations M^ 3 D ... DM - 

- lim and C Mg C ... C M - lim 5^ as well as 3 M^, M c M^ . Now 
^-►co V-^oo 

pass to the maximal extension J1(M) of jx{U). We have, on applying Theorems 
10 * 2 . 8 , 10 * 2 * 9 , 


lim p(M^) =. 11m ^i(M^) - lim p(M ) = ja(M) = u(M) 

V-»00 \;-»^00 V-8KX5 ' 

lim ji(M ) » ji(M ) ? lim n(iL) * v(M) « u(M) 

V-^oo V-»oo ' 


from which 


lim ^(M^) = u(M) . 


Thus we have 





a... • a, 

(9) lim ^ 


- T 

b^ .. • b. 

V 

_ 1 • • • _ 


1 5 


Now if for all o-« l,...,s we have , that is , then it is clear 

that for sufficiently large v the value of e^ remains fixed and equal to e. 
Hence in this case 


lim J- 
V -’^oo 


N • 


bCv) 

s 


,Cv) 

Oy a^ , 

' lim (-1) 3^ tCv) 

V->oo L ^ 




( 10 ) 




If for some <t = l,...,s, a^ = , which means a^ = b^ , then the value of e^ 

does not matter, for we then have zero on the right-hand side of (9); hence 
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the limit in the second member of equation (lO) exists and is equal to zero 
independently of the e^ • Eenoe (10) holds in all cases. This completes the 
proof. 


Lebesgue measure is by definition a special case of these Lebesgue- 


Radon-Stieltjes measures. We have in this instance 

< 

a ) if a * b 
<r ' (T 


and the exten- 


.ion Theorem 10.5.15 glTes ^ f''*** N ■ TT (b - ) in general. Therefore 

'’sJ (P.1 



The (|)^(o)'s of the general one-dimensional case are simply the mono¬ 
tonous, right-continuous fimctions which vanish at 0 —- a class which has been 
discussed in Chapter IX. 

That the general Stieltjes measure jli(M) may differ widely in behavior 
from the Lebesgue measure is best seen by considering the fact that one-point 
sets may have positive measure in the general case. For instance in one di¬ 
mension lot M^ be the half-open interval o-'i<x2 o; then 

M. D Mg D ...d[o]* lim M^. Now u(M^) - ^(c) - c^(c - —). Therefore 
n-OKX) “ ' ^ 

)i(lc]) • lim y(M^) » ({)(c) - lim (f) (c - i) » (c) - 4 l(c). Owing to the 

n-aoo n-a<o ^ 

right continuity of cj)(o), C|)(c) thus I o] ) « 4)^(c) - (^_(c) - 


• 000 4)(c). Hence ^(£c|) > 0 if and only if C^(o) is (left) discontinuous 
at c. 


A common feature of all Stieltjes measures is this: 

THBCHEM 10.6.19. If a measure function }i(M) defined on ^ is 
' ' ' ' ' ' ■ ”*“ j® 

stricted to the set g ^ all intervals ^ ^ with rational 
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•••, bg, it remains equivalent to itself . 

Proofs We need only show BR( ^3?^ ) = BR('%' ) and as 3 '3llu . 

_ 0»s dpS dpS 

this follows if established. 

Let ^6::: ^ be an arbitrary element of g : e>8 the case is 

clear for 0, we may assume it to be / 0, that is a^ < b^ Choose 28 sequences 
Cv) Cv^ 

of rational numbers a'*^ , b^ , o“ = l,...,s, v» l, 2, with 

< Cv') < < Cv) . ,. (v) . ^ ^Cv) 

a_- « b^« b^ , and lim , lim b =» b_ . Then 

cr cr o <r cr o“(r 


b^ • • • b. 


lim b 

’ ^(T • 

Then 







H 

..-1 o 


.. h 


which proves '2j 


p>i • • • ^ 

b- ^11 


6 


We finally prove a theorem on the behavior of Cj)(c^, o^) under 

direct multiplication. 

Put s •- s* + s** so that R =» R ,xR n* Consider two finite, non-no- 

8 3* s 

gative and totally additive measure functions (M) and defined on 

^ A. and 'X/u , „ respectively. As wo have only two factors. Definition 

d,S* cJ 

10.4.3 applies and we can form the product space R , the half-ring 3?^ and 

3 cJ, s 

the measure function ji(ll) corresponding respectively to ^ , 'St and yXJia') 
in Definition 10.4.3. 

THEOREM 10.5.20 . Let _t..., c^)*s of ;y^e^ ^(M), ^"(M) 

above be respectively •••# •••» °s’***' 

Then 

(J)®(o^, ..., Cg) =» (J)^ (c^, ...,Cg,) (J)** (^gr+i» •••' ®s’+3**^ 


Proof: We have by definition 
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and thus 


''C® &••• i] ■ [v" % ]::: 


if b^for (T* 1, •••jS. The construction in Theorem 10.5.15 extends 

this to all a^, a^, ..., b^; putting a^ “ ..• *» = 0 and 

b_ *» c,, .... b * c gives the desired result. 

1 1' * s s ^ 

Example 5. Infinite-dimensional spaces. 

Let us return to the Lebsgue measure in I: 0 < x » 1, or better 

still to the equivalent (cf. Example 2). Since I 6 

Definition 10.4.3 applies to the product I X I X •.. (with a countably infinite 
number of factors) using in each I the half-ring and the measure function 
Thus we may take the product space I X I X ..., the half-ring 

. and the measure function u. (M) corresponding respectively to cf , 

1 j 00 f X 0 00 

of Definition 10.4.3. 

Thus [z^, Zg, ...] with 0 < z^« 1 for <r = 1, 2, ... is the general 

point of I and ^ consists of all sets 'J/ff'• * ’ * : 

00 i,oo b ... b 


0 • *0*" ^ cr= 1, ..., t, and 0 < z^a 1 for 0"= t+1, t+2, , 

where t is an arbitrary positive integer. For M - ^ r^"*"** yF\ 


" TT definition. 


pi • • • ^-Tl . 

b • • • M • 

: z^ 3 1 for or = 1 


Lebesgue measure in this case is defined to be the maximal equivalent 


extension of jx^ 


Vi.oolW- 



Sec*5« 


X* GrBNBRAL MEaSUKB FUNCTIONS AND OUTER MEASURES 


As I -HgX EgX 


E X TL X 


and as doubly infinite 


sequence can be written as a simple sequence I x Ix ••• « ... 

H X Hx... it follows that I can be mapped in a measure-conserving 


way upon !• (Steinhaus.) 

Rl X Ri ... to a countably infinite number of factors cannot be 
formed directly using because = +oo and jr^(R^) is 

undefined. There are, however, various indirect ways to reach such spaces. 

For instance, if z « (x) is a one-to-one mapping of 0 < x < 1 on 

-00 < z < +00 that is, of I (without the one-point set [ 1 j which does not 

matter as its measure is zero) on R^ — then we can map I x I x ... on 
R^ X R^ X ... by letting correspond to an [x^, x^, ...] e I XI x... the 
[z^, Zg, ...]e R^x X ••• with z^= (r= 1, 2, ... . This carries 

the measure ^ (M) from I X I x ••• over to R^ x R^ X ••• • 

Very interesting applications have been made of the measure which 


results from the ^(x) inverse to 


vy (z) 


C 2 

-CD e du 

- 2 - 

I e’"* <iu 




e du 


(N. Wiener) 
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CHAPTER XI 

PROPERTIES OF THE GENERAL INTEGRAL 

}!. Bounded va ria tion and the ex te nsion of fini te measure functions 

If we examine the extension theorems in section 3 of the last chapter, 
there is suggested at once a class of measure functions which are not necessari¬ 
ly non-negative but to which it seems likely similar extension theorems ought 
to apply. We refer to the class of measure functions which are finite linear 
combinations of the non-negative tot ally-additive ones. It will turn out in 
the course of the argument that similar extension theorems do hold for these 
functions, and that these are the only functions for which there exist totally 
additive extensions to a restricted Borel ring. 

We now proceed to introduce the notion of bounded variation. A later 
theorem (Theorem 11.1.14) will make it clear that the concept is by no means 
extraneous auid is in fact connected in eua. essential manner with the possibi¬ 
lity of making totally additive extensions of not necessarily non-negative 
measure functions. 

The nature of these preliminary remarks makes it clear that we shall 
be concerned with measure functions expressible as finite lineeur combinations 
of others# We make the following obserwition: If ^(M) and V(M) are finite 
measure functions on a half-ring 7i then so are ^(M) + V(M) and o ^(M) whore 
0 is any real or oomplex constant. This is an immediate consequence of the 
definition of msasuro function. The statement may be put in other wordst "The 
finite measure functions on 9i form a linear set.^ In particular the finite 
real measure functions form a linear sot with respect to the real numbers. 

The finite and totally additive measure functions also form a linear set. 
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This is merely a consequence of the fact that the term-by-term sum of two ab¬ 
solutely convergent series is absolutely convergent and tVat a series remains 


absolutely convergent if its terms are all multiplied by a fixed number. 

Definition 11,1.1 . A real or comp lex valued measure function ^(M) de- 
fined over a ring said ^ of bounded variation over a se^b M fe H if the 

set of values ^(N) where N e N C M bounded; it i^s said ^ ^ of bounded 

variation over ^ ^ is_ of bounded variation over ever y M 6 • 

h, ££. OOP^P^^ valued measure function fx{}L) defined on a half-ring 
^ ll ^ variation over a^ set M 6 3t its extension 

to R(?i) ^ of bounded variation over M; 1^ ^ said to be of bounded variation 
over ^ of bounded variation over every M € • 

The form of Definition 11,1.1 makes it clear that the concept of bound¬ 
ed variation is simpler when the domain of the measure function is a ring rather 
than merely a half-ring. It will therefore be more convenient to make most ma¬ 
nipulations by first extending to rings all the measure functions that occur. 
Nevertheless, the definition when ^ is a half-ring oein be put in a form which 
is very reminiscent of the usual definition of bounded variation. We do this 
in Theorem 11.1.1, 

THEOREM 11.1,1. A measure function ^(M) defined over a half-ring fi 
of bounded veuriation over a set U ^ ^ and only if the sum I/^(^i^ 1 iS. 

bounded over all finite systems of disjunct sets where £ 'll and 


M. 

Proof* Lot Pj(M) be the extension of ^(M) from to R('^Z). 

M € ...I disjunct sets from X each contained in U, 

21 6 R(^i) and ^ ^ assumption that ^(M) 


Let 
Then 
is of 


bounded variation over II we have the existence of a C(M) > 0 such that for 
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N e R(%)f N C M it is true that I ji(N)| < C(M). Thus we havel | < C(M). 

Since this inequality persists when are replaced by any subset of 

them, we have 


Hi 1 + Hi 3H(“i)l ■ . H >^h(“i) + 

i ^ i ' ^ i ’ ^ ^ 

♦ 1 H ^ H. 3m(m.) +1 H = 

^)i(U^)<0^ 3ji(M^)=0 

+ 1 Z p(M ) I < 4 C(M). 

3;i(Mi)<0 " 


The converse is trivial on accovint of the inequality I » ^ 1 1 • 

We remark, in disposal of the connection between bounded variation on a 
half-ring and on a ring, that it is obvious tlrat if a measure function is of 
bounded variation over two sets of a ring it is of bounded variation over their 
sum. Hence it follows at once that a measure function defined on a half-ring 
X is of bounded variation over if and only if its extension ^j(M) is of 
bounded variation over R(^). 

Any finite non-negative measure function ^(M) on a half-ring % is 
clearly of bounded variation over ^ , for its extension ^^(M) on R(^t) is 
also finite and non-negative and for M, N € R(%), N c M we have 

^j(M) 

The measure functions of bounded variation on a half-ring 'fe form a 
linear set. For if ^(M) and v(M) are of bounded variation over then by 

the definition for a given M 6 3t the sets of values and where 

N ^ R(tl) and NC. M are bounded. Hence so also are the sets of values 
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^j(N) + Vj(N) and o 

Definition 11»1.2 . Let ja(M) ^ £ real measure function on a 
%• Let ^(M) bo the extension of ^(M) to R('%). The positive variation 
function of ^(11) defined for U fe by means of 

(1) P+W * l.u.b. Pt(N) «• l.u.b. u_(MP). 

' N 6 &{%) ^ P € R(^) 

NC U 

The negative variation function of ^(U) ^ defined as tte positive vari¬ 

ation function of - ^(U); 

(1') p (M) * l.u.b. (-u (N)) - -g.l.b. u (N) = -g.l.b. uJMP). 

> NfeR(^) H6R(31)^ P6R('R)'^^ 

N CM N CM 

Evidently in order that a real measure function ^(M) be of bounded 
variation over ^ it is necessary and sufficient that and ji (M) be finite 

functions over 'Jt • 

THEOREM 11.1.2 . If ji(M) ^ real measure function of b ounded variation 
over a half-ring ^ then ^^(M) and y, (M) are f inite non-negative measure funo- 
tions over ^ , and we have for any M 6 9t. 

(2) ^(M) - - ^^(M). 

If furthermore ji(M) ^ totally additive ^ then so are ^^(M) and ^^(M). 
Proof: It is sufficient to make the proof under the assumption that 
is a ring. For if is only a half-ring we can form the extension ^j(^) 
of ^(M) from to R(^). Then we can form the positive and negative variation 
functions and of ^j(M) over R('3i). Equations (l) and (l») show 

that and agree respectively with and Ji^(M) for U e • 

Henoe if the theorem is established for rings it will follow that 
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(M) are finite non-negative measure functions on R(^) and satisfy the 
equation further p(M) is totally additive on % 

then ^j(^) hence and will be totally additive. These re¬ 

sults remain true if we now restrict ourselves to Ifl, and on 

and are respectively equal to and^^(M). 

Assume therefore that ^ is a ring. 

That is finite and non-negative is a consequence of its defini- 

tion« and the fact that the empty set has |i(M) measure zero and is contained 
in every M 

To prove that is a measure function, let and Mg be disjunct 

sets from % and let E be a positive number. Let N^, Ng be sets from such 

that c Hg c Mg and + | , ;i^(Mg) < ^(Kg) ♦ | . No. 

;i^(M^+ Mg) - l.u.b. ;i((M^+ Mg)P) - l.u.b. (;i(M^P) + ;i(MgP)) ~ 

P 6 ^ P 6i OL 

< • ji(Hj) • e - Hj)»t 5iij) ♦ t . 

If now £ approaches zero we get 

“2) - 


SO that ji^(M) is a measure function. 

To prove the total additivity of on the assumption of that of 

^(M), proceed as follows < Let M e dl be the sum of an infinite sequence of 
disjunct sets from 'H , say M £ be a positive number and select 

N from Or such that I c M and jJi^(U) - £ <^(N). Then we have 

^^(M) - £ < ^(N) -^(^M^N) - E;i(MjH) 5 Z /*+(Mj) -;i+(M), 

SO that ^^(M) is totally additive on the assumption that ^(M) is. 
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To establish equation (2) ire simply observe that 

- l.u.b. p(llP) . ^(M) - l.u.b.(}j(MP) - ;i(u)) - 

- l.u.b. - u(M - MP) • l.u.b. - u(MQ) » u (ll). 

PfelL aeft' 

As for its definition shoirs that it is finite and non-negative; 

the equation (2) shoes everything else that we need. The proof is therefore 
complete. 

Corollary t Bven if ji(lC) ia not of bounded variation but is simply 
finite, the functions and ^^(M) are non-negative measure functions on 

The equation (2) holds for every set M for which or ji (M) is 

finite and these sets M are those over which ji(M) la of bounded variation. 

If further |i(M) ^ totally additive, then so are ^^(M) and 

Proof t The proof of the additivity and total additivity of and 

ji (M) involved in no essential fashion the finiteness of ^^(M) and The 

argument \ised to establish (2) is valid up to and including the statemeht that 
- jl{U) « (M). This statement on the basis of the finiteness of ^(M) 

shows that ^^(M) and |i (M) are either both finite or both infinite. If for 
a set M both are finite, equation holds and ^(M) is of bounded lariation over M. 

This theorem shows that every real measure function of bounded varia¬ 
tion over a half ring % is expressible as the difference of two finite non¬ 
negative measure functions. Gf course it is obvious that any function so ex¬ 
pressible is of bounded variation. The decomposition is by no means unique. 

For exa:ii^>le, if ^(M) - is a decomposition and p(M) is any finite 

non-negative measure function over % , then p(ll) ■ (p^(M)+p(ll))-(ji 2 (M)*«'p(ll)) 
is another decomposition. It is therefore of interest to characterize all de- 
oonpositions. With this in mind we introduces 
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Definitioa 11.1.3 . Let and ^ 2 ^^) — real finite measure func- 

tlons on a half »ring ^ • Let and be their respective extensions 

from '31^R(^). For M ^ ^ define 

(Max jx^)(U) s l.u.b.^^(ji^j(MP) + |i 2 j(M.MP)) 

(Min |i 2 )(M) - g.l.b.^^(ji^j(MP) +|i 2 j(M.MP)) 

THEOREM 11.1.3. Let |a^(M), ^ 2 ^^^ ^2. i£ PQ^l^l't^ion 11.1.5 . Denote 
by p(M) the difference ^^(m) - ^ 2 ^^^* functions (Max |a^, and 

(Min Yi» satisfy the relations 

(3) (Max Yij *»■ p^(M) = ■** 

(3*) (Min Yi» P2^^^^ " ‘ * 

Proof I 3y on argument similar to that employed ia the first part of 
the proof of Theorem 11.1.2 we can show that it is permissible to assume that 
^ is a ring. We therefore take as a ring. Now we have 
(Max “ l.u.b. (jij^(MP) + ^gCM-MP)) - 

- l.u.^.(j»^(kP) ■ 

» l.u.b. (ji(MP) + ;i(MP) “ 

The function (Max P 2 )(^) synnietric in and as is clear from its 
definition. If therefore we interchange ®nd^ 2 (M), (Max jjl^, p 2 )(M) goes 

over into itself, ji(M) goes over into - ji(M), and hence |a^(M) becomes ^^(M). 

The above equation therefore becomes 


(Max p;^, P2)(M) -^,(M) 
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The equation (S) is thus established. Equation (3') follows from (3) and the 
identity 

(Min i^pCM) - -(Max - - ^^(M) 


which is obtained directly from the definitions. 

Corollary 1 . If ^^(M) and j^ 2 ^U) are real measure functions of bounded 
variation over a half-ring %, then £o are (Max and (Min 

If further they are totally additive, then so are (Maix and 

(Min 


Proofj Equations (3), (3*) and Theorem 11.1.2, 

Corollary 2 . In order that two finite real measure functions yLi^(M) 
and ^2^^^ ^ respectively the positive and negative variation functions 

of their difference ^(M) = Jiu^(M) - ^^(M) ^ necessary and sufficient that 
(Min yigXM) =» 0. 

Proof: Equation (3*). 

THEOHEM 11,1.4 . A necessary and sufficient condition that 
ji(M) = |i^(M) - ^2^^^ ^ dec omposition of & function yJi(M) of bounded variation 

on a ha If-ring Ifl into the difference of* two finite and non-negative measure 
functions ji^(M), ^ 2 ^^^ is that 


|i^(M) = ^^(M) + p(M) 

^^^(M) = ^^(M) + p(M) 

where y)(M) is a finite non-negative measure function on ^ • 

Proof: Since axid are non-negative, it follows from the 

definition of (Min cannot be negative. We now simply use 

equation (3» ) of Theorem 11.1.3, take p(M) = (Min Corollary 

1 above. This proves the necessity. The sufficiency is obvious. 
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This last theorem gives us a complete oharaoterisatlon of the deoomr 
positions of real measure functions of bounded variation into the difference 
of two finite non-negative measure functions* It is to be observed that if 
is totally additive |^(H} and need not be since p(M) is arbitrary* 

If, however, totally additive ^(M) and hence ^^(M) and 

p^(V) will also be* 

Definition 11*1*4 * If ^(M) ^ ^ finite real measure function over ^ 
half-ring 'Jt, we shall call the function ^^(M) + the total variation 

function of yi(M), and denote it by jI(M)* 

Clearly by Theorem 11*1*2 and its corollary, jiCM) is a non-negative 
measure function and is totally additive if |i(ll) is* jx{U) is of bounded va¬ 
riation if and only if Jl(U) is finite* 

We can now easily obtain analogo\is results on the decomposition of 
complex-valued measure fiinotions of bounded variation* This is essentially 
done by splitting the function into its real and imaginary parts and treating 
them separately* 

THBORBM 11*1*5 * Let TL ^ half-ring and ^(M) ^ ( finite ) complex- 
valued measure function 2SL ^ • The functions A(M) ■ 31 h(M) and V (M) » t) ji{U) 
are ( finite ) real measure functions or % . ^(M) ^ of bounded variation 
( respeotively totally additive ) if and only if A(M) and V (M) are* 

Proof: That A(M) and v(M) are measure functions (i*e* are additive) 
is obvious* To show that |i(H) is of bounded variation when and only when 
a(M.) and v(U) are, we observe that for any M, 11 ^, •**, 91 with the 

disjunct and contained in M, we have 


P A(1C,)| - Ita (rl A(»,)l 


). 
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Thus ]EZ|}i(M^)| i8 bounded for all such systenifl If and only if 

2I|a( 1IJ| and52|v(M.)| are. Theorem ll.l.l then gives idiat we want. The 
i ^ i ^ 

equivalence for the total-additivity is a consequence of the fact that a 
series of complex terms converges absolutely if and only if the corresponding 
series for its real and imaginary parts do. 

THEOREM 11.1,6 . Let ji(M) ^ ^ ( finite ) complex-valued measure func¬ 
tion on a half-ring ^ . Then 

In order that ^(M) be of bounded variation over lit , it is 
necessary and sufficient that it be expressible in the form 


^(M) ■ ^ i^ where •••» are finite^ non¬ 

negative measure functions on . We shall refer to such 
an expression as a decomposition of yii(M). 

!£. i®. ££ bounded variation on ^ there is a( unique ) 

special decomposition ^(M) " ^ iP ja^^^(M) having the pro- 

perty that la order that u(M) - ^ iP (U) ^ another de- 

' p=o P 

composition of |i(M)« 1^ l£ necessary and sufficient that 


+ot(u) 


(p even) 
(p odd) 


where oC (M) and ft (M) are finite non-negative measure func¬ 
tions on ^ • 

3) the ^p(M) for any deconyosition of ^(M) are totally addi- 
tlve ^ then so is ja(M); ^(M) ^ totally additive^ so are 
the 

Proof: The sufficiency in statement 1) is trivial. As for the neces¬ 
sity, let a(M) and V(M) be as in Theorem 11.1.5, and define =» A^(M), 
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m V^(M), On the assimption that 

^(M)f and hence v(ll) and A(M), is of bounded variation^ the are 

finite non-negative measure functions. In view of Theorem 11.1.2 we have 

3 f V 

^(M) ■ A(M) + i V(ll) ■ ^ iP Hence a decomposition exists. 

p»o P 

/ \ 

We now show that the just defined satisfy the conditions of 

statement 2). In the first place it is obvious that the equation (4) for 

any finite non-negative o(.(M) and p(M) defines a decon^sition of ^(M). Con- 
3 

versely if jx(U) - ^ iP p (M) is a decon 5 )osition of p(M), we hstve 
p»o P 

A(M) - Theorem 11.1.4 then gives 

us equation (4) with o<l(M) « (Min ft(U) » (Min pg)(M). The 

uniqueness of the special decomposition is clear from the equations (4) be¬ 


cause if p’^^^M) were another, (4) would give p^°^(M) » p» ^°^(M) and 

The first part of statement 3) is trivial. The second part is a con¬ 
sequence of Theorens 11.1.5 and 11.1.2. The proof is con^lete. 

It is to be noted that the exp-essions by which the p^^^M) were de¬ 
fined have a sense even if ^(M) is not of bounded variation. They will not 
of course in this case be finite. Nevsrtheless for any (finite) complex - 
valued measure function p(M) we use the notation p^^^M) to denote the four 
functions defined by the equations of the first paragraph of the proof of 
Theorem 11.1.6. 

Definition 11.1.6 . Let p(M) ^ a conqplex-valued measure function on a 
half-ring ^ . Define the functions p^^^M) ^ above . The function 

u(M) • ^ P^°\m) called the total variation function of p(M). 

/ ' P 

It is evident that in case p(M) happens to be a real measure function. 
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the ]r(M) of Definition 11.1.5 coincides with the Ji(U) of Definition 11.1.4, 
for in this case we have » 0, = fx (M) 

As in the remarks following Definition 11.1.4, it is clear that jI(M) is a non¬ 
negative measure function, that fx{U) is of bounded variation if and only if 
ja(M) is finite, and that ^iU) is totally additive if ^(M) is. As a matter of 
fact it can readily be shown that if jaCM) is finite and totally additive, ^(M) 
is totally additive, but we shall not need this result. 

Note . There is another and perhaps more customary definition of the 
total variation function of a complex measure function. This total variation 
function which we may denote by ^(M) is defined as l.u.b. 

finite systems of disjunct sets 6: M. The two functions jI(M) and 

ju(M) coincide when ^(M) is real, but are not in general identical; they do, 
however, enjoy very similar properties with respect to the results we expect 
to obtain. Each of the definitions has its advantages and the reason we choose 
to stick to Definition 11.1.5 is that it lends itself more readily to the pro¬ 
gram of treating complex measure functions by splitting them into their real 
and imaginary parts. 

IflTe now turn our attention to the problem of extending the domain of 
definition of the measure functions of bounded variation. 

It is convenient first to develop a lemma concerning the measurability 
of a set simultaneously with respect to a number of outer measures. For use 
later we state the lemma in a somewhat mare general form than is immediately 
necessary. 

Lemma 1 . Let S ^ ^ space and [ ^ ( finite or infinite ) sequence 

of outer measures each determined by a fixed half-ring ^ • Let [ a^] be a 
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corresponding sequence of positive numte rs such that for every M 6 Qt, 

y ^*(M) ^ convergent and finite . Consider the function 
n 

n 

( This is defined for every M 6 fP(S), the sum being either finite or -t-oo.) 
Then 

1) The function {U) a. regular outer measure function 
determined by ^ . 

2) A set M is measurable with respect to if and only 

if it Is measurable, with respect to every In 

other words, IB "TT MS ^ . 
r n 

Proof I First, is ein outer measure. It obviously satisfies 

postulates I and II for outer measures. As for III, let M =» , then 

i ^ 


^*(11) - 5 ^a^ Z" Z Z “ 'Zp*(“i)* 

n n 1 in i 


The interchange in order of summation is permissible because all the terms are 
non-negative. 

Next, every set measxirable with respect to every p*(M) is also mea¬ 
surable with respect to Let M be such a set and P be any set. Then 

^*(P) - Z *n " Z ^ 

n n 

particular it follows that the sets of B'R{%) are measurable with respect to 

Now let M be any set. Since is determined by % , there is for 

each n a ® BR( ?L) s««>h that 3 M and If now H -TTn , 

then N € BR(0t), N D M, and |li*(N) » Hence jui*(N) » From this 

result and that of the preceding paragraph together with the finiteness of 
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^*(M) for M £ it follows that ^ determines We have thus proved 

statement l) and half of 2), 

To complete the proof we need only show that a set E measurable with 
respect to ji (it) is measurable with respect to every If M is measurable, 

the we use the Corollary to Theorem 10.2,12, write M ■ N + Z where H £ BR(^) 
8uad fi*(Z) “ 0, Since ^*(Z) *■ 0 it follows that for every n, ^*(Z) “ 0, Hence 
M is measurable with respect to 

Corollary 1, If the functions are finite in number, then 


MS* * " TT MS» 

r n 

Prooft The proof is clear. 

4c 4i 

Corollary 2 , If jx (it) and V (M) are outer measures determined by a 
half-ring a^ !£ ^ " V (M), then for all M, ^*(M) = v (it) and 

every set measurable with respect to ^^(M) ^ also measurable with respect to 

V*(M). 


Proof r That ^*(M) ? V*(M) is evident for example from the explicit 

definition, given in Theorem 10.3.2, of the outer measures determined by ^(N) 

and v(N) on % , The measurability property is a consequence of th9 lemma 

by writing^(M) *» V (M) + (ji(M) - V(M)). 

TljEOREM 11.1,7 , Let '32 be a half-ring and on it let 

^^(M) ^ finite non-negative and totally additive measure functions ; let 

m 

a^, ^ non-negative numbers and form the function ^(M) « ^ a^ 

l|[ l|l 

Form the corresponding outer measures pj(M), jU 2 j(M), ,.,, Then 

1 ) 


2) 


For every half-ring such that % c ^ c MS* . there 
-- - 

exist uniquely jl(M), equivalent exten- 
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sions of the oorresponding functions from ^ to ^ * 

m 

These satisfy the identity ji(M) = ®^n 

3) If for a half-ring ^' the functions 
ju^(M) aro respectively equivalent to 
then jx^ (M) = ^ to 

Proof: We may assume that no a^ is zero otherwise the corresponding 

terms simply do not occur. It is clear from the explicit definition (cf. 

Theorem 10,3,2) of the outer measure V*(M) determined by a totally additive 

non-negative v(M) on % that for a positive & the function a V(M) determines 

the (unique) outer measure av*(M). Thus two functions V(M) on ^ and V*(M) 

on determine the same outer measure if and only if a V(M) and a V*(M) doj 

i.e., V(M) is equivalent to V’(M) if and only if a v(M) is equivalent to 

a’>^(M), We may as well therefore assume in the proof of the theorem that 

HI ^ 

a^ * •«, “ Lemm 1, the function is outer measure 

determined by ^ , It obviously agrees with for M 6^ and therefore by 

Theorem 10.3.2 is equal to it. Statement l) therefore holds. If ...j 

m 

are respectively equivalent to and ja* (M) = ^ 

♦ ♦ ^ 

then the use of statement l) gi-yes (M) = and therefore the equivalence 

of |i(M) and Thus 3) is established. By the use of Corollary 1 to 

Lemma 1 we see that it is permissible to make the extension of the to 

^ and hence 2) follows from 3), 

THEOREM 11,3.8. Let finite ^ non-negative and totally 

additive on a half-ring ^ equivalent ( cf. Definition 10,3.1 ) respectively 
to ^j^(M), JigCW) on a half-ring • Then if (Min jXy ji^) » 0 for M 6 ^ we 

have (Min ^ for M 6 ^ • 

Proofs Let ^(M) » form the outer measiare ^j(M) and 
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the set T - equivalent extensions of 

jLi 2 (M) from to f . These are by the equivalence also xhe equivalent ex¬ 
tensions of ^ 2 (M) from ^. Form on ^ the function (Min yi^, yi^)(U)f 

Recalling Definition 11.1.3 we see that for M 6 this function is zero (since 
in defining it w© take a g.l.b. over a wider class of munbers). Since every set 
from ^ is contained in the sum of a sequence of sets from ^ , the non-negative 
function (Min p 2 )(M) is zero for every M ft ^ . Now define on 'k' the func¬ 
tion p'(M) » (Min ■the functions V*(M) =» ^j^(M) - p'(M), V^(M) » 

* " P^(M)» The functions Vj^(M), V 2 (M) are finite non-negative and to¬ 

tally additive (for in fact they are respectively tha positive and negative va¬ 
riation functions of ^*(M) = Theorem 11.1,4). We 

now form the extensions p^(M), p* (M), \f|(M), ^^(M). By Theorem 11.1.7 

we have pj^(M) »S?»^(M) + p (M) and jui»(M) « V^(m) + p(M). Now for M 6 T 
0 5 ^(11) 5 (Min jq, jip(U) = (Min )i 2 )(M) » 0 . 

Hence for M 6 71', p'(M) = 0. 

Definition 11.1.6 . Let |i(M) ^ ^ real ( finite ) totally additive measure 
function of bounded variation over a half-ring , and (M) ^ similar function 
over a half ring • ^(M) and fx' (M) are called equivalent if and ^^(M) 

are respectively equivalent to p|(M) and p*(M)* , 

If p(M), jx^ (M) are complex they are called equivalent if the ^^°^(M) 

/V P 

of Ji(M) are respectively equivalent to the u^^°'(M) of ji' (M). 

Since the relation of equivalence for non-negative measure functions is 
a transitive one, it is clear that it will also be transitive in the present more 
general situation. It is also evident that two complex measure functions are 
equivalent if and only if their real and imaginary parts are. 

THEOREM 11.1.9 . Let p(M) ^ real, of bounded variation , and totally 
additive on a half-ring ISLi jl' (M) the same on a half-ring % . ^ there exist 
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a deoompoflltion ^(M) - into finite non-negative totally additive 

funotions^ guid a similar decomposition 8uch that 

are respectively equivedent to then ^(M) and jx^ (M) are 

equivalent . 

A corresponding statement holds when ^(12) and ^*(M) are complex. 

Proof: First assume that ^ Then on ^ , ^(M) and^*(M) agree. 

On ^*form the functions and ^Km); for M 6 "31 define V^(M) » ^|(M) and 

» ^’(M). If we knew now that were respec¬ 

tively equivalent, the Theorem 11.1.8 would show that on % (Min v^, V 2 )(M) » 0, 
and hence that *vJ^(M), V 2 (M) are respectively ^^(M) and y. (M); therefore that 
ji(M) and are equivalent. To show that is equivalent to Vj^(M) it 

is sufficient, since the first is a totally additive extension of the second, 
to show that every set of is measurable with respect to the outer measure 
determined by V^(M) (by Theorem 10.3.3 and Corollary to Theorem 10.3.7). 

To prove the last statement, form the common outer measure determined 
by on 7L and on 'TL^ and call it ^*j(M); form the outer measure 

V*j(M) determined by V^(M) on . Now on » ^|(M) by Theorem 11.1.4 

Therefore on % , Hence, since ^determines both outer measures 

iwe have everywhere ■ V*j(M)* Since Ifi* is a determining set for ^*^(11), 

every set from "92^is measurable with respect to it, and by Corollary 2 to Lemma 1 
is therefore measurable with respect to Thus y^W sad v^(M) are equi¬ 
valent. Similarly for and VgCli). 

We now dispense with the requirement that % c . Form the outer mea- 
Bures 1^21^*^^ determined respectively by and y^W, and the system 

lIS^j . • Let ji^(M), ^^(M) te respectively the equivalent extensions 

of from % to ^ i they are also the equivalent extensions of ^|(ll). 
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^^(M) from Tito 3 ^ . Thus by what we have proved above, ^(M) and |i*(M) are 
both equivalent to j5(M) - therefore to each other. 

For the complex case the same proof works if real and imaginary parts 
are considered separately. 

THEORm 11.1.10 . Let ji{M) ^ & real or complex (finite) totally- addi- 
tive measure function of bounded variation over ^ half-ring ^ • Form the to- 
tal variation function ji(M) of ^(M), the outer measure and the system 

^ There is a unique equivalent extension jl(M) of ^(M) from ^ to ^ 

which is maximal in the sense that if (M) ^ totally additive and of bounded 
variation over a half-ring 'JC and is equivalent to yu(M), then c ^. 

Proof: We go through the proof for the real case. Form the functions 
^ * form their respective equivalent exten¬ 
sions from ^ to T . (They exist by Corollary 1 to Lemma 1 above, 

and Thecrem 10.3.3.) Define ji(M) ■ ^ Theo* em 11.1.9, fi(M) is 

equivalent to^(M). 

Now let ji’(M) euid "^^be as in the statement of the theorem. Ry hypo¬ 
thesis the outer measures determined by ®’**® identical with those 

determined by every set of is measurable 8uid of fi¬ 

nite measure with respect to both of them. Thus C ^. 

Any other equivalent extension to ^ would be equivalent to ^(M) on r 
and thus identical with it. Therefore Ji(U) is unique. 

The argument for the complex case is essentially the same. 

THEOREM 11.1.11 . ^ji(M), .'T be as in tbs preceding theorem. 

For every half-ring 'X*' satisfying '?L c c 'T' there is a unique equivalent 
extension of ji(M) from % 

Proof: If ji"(M) exists, it is unique for it is equivalent to ^(M) and 
henoe to j 2 (M}, and henoe agrees with J^(U) on 
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a deoompoBltlon ji(U) » into finite non-negative totally additive 

functions, and a similar decomposition such that 

jigCM) are respectively equivalent to then ^(M) and jx' (M) are 

equivalent , 

A corresponding statement holds when ^(M) and ji'(M) are complex. 

Proof: First assume that ^ Then on ^ , ^(M) and^*(M) agree. 

On ^^form the functions p|(M) and for M 6 91 define V^(M) » and 

^^(M) * jx'OL)* If we knew now that and v^(M), V^CM) were respec¬ 
tively equivalent, the Theorem 11.1.8 would show that on % (Min V^, « 0, 

and hence that VgCM) are respectively ^^(M) and therefore that 

ji(M) and |i*(M) are equivalent. To show that is equivalent to V^(M) it 

is sufficient, since the first is a totally additive extension of the second, 
to show that every set of is measurable with respect to the outer measure 
determined by V^(M) (by Theorem 10,3,3 and Corollary to Theorem 10.3.7), 

To prove the last statement, form the common outer measure determined 
by on % and on and call it ^*j(M); form the outer measure 

V*j(M) determined by V^(M) on % , Now on ^J^(M) » ^|(M) by Theorem 11.1.4 
Therefore on % , Hence, since ^ determines both outer measures 

iire have everywhere ■ v*j(M), Since is a determining set for ^*j(M), 

every set from ^^is measurable with respect to it, and by Corollary 2 to Lemma 1 
is therefore measurable with respect to v*^(M), Thus ^|(M) and v^(M} are equi¬ 
valent, Similarly for and V 2 (M), 

We now dispense with the requirement that 9?. c 9j/ , Form the outer mea- 
e a 

Bures determined respectively by and ^He system 

^• llSj^ , MS^g , Let j[ij^(M), 1^2^^^ respectively the equivalent extensions 

of from % to 9^ ; they are also the equivalent extensions of (M), 
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^^(M) from 9L to 0^ . Thus by what we have proved above, ^(M) and are 

both equivalent to j5(M) - therefore to each other. 

For the complex case the same proof works if real and imaginary parts 
are considered separately. 

THB0RBy[ 11.1.10 . Let ^ ^ real or complex (finite) totally»addi* 
tive measure function of bounded variation over a half-ring '3Z/. Form the to- 


tal variation function yi(H) of ^(M), the outer measure and the system 

T - MS'-*. There is a unique equivalent extension ji(M) of ^(M) from ^ to ^ 
idiich is maximal in the sense that if ja* (M) totally additive and of bounded 
variation over a half-ring and is equivalent to ya(M), then ^ c ^, 

Proof: We go through the proof for the real case. Form the functions 
^^(11) - on ; form their respective equivalent exten¬ 
sions ^ 2 (M) from to T . (They exist by Corollary 1 to Lemma 1 above, 

and Theorem 10.3.3.) Define |I(m) ■ ^ Theorem 11.1.9, jI(M) is 

equivalent to ^(M). 

Now let ji*(M) and ^^be as in the statement of the theorem, ^y hypo¬ 
thesis the outer measures determined by are identical with those 

determined by ^^(M) and jLi 2 (M). Hence every set of is measurable and of fi¬ 
nite measure with respect to both of them. Thus C ^. 

Any other equivalent extension to ^ would be equivalent to ji(M) on ^ 
and thus identical with it. Therefore jjlOi) is unique. 

The argument for the conqplex case is essentially the same. 

THBORBli 11.1.11 . Let ^(M), be as in the preceding theorem. 

For every half-ring "TC* satisfying there is a unique equivalent 

extension ^**(M) of ji(M) from % ^ 

Proof: If ji*(]f) exists, it is unique for it Is equivalent to ^(M) and 
henoe to ji(H), and henoe agrees with ^{U) on 
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Preserve the notations of the proof of the p-eceding theorem. On 
define ^”(M) “ ^ Corollary to Theorem 10.3.7, jiJ(M), 

| 12 (M) are respectively equivalent extensions of ^ Theorem 11.1.9 

the function desired properties. 

We obtain the complex case from this in the usual fashion. 

THEOREM 11.1.12. l£t ^ ^ a half-ring , ji(M) ^ v(M) finite real or 
complex measure functions of bounded variation on % ; let ji' (M) and v' (M) be 
similar functions on a half-ring * Assume thit |a*(M), v’(M) are respectively 

equivalent to |i(M), v(M). Then for any constant a, jx(M) + v(M) and a . ^(M) 
are respectively equivalent to p*(M) + V*(M) and a . (M). 

Proof: We prove the equivalence of ji(M) + V(M) and ^*(M) + ’V’(M) when 
|i(M) and v(M) are real. We have 

^(M) + v(M) - + V^(M)] - [}i^(M) + Vjn)] 

+ v'(M) » [ji;(M) + V|(M)] - [jxliU) + V^(M)] 

Now by Theorem 11.1.7, the first bracketed terms on the right side of these 
equations are equivalent, and similarly the second. Thus by Theorem 11.1.9 the 
left-hand sides are equivalent. If |i(M) and v(M) are complex we apply the pro¬ 
cess just used to the real and imaginary parts. If ji(M), |i’(M) are real and a 
is non-negative, then a ji(M) » a - a ^_(M), and a ja'(M) » a |i|(M) - a ^^(M) 

are totally additive decompositions. By Theorem 11.1.7, a ^^(M), a^_(M) are 
respectively equivalent to a ji^(M), a^*(M). Theorem 11.1.9 then shows that 
a ji(M) is equivalent to a|i'(M). Finally, let ji(M) and^'(M} be complex: 

" 'll ana ji'(U) - ^ 1^ and let a *» i. The multi¬ 
plication by i effects a cyclic permutation of the and the same cyclic 

permutation of the Hence i jj(M) is equivalent to i ji'(M). flhat we have 

just proved is sufficient to give the result for arbitrary complex a. 
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Corollaryg are arbitrary real or complex to> 

tally"additive measure functions of bounded variation on ^•.., (M) 

corresponding equivalent functions on and a^, a complex numi:»ers; 

m m 

then > cmd ^re equivalent . 

Proofs Induction. 

THEOREM 11,1.13 . Let ji(M) ^ a real or complex valued measure function, 
totally additive and of bounded variation over ^ half «ring ^ , Let ji' (M) be 
i additive extension of p(M) from ^ ^ where ^ c: Q{!<z BR' (^). 

Then if ji' (M) i£_ of_ bounded variation over i^ i^ equivalent to ju(M). 

Proof: As before we assume that ji(U) is real. On ^ define 
*■ Form the equivalent extensions and 

of ^2^^^ respectively from ^ to As extensions of ^^(M) 

from to BR*(^^) - BR’("3l) the functions respectively equi¬ 
valent to ^|(M) and^*(M). Hence ^*(M) are respectively equivalent to 

^^(M) and ^')(^) = 0# and therefore by Theorem 

11.1.8 we have (Min jx^, ^ 0 on % ; i.e. ju^(M) » jX^W and ^^(M) (M). 

Hence and ji(M) are equivalent. 

Remark: We cannot in general replace in the foregoing theorem 

by an arbitrary wider domain 'T' contained in the domain of the maximal equi¬ 
valent extension of jx(U)» This is due to the fact that in order to carry tlirough 
the proof we would need to know that the sets were measurable and of finite 
measure with respect to the outer measures determined by and ^ 2 (M) on • 

We would of course replace BR'(%) by a somewhat wider restricted Borel-ring, 
for example the Borel-ring of “analytic sets with respect to % “ which are con¬ 
tained in some set of R('3l). 

The following example serves to show that the difficulty just mentioned 
is not illusory. Let S consist of the two points a, b. Let ^ consist of 3 
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and the empty set 0. We clearly have RC'Jt) - BR*('3i) ■ BR(91). On 

define ^(M) =« 0. Now on ^P(S) define ^*(M) as follows: Ji*(0) ■ 0; Ji*(laj) - 1; 
H*([b}) - -1; ^*(3) » 0. jx'{U) is obviously of bounded variation and totally 
additive* Furthermore, it is an extension of ^(M)* Any equivalent extension 
of ^(M) is identically zero; hence ^(ll) and are inequitalent. We may 

observe that if we form the outer measure ^21^^^ determined respec¬ 
tively by defined in the proof of Theorem 11.1.13, we haver 

" )*5i(o) ■ Oj “ 15 

■ ^ 2 j(S) * 1* From which it follows that neither [a] nor [b} is mea¬ 
surable with respect to either outer neasure (cf. Corollary to Theorem 10.2.4)* 

In order to complete this section it is desirable to show that the 
concept of bounded variation is actually essential to the problem of extending 
the general finite totally-additive measure functions. What we show is that 
if we are to hope for totally additive extension of a finite measure function 
from a half-ring ^to BR*(^), then the function must be assumed of bounded 
variation (and totally additive) on 9^ * First we prove a lemma for vdiich we 
shall have use later. 

Lemma 2* If a real (or complex ) measure function m(M) defined on a ring 
^ il SL bounded variation over ^, then for every positive constant o 

there exists an infinite sequence of disjunct sets M^, Mg, .•. from , all 

contained in a set M* 6- » such that (^(M^) | ■ c. 

Proof: If |:(ll) is of bounded vcuriation over each of two sets from , 
then it is of bounded variation over their sum* If therefore ^(M) is not of 
bounded variation over M « N P, it is either of unbounded variation over N 
or else over P* Let M* be a set from % over which ^(M) is not of bounded m- 
riation* 11' contains a set S' such that l^(fi')| •||i(M')| ^ o* Now 

(^(M* - i')l ■ !)»(“') - ■ ||»(B')I - 1^(M')I • 0 , so that fi' and M' - M' 
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both have ^-measures in absolute value greater than c. Denote by the first 
of W 6uid M* - if’ over which ji(M) is not of bounded variation (there is one 
such by the Remark at the outset of tha proof), and by 11^ th© reiraining set. 
Thus we have M* * |p(l!^)| = c, and |i(M) of unbounded variation over M*^. 

Apply a similar argument to as applied to M*, end obtain 

1 ^( 142 )! « c, ^(M) of unbounded variation over Repeat the process indefini¬ 
tely, defining *^n+l “^^rns of The sets are disjunct, contained 

in M» and | | - c. 

THEORE24 11.1.14 . If ju(M) ^ ^ finite real ( or complex) measure func¬ 
tion over €i rest ricte d Bor el-ring ^ , and is total ly additivo over ^ , then 
i®. variation over ^ . 

Proof: Assume the contrary. Let M* be a set over which ^(M) is of 
unbounded variation, and let defined in the above Lemma with c ■ 1. 

Then ^ ^ series i® divergent. 

i i i ^ ^ 

Remark: Theorem 11.1.14 does not remain true if the hypotheses are 
T/eakened by simply requiring that be a ring. This can be shown by the fol- 
lo'/fing example. Let the space 3 be the real interval 0 ■ x < 1, Emd let ^ be 
the ring generated from the half-open intervals ^(^)8 0-a»x<b»l. 

(x cos — (0<x<l) 


Let ‘f(x) 


■fo 


2a+l 


, Qj - <f(b) - fCa). Define 

Now ^(M) is 


> _1 
n+ 


in 

certainly not of bounded variation over S ■ have 

m m m _ 

l.u.b. u(H) • l,u.b. u(2”m ) • l.u.b. p(Ri) " "El-TTr •• + 00 . 

m^l" m l'“ m l“^ 

H c 3 

On the other h€Uid ji{U) is totally additive over ^ • Let U e M 
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where the form a sequence of disjunct sots from ^ • If the point 0 does 
not belong to U, then obviously M lies in a closed interval having a positive 
distance from the point 0. In this case, since x cos ~ is analytic in such 
an interval, it is the differeuoe of two continuous non-decreasing functions. 
Therefore ji(U) is totally additive over M, the series ^ Is absolutely 

convergent, and its sum is jd(U)» If M contains the point 0, then 0 is con¬ 
tained in exactly one of the intervals 1£^, let us say By the preceding 

argument applied to M - IL, the series ^ absolutely convergent and 

i/1 ^ 

its sum is |i(M - M^). Hence ^ is absolutely convergent and its sum is 

We finally establish a result whose applications will not occur un¬ 
til the next section, but whose subject matter seems properly to belong here. 

THBO Ry^ 11 .1.15 . Let |i(M) ^ a real ( finit e) tota lly -additive mea¬ 
sure functio n over a restri cted Borel-ring • For every M 6: ^ there is an 
N ^ ^ contained in fi such that ** 0, and ^ (fi - S) ■ 0. 

Proof I By Corollary 2 to Theorem 11.1.3 and the definition of 
(Min we have 

g.l.b. u(5l) + u (M - N)) - 0; 
thus for each intogar n there is an 6 '3J, euoh that 

. _ ^ ® m 00 

Now define N - lim - I) V M-S-]j£(a-N)«2l TT(M- 
“ ^" n»l m»n “ n-^^ ^ n»l itt»n 


n-^oo 


It is olecur that N t • Now, since * 2 !! » ^m^ * 

m^n 

< 1 1 • ® 

“ 51 ^ " oHrT • since for every n, N C \ - 0. On the 

m-n*^ ^ m«n ' 

other hand, since (fi - C fi - for every k > n, it follows that 
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u (TRii - H )) ■ for every k > n, and is therefore zero. Hence 
^ * m=n ™ 2^ 

p_(M - S) 5 (M - N„)) => 0. 


n=l m=n 


Corollaryt For all P P c. N, ji(P) « 0, and for all Q 4 ^ , 

Q c fi - S, Ji(q) 2 0. 


S2» Absolute continuity and the Integral 

It is a well knovm result of Lebesgue that the class of absolutely con¬ 
tinuous functions in an interval a = a * b is identical with the class of func¬ 
tions of the form F(x) « (x)dx + c where c is a constant and f(x) is sum- 
mable over (a,b). If f(x) and g(x) generate by this process the same F(x), 
then f(x) « g(x) almost everywhere in (a, b). An analogous connection exists 
between the notions of absolute continuity and integral which we shall define 
in this section. 

The integral we shall define contains as special cases the Lebesgue 
integral, the Lebesgue-Stieltjes integral, euid the Radon-Stieltjes integral. 

We begin with absolute continuity. 

Unless mention is made to the contrary, we fix on the follcwlng assump¬ 


tions : 

% is a. half-ring in ^P(S). 

V(M) is a finite non-negative and totally additive measure function on . 


Definiti on 11.2.1 . Let ji(M) ^ ^ finite (real or complex ) measure func¬ 
tion on ^ . Form the extensions V^(M) of v(M) from ^ to R( %). 

^(M) called absolutely continuou s with respect to v(M) ^ for every M 6 
and every t > 0 there ^ ^ 6( t , M) > 0 such that N 6 R( di)» N c M, and 
^^^(N) <8 (d , M) then 1 < d . If ^(M) has this prop erty for some parti - 


cular M G (but not necessarily for others) it is said to be absolutely con- 
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tinuous over M. 

THBORHM 11.2.1 . Any finite linear combination of measure funotions ab» 
solutely continuous with respect to v(M) also absolutely continuous with 
respect to V(M). 

Proof* Wo omit the proof. It is analogous to the proof that a finite 
linear combination of continuous functions is continuous. 

THEOREM 11.2.2. If ^(M) is absolutely continuous with respect to v(M), 
then it is totally additive and of bounded variation on • 

Proof: ^ can be assumed a ring, for the properties of total additi¬ 
vity and bounded variation are undisturbed in the extension from 92 to R('31), 
and if they hold on R(9t) they hold on 92 . 


The total additivity of ^(M) is proved as follows* Let be a se¬ 
quence of disjunct sets from 92 whose sum M - 5!^ ^ 92 * and let t be a 

positive number. Because of the total additivity of v(M) we con choose n so 

n n ® 

great that for n > n , V(M) - Zl v(M ) - v(M M.) < 6 (t , M). Therefore 
o 

l)i(M) -Z ■ I - Z “i)! < £ 

and hence |i(M) “ Z 

If ju(M) were not of bounded variation there would be by Lemna 2 of the 

last section a set M 4 92 and a sequence of disjunct sets 6 92 contained in 

M and such that I For each we should then have ■ S(l#N[). 

Thus v(M) ■ Since v(M) is finite, this contradiction proves 

1 

that ji(M) is of bounded variation. 

THEOREM 11.2.3 . A real ^(U) absolutely continuous with respect to 
V (M) and only if ^^(M) and ^ (M) are. 

Proof: As before, we may assume that 92 is a ring. If M, N € 92 , 

H c B and v(N) < 6(£ ,M) then for any P 4 , V(NP) < 6(£ ,M), and I^(NP) I < t 
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Thus I U.(N) 1 - >i.(N) l.u.b. u{NP) « J . A similar argument shows (under the 
f* pe ^ ' 

same assumptions) that (N)l » ^^(N) ■ 6. • 

The converse statement is a consequence of ^(M) « “■ ^ (M) and 

Theorem 11.2,1. 

Corollary ; A complex ^(M) ^ absolutely continuous with respect to 
V (M) and only if %^(U) and 2/^(M) are . Thus if and only if the func¬ 
tions are. 

Proof; The absolute continuity of and ^ji(U) on the assump¬ 
tion of that of |i(M) follows from the inequalities 1 * euid 

I 2/^(M) I m |^(M) I . The converse is contained in Theorem 11.21.1. 

The second statement is a consequence of the definition of and 

the present theorem. 

THEOREM 11.2.4. I£ ^ ij. a restricted Borel ring and ^(M) non- ne^- 
ative and totally additive ^ then & necessary and sufficient co ndition that 
^(M) ^ absolutely continuous with respect to V(M) ^ that for every M € ^ 
for which V(M) = 0, we have ^(M) =» 0. 

Proof: The necessity of the condition is obvious, for if v(M} ■ 0 
then v(M) < 5(€. # M) for all ^ > 0, thus l^(M) 1 < 6, » and therefore ji(U) ■ 0. 

To prove sufficiency assume the converse. Then there exists a set 
M ^ ^ and a constant c > 0 such that to every S > 0 corresponds a set Ng ^ , 

c. Write N « Nr for 6 - — (n»l,2,...). 


< 6 and )i(N^) 

Define N»yN,N-TTN. Now 
m n I'm 


‘ c M for which V(N^) 
m 


v(Nm) 5 E V(H^) < . 

n=l 


5. 
n=l 2*' 


Since for any m, N C N^, it follows that V(N) * 0, and thus we should have 
)i(N) - 0. 
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gives 


But since we have )i(N^) ■ o* The total additivity of ^(M) now 

u(S) - lim - 0 > 0 

and we have the desired contradiction. 

THEOREM 11.21,5 . If |i(M) absolutely continuous with respect to v(M), 
and if ji' (M), V^M) defined on ^ half-ring ^ are respectively ec^uivalent to 
V(M), then ji* (M) is absolutely continuous with respect to v*(M). 

Proof: In view of Theorem 11.2.3 and its Corollary, it is sufficient 
to prove the statement when p(M) is non-negative. Also, since the equivalence 
of Ji(M), v(M) vrith ^’(M), V'(M) persists if we replace ja(M), v(M) by their 
extensions from ^ to R('Jj), we may assume that is a ring. 

Form the outer measures ^j(M) Vj(M) determined respectively by 
|i{M) and V(M). Assume that M € lH , M c M, V*(M) = 0, and 6 > 0. There 
exists (cf. Theorem 10.3.2) a sequence of sets from Ifi* such that 

M c. and ^v(M^) « Vj(M) + 6(& , M) » 6(E , M). Therefore for any n we 


have 


and 

get 


V(M Lm ) • V(£u.) - Zv(M ) 5 £ v(M ) < SU. H) 
11 

n 

therefore by the absolute continuity in , ji(M ^ M^) < E. 

00 n n 

n*(i) ^ uJ(M XI M.) - lim ;iJ(M X^lt.) - lim ^(M £m^) < £ . 
^ 1 n->oo 1 n-^oo 1 


Thus we 


and since t is arbitrary, ^j(M) ■ 0* We have thus proved that for any set 
M c M t ^ for which V j(M) » 0 we have ^j(M) » 0. The restriction that fi c M 
can be removed by covering the set B with a sequence of disjunct sets from ^92 
and applying what we have just proved to the part of fi lying in each of them. 
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Now form the systems MS* « MS* , write ^ « MS' .MS' , and let 

ri }^l 

Ji(M) and ^(M) be the equivalent extensions of ^(M), v(M) from ^ to ^ . 

'T* is a restricted Borel-ring and for every M G. T' for which 9(M) » 0 we 
have |i(M) » 0. By Theorem 11.2.4, j2(M) is absolutely continuous with respect 
to v(M). 

Since ^*(M), V*(M) are respectively equivalent to ^(M), V(M), we have 

^C. MS^^ , hence ^ C , and on 71^, ^'(M), v'(M) agree re¬ 

spectively with J1(M), v(M). Therefore ^*(M) is absolutely continuous with 
respect to V*(M). 

Corollary 1; Among all half-r ings satisfying the conditions imposed 
upon ^ the statement of the theorem there is & maximal half-ring ^ 


is a restricted Borel-ring and in particular it contains every zero set with 
respect to Vj(M). 

Proof: It is obvious that the intersection of MS*^^ with the domain 
of the maximal equivalent extension of ji(M) is such an T', for it contains every 
satisfying the conditions of the theorem. As the intersection of two re¬ 
stricted Borel-rings it is one. 

If we replace jx{U) in the argument successively by |i^(M) and ^^(M) 
(respectively ^^°^(M)), and form the outer measures and ^*j(M), then 

the same reasoning that showed ^j(M) » 0 for every zero set with respect to 
V*(M) shows it for and Thus if V*(M) » 0, then 

M 6 MS'.i - MS* •MS* 

P!i 

Corollary.2 1 If and Vj(M) are as in the proof of the theorem . 

Proof: Apply the Corollary to Theorem 10.2.12. 

Throughout the next portion of the discussion V (M) will denote a 
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fixed regular outer measure function. By the term "measurable** we shall aliways 
mean measurable with respect to V (M); by "zero set" we shall mean zero set 
with respect to \r(M). 

Definition 11,2,2 , A real function f(x) defined for x e S ^ called 

measurable if for every real ol thB set { f(x) < ocj ^ measurable . A oomr 

piex valued function is called measiirable if its real and imaginary parts are 

measurable , A function f(x) defined over ^ measurable subset M of 3 ^ called 

ff(x) (x 6 M) 

measurable if the function f^(x) » -j ^ ^ ^ measurable. 

Definition 11.2,3 . Two fxmctions f(x) and g(x) are called equivalent 
with respect to v*(M), or simply equivalent^ if the set of points where they 
differ is a zero set. If f(x) and g(x) are equivalent we write f(x) ^ g(x). 

The equivalence relation here defined is clearly an equivalence rela¬ 
tion in the ordinary sense, i.e, reflexive, symmetric, and transitive. It is 
also cloar that if f(x) is measurable and f(x)'^g(x) then g(x) is measurable, 
because the sets ijf(x) < 0 ^] and { g(x) < o^j will differ at most on a 
zero set and thus be measurable or non-measurable together, 

THEOREM 11,2,6 , If f (x) i£ measurable , then for every each of the 
four sets i f(x) < ot.J , f(x) » o<. j , £ f(x) “ ol j , f(x) > c(j la 

aes-aurable . If ainy one of the four Is measurable for an everysrhere dense set 
of 6L*s* then f(x) is measurable, 

Proof: As for the first statement, the third and fourth sets are re¬ 
spectively the complements of the first and second. Thus it is sufficient to 
prove the measurability of the first two. For the first the property is de- 
finitory; this leaves S I f (x) ^ o(J m Now S i f(x) - oC J -7T S { f(x) < oC + —] 

* X ^ ^ 

Q 

and is therefore measurable. 

For the second statement, let D be an everywhere dense set of dk's, let 
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^ be 8U3y number, and select a sequence C D such that 

0^ < oCp < ... < <7 ■ lim oC . Then S lf(x) < oC j o f slr(x) < « j- 
^ n-*a} ° ^ 1 X n 

■/ S^lf(x) ~ 01.^1 . This shows that 3^ i f(x) < 5] is measurablo if for all 

oC 6 D, 8 if(x) < ot.} is measurable, or if for all D, S tf(i) »o‘>j is 

measurable. As complements of the first two sets, the third and fourth are 
already taken care of. 

THEOREM 11.2.7 . If f(x) and g(x) are real and measurable, euid if o is 
any real number , then of(x), |f(x) |®, f(x) + gU). i“(x) • g(x), ^ (f(x),g(x)), 
and Min (f(x), g(x)) are measurable . If f^{x), f^Cx), ... is a sequence of 
measurable functions, then Tim f„(x) and lim f fx^ are measurable. 

. , , i . .. ' ■ ■ U ' ' " ' ' ■ Wl ' * - 

n-xx) n-xx) “ 

Proof: Assume the notation: P^ * S I f(x) < ok} , G_, =» S { g(x) < ok] , 

^ X OV X 

- S I f (x) < « J . Now 

(i) cf(x) is measurable;^for, if c > 0, then S lcf(x) < ok j =» S { f(x) <—} 

X X c 

which is measurable; if c = 0, then { cf(x) < ok] - oj 

surable, and if c < 0, then lcf(x) < ok] ^ which by Theorem 

11.2.6 is measurable. 

(ii) To prove the measurability of |f(x)(^ we observe that if c > 0 then 

X -L X • 

S^E |f(x) I ® < ok] - -oC^ < f(x) < ok° j - S^l f(x) > - ot^i 

for ok > 0, and S E I f (x) | ° < ok] =0 for ok = 0. If c < 0, then S II f (x)|° < ck} 

± ^ ± % 

■ > ck°] + S^lf*(x) < - ck j for ok > 0, and is empty for ok ■ 0. The 

statement is trivial for c ■ 0 . 

(iii) To prove f(x) + g(x) is measurable, let D be a countable everywhere dense 

set of ok’s. Porm for a fixed ok the set E of all pairs {ft ,1 ) where ft,y ^ P 

andfi + 'y < oC . B is countable; let ^ enumeration 

of it. If now x^ 6 E^(x) + g(x) < o( j then there is an n^ such that 
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f{x ) < fi and g(x ) < 7^ ; hence x fe F G . If x,€ F G then 

o 0 

f(x^) + g(xj^) < /J^ + < 0 ^ , and hence x^^e lf(3c) + e(x) < <* j . This 

proves that 

s tf(x) + g(x) < 0^] -ZX Gy 

n'^n '^n 

As the sum of a sequence of measurable sets it is measurable• 

(iv) The measurability of f(x) • g(x) is a consequence of (i), (ii), (iii)j 
and the Identity f(x) g(x) - ~ • (lf(x) + g(x)|^ - | f(x) - g(x)|^). 

(v) Max(f(x)^ g(x)) fi^nd Min (f(x), g(x)) are measurable because 
8^llfax(f(x), g(x))<otj -P^ G^andS^iMin (f(x), g(x)) < ocj - F^ + G^ . 

(vi) We prove that lim f (x) and lim f (x) are measurable by simply obser- 

n-SKD n-^oo 

ving that lim j * lim =» TT ^ that lim ■ 

n-#K» n=»l m=n n-»»cD 

» - Tim - f (x). 
n 

n-xx) 

Corollary 1 ; If except on ^ zero set lim f (x) = f (x), then f (x) is 

n-w 

measurable. 

Proof t Because then f (x)'^ Tim f (x), 

n-M 

Corollary 2 8 If f(x),f^(x),g(x) are complex measurable functions , and c 

is a complex number j then cf(x) and f(x) + g(x) are measurable^ and If except 

on a sero set lim f (x) « f (x), then f (x) is measurable , 

"" n-^co 

Proof* B|y applying the theorem separately to the reql and imaginary 

parts. 

Corollary 3 * If for every , S^If(x) < ocj , S^ig(x) < j , belong 
to some fixe d half-ring X $ then the sets 1 of(x) < ckl , S^if(x) + g(x) <«<] 


etc., belong to BR(T). 
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Proofs The prooesseo used In the proof of the theorem were processes 
under which Borel rings are closed. 

THEOREM 11 . 218 . . Assume that ^ ^ restricted Borel-rjngj that V*(M) 
is the outer measure determined by v(M) on ^, and that ^(M) is real and 
absolutely continuous with respect to v(M) an ^ . Form the intersection 
of with the domain of the maximal equivalent extension of ^(M); call it 

Let v(M) be the equivalent extensions of ^(M)j v(M) from ^ to 

Then for any fixed M £^ and any real number tx there is la set M^€ con¬ 
tained in M }iaving the property that 


( 1 ) 


P €. 'JT and P c M imply |t(P) ■ 
Q e 'T and QC M - M imply J1(Q) 


c^^(P) 

^ (x*5(P) 


The system of sets M^ may be ^ chosen that 

(2) ^ ct < /i , then c 

(3) If o<v, <« <,.. <cA " lim tn. , then M ■ llm M 

n-#<D n-^»oo n 

(4) If lim cx “ -GO, then JJ U - 0; if lim - +00 , then T U ^ U. 

— ^ - n % ~n-^ - n ^n 

Proof! Define on 'di the function A^CM) “ ^(M) - ^ V(M). This is 

finite and absolutely continuous with respect to v(M). Apply Theorem 11.1.14 
to A°^(M) and get an 6^^ ^ (the 5 of Theorem 11.1.14) contained in M such 
that A^ ■ 0 and A* l(fi - ) - 0. Now form an equivalent extension 

'X‘^(M) of A**(M) from ^ to X^(M) » j5(M) -oc7(M) and the positive 

and negative variation functions of A*^(M) are precisely the respective exten¬ 
sions of A^ (M) and A^(M) (Theorems 11.1.9, ll.l.lO) from ^ to ^ ^ Thus 
the properties XJ‘(M^) 0 , X^(M - fi^) - 0 are preserved in the extension. 

Hence for Pc , ^(P) - ot v(P) » 0 and for QC M - M, ^(Q) - cx. v(P) ■ 

■ X°^(Q) " 0; "that is, the Mohave the property (l). 
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We now modify the in suoh a way that (1) is not disturbed and (2), 
(3) and (4) are obtained. 

Select an everyhwere dense countable set D of o^*s. For any oc define 

M *51 fi- • Now fix on a particular o<. and let [ 0^,1 0^01 •••] *n enu- 
ok ^ o<. 12 

meration of the elements of D which are less than 0 ^ • For simplicity write 

i-1 

fi, - fi. so that 2^ - 51 fi.. Define H, - M.- M (51 M ). The H are disjunct, 
^i^ ill 0 1 

their sum is II and for each i, N. C fl . Now if Pc 2 , then observing that 

11 




fUf) -)i(pi!^) -Lp™,) • £«,7(hi,) • “ S v(ra,) ■ 


On the other hand, if Q c M - 2^ - TT (M - fi^) we have for every i, Q c M - 
and thus jS(Q) ■ oC^ ^(Q)* As » l.u.b. this gives ji(Q) ■ oC 9(Q). 
Therefore the 11^ have the property (l). Property (2) is obvious for the 2^^ 
from their definition. As for property (3), let{oC^{ be a sequence suoh that 

o( < o< < ,,, < 0 ^. ■ lim o( j then lim 2- -5*2 ■ 5] 5" iL* 51 2-" ^ 

n-^oo n-^oo n n n n a' 

o;<ok 

We now have a system!^ with properties (1), (2), (3). We proceed with 

one final modification. Retain the dense set D from the last paragraph. Form 

the sets P-TT 2^;0*fi-5I S.-TT (M- 2^). Since PC 2 , for every 
Xit> * xtb JCtO *■ 

of 4. D we have Ji(F) ■» SL S/(F), and this is impossible unless v(F) *0. On the 
other hand Gc M - for all ^ D, and thus JI(G) - ^ S; (G), ^ D) which 

implies S/(G) ■ 0. Now define for > 0, 11^^^ ■ - G for ok ■ 0. 

The sets 11. have all four properties t (l) because they differ from M . at most 

ck d 

on sero sets (remember that the absolute continuity implies that ^(ll) vanishes 
on these sets also), and (2), (3) and (4) because of the particular way we chose 


to add F and subtract G. 

Since the original M^were in ^ and since all sets considered were con- 
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talned In the are In ^ • 

The property (l) is of sufficient importance in the sequel to formulate 
it alonet 

Definition 11.2.4 . Preserving the denotations of Theorem 11,2.8 we say 
that with respect to the functions '^(M) and £ set M t ^ , a family of 

sets 6 ^ c ii has the property (l) if 


(V k f andPCl^j^ iBgly G(P) - e*. v(P) 

Q 6 T QC M - lagly ^(Q) » 

THEOREM 11.2.9 . As Bums that v*(M) ia detendned v(M) m H 
a half"ring )^ and that ^(ll) ^ absolutely continuous with respect tc v(M) on 
^ ^ common part of the domains of the maximal equivalent exten- 

siona of ^(M) and v(M) respectively ^ and let ^(M)^ v(M) be equivalent exten» 
sions of ^(M), V(M) from ^ ^ Then there exists a fxinction f(x) such 

that ; 

(a) f(x) jU everywhere finite . 

(b) The sets S^If(x) < oC j belong to BR(^). (f(x) is thus a 

fortio ri measurable ). 

(c) For any M ^ ^ the system of sets M » S^Jf(x) < o^J 

has the property (l). 

Proof* Cover the space with a sequence of disjunct sets from ^ . 

To each ®^ppiy Theorem 11.2.6 with the ^ , M of that theorem taken as BR^C'^ ), 
here. We get a family of sets M^c having properties (l), (2), (3) and 
(4) of Theorem 11.21.8. All the sets m|^ 6 BR'('3{). Now define 

f(x) s g.l.b.ot (x 6 a ) 

x.< i 

If for a particular o^ - , x e , then property (3) shows that there must 

* 0 0 0 ^ 
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be w oc. < o( such that x ^ • Therefore f(x ) ■ cX < . This 

1 0 O 0 10 

shows that c * S^{f(x) <ot ] • Conversely, if x^ is a point for which 

f(x ) < ok M there must be an oC, < ck such that x g 5 property ( 2 ) 

0 0 1 o o <^1 

then gives x^ e . Therefore • S^{f(x) < ocj . Prom this we obtain 

S if(x) <(H.i - Hid ; BO that S If(x) < o<.} 6 BR('3l). 
i _ 

Now for any M €. 'a form the sets * M • S^Jf(x) < ot J , We have 
^ and, since the are disjimct, M - ^ M(M^ ■“ From this 

it follows that the system of sets has the property (l), for if P t ^ and 
PCM^ 

ji(p) -jiCHiP) ->>(Ziwd) ■ 5ip(Md) “ot z - o<9(p). 

and if Q €. '3^ and Q c 6 - M^jwe get similarly 

/(Q) - 0 ^ ^(Q)* 

Finally, the function f(x) is finite. Suppose f(x^) " -oo• This x^ 

belongs to some 6 and the definition of f(x) in fi, shows that x belongs to 
i o o 

every )L^, which contradicts property (4). Similarly the assumption that ^(x^) • 

" +00 gives an x belonging to no 1^, which fact again contradicts property (4). 

Definition 11.2.t' . v(M), ^(M), as in the 

statement of Theorem 11.2.9 . Any function f(x) which is measurable and satis¬ 
fies condition (c) of the statement of that theorem is called a derivative of 
^(li) with respect to v(M) and we write f (x) - . 

The content of Theorem 11.2,9 is that absolute continuity implies the 
existence of a derivative function; the theorem, however, states more: it says 
that a derivative exists which in addition satisfies conditions (a) and (b). 

THEOREM 11.2.10t If ji* (M) and v*(M) are respectively equivalent to ^(M), , 

V(M) ^ if f(x) S • 3 ^ 1 ^ . then f(x) « . 
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Proof: A derivative tos defined as any function satisfying the condi¬ 
tion (c) in Theorem 11.2.9. This condition does not involve ^(M), v(M) at 
all except through their maximal simultaneous equivalent extensions. These are 
the same for ja'(M) and V'(M}. 

THEOREM 11.2.11 . If ^(M) absolutely continuous with respect to v(M) 
on ^ , and if f (x) ^ measurable function such that for every M fe ^ the 

family of sets M • S^lf(x) <oc] has the property (1 *) 

f P 6 BR' ('3? ) and P c 14 Imply u(P) - o«. ^(P) 

( 1 .) ) — _«-^r 

(_Q 6 BR'('31) Qc M - M, Imply p(Q) 5 o«.v(Q) 
where S)(M) are any equivalent extensions of p(M)^ v(M) to a half-ring 

containing BR*('Jl), then f(x) ■ m- 

Proof: The domain of Ji(M), ^ (M) contains BR*('?{) euid is contained 
in ^ of Theorem 11.2.9. The functions jLl(M), v(M) of Theorem 11.2.9 are equi¬ 
valent extensions of the ja(M), ^(M) here. Since the property (1') makes asser¬ 
tions only about P, Q 6 BR*(7{.) it is a matter of indifference what dcmedn our 
present ji(M), v(M) have. We may therefore assume it to be the ^ of Theorem 
11.2.9. 

Now we show that the system of sets M. above also has the property (l). 

oc. 

If P 6 '3*' then as a measurable set with respect to V (M) it is a set P* from 
BR*(^) plus a zero set N. Ey the Corollary to Theorem 11.2.5, the zero set 
N is contained in ^, and by Theorem 11.2.4, ^(N) » 0. Therefore ji(P) » J5(p') 
and 9(P) a ^(P0» Property (1*) above, then gives |i(P) -^(P') ■ oC v(P*) - 
» (X.9(P)» A similar argument goes for Q. 

This shows that property (l) holds for families associated with an 
fi € ^ ; this can be extended to any fi t ^ exactly as was done in the proof 


of Theorem 11.2.9. 
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TEEORHM 11.2.12. Let f(x) S . Then 6(x) » l5jS4 

only If f(x) <>'g(x). 

Proof* Preserve the notations of Theorem 11.2.10 Trtiere possible. 
Assume first that g(x) Sf . Let F » S^If(x) / g(x)j . It is obriously 

sufficient to prove that the portion of P in any set of is a zero set. 

Let fi £ ^ and define » fi • S^lf (x) < •• M * S^ig(x) < <^ J ; 

define /j" ^ since and 

incompatible \inless " 0. Similarly when dL < /h , v(K^ « 0. 

Let P^ - fl • S^lf(x) > g(x)} , Fg » fl • S^lf(x) < g(x)} ; so that 
Pfi - P^+ Pg. 

As before, let D be a countable everywhere dense set of oC’s. Form 
the set S of all pairs (^,/3) idiereo^,/3 £ D and < /3 • B is countable and 

can be written as a sequence I ••• j . 

Now if X 6 Fj^f then f(x) > g(x), and there is a pair (a^^, b^) e E such 

that gfx) <<X, < r^.< f(x). Hence this ^ e N^ - N^ - K * . This proves 
^ k Ic 


that F 


^ C ^ IT „ , and is therefore a zero set. By a similar argument we 

1 '■‘jj.Pjj 


get F c 

^ k ^k"'k 


^ and so F^ also is a zero set. Hence so is PM » F.'i’ Fo* 
Pv ^ 16 


The statement that f(x)<N.^g(x) implies g(x) is easy; for the 

seta above can differ only on zero sets; so that if one system has 

the property (l), so does the other. 

Corollary * If ^(M) ^ non-negative , then f(x) • 0 except possibly 


on a zero set. 


R:oof* If cA < 0, then > cA^(M^) unless M^is a zero set. 

Since It is a zero set. 

® n 0 
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THEOREM 11.2.13 . Let t{x) S . 6(x) * , and c be a real 

number > Them 

1 ) • 

2) t(.) ♦ ri.)» ■ 

3) Min (f(x). 6(x)) 

4) Max (f{x), g(x)) * . 

. . , dv(M ) 


Proof: ffe may aasiime that f(x) and g(x) satisfy conditions (a) and 
(b) of Theorem 11.2.9. If not, we could by Theorems 11.2,9, 11.2.12 find a 
f^(x) '^f(x) and a gj^(x) ^g(x) which did. If the theorem held for f^(x), g^(x), 
then since of^(x) ^ cf(x), fj|^(x) ♦ g^(x)'^f(x) + 6(x), ..., etc.. Theorem 
11.2.12 would show it hold for f(x) and g(x). 

Let ^ be the half-ring on which v(M) and hence A(M), ^(M) are de¬ 
fined. Let 7(M), ^(M), Ji(M) be the equivalent extensions from % to 
Let M be a set from ^ , and define L^ ■ fi • S^{f(x) < J , 

« M • S^[g(x) < ok]. Since f(x) and g(x) are assumed to satisfy condition 

(b) of Theorem 11.2.9, we have L. , M . € BR*('3&). In what follows, P and Q 

0\ 

will al?rays be sets from BR*(^). 

For 1) it is obviously suffioient to consider three cases c > 0, o ■ 0, 
and 0 • -1. Form the sets * fi • S^[of(x) < oC J • If o > 0, then . 

Hence for PcT, Qcfi - K^we have A(P) ■ ^ V (P)# A(Q) • r ^ 

<K 9*. C C 

thus 0 X(P) • dk 9 (P), 0 ^(Q) ■ ok v(Q)* Thus the sets L^ have the property 
(l*) of Theorem 11.2.11, and we have established 1) for c > 0. 
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If c - 0, then ■ -[q (« - O)* for P c K^, Q c M - 

0 • a v(P), 0 ■ ot ^(Q), and thus 1) holds for o » 0. 

If c- -1, then K^» MS^ t f (x) > -<X j c MS^ [ f(x) ?-ok] - M - L^^. 

Therefore for P C , X(P) ■ (-o^)^(P)# or -A (P) - ok 7(P)« Also, sinoe 

M - K^- MS {f(x) ^ -o( j - ft L 1 . It follows that if Q C M - , then 

^ < ^n=»l ^ 

for any n, X(Q) ■ (-ok + —) ^ (Q). Allowing n to become infinite, we get 

"X(Q) ■ ^ v(Q)e Statement l) is now completely established* 

For 2) form the system of sets - M • S^lf(x) + g(x) < ok ]. Let D 
be a countable everywhere dense set of ok*s. For a fixed oc form the set E 
of all pairs ( ft,y ) where /5,7 6 D and /J+7 <ok. Bis countable; let 


L( *^1^* ^ ^ 2 * *^2^* ** 

then f (x) + g(x) < ft^ * 


. be an enumeration. If now for any n, x e L M , 

Pn "^1 

7 <ok , and thus x 6 ; hence M • If 


conversely x 6 then there exists n such that f(x) < ft^, g(x) < 

thus X 6 L U ; hence ^ L M . l|h-ite * 

”n n n "n "n "n ^n 



The J are disjunct, J c L M 


^ J . Now if P c K 

^1— n 


^(p) + ?(p) ■ + )!(pkj - 5l(7:(pjj + ■ 

n 

" ^(PJ ) *7n^(P‘fn^^ “ " ok^(P). 

n n 

The first part of property (1*) of Theorem 11.2.10 therefore holds. 

To show the second, write - M • S^lf(x) + g(x) > ok}. For a fixed 
Ok form the set E» of all p^lrs ( P*# 7*) where ft*, 7*6 D and p*+ 7* > ok ; 
enumerate them: l(pj[» ^ f^2* ^2^* •••] • By an analogous argument to that 

used above, we get K;^ - £;(M - L . ) • (M - M ). We can now define J' analo- 

n Pn 'n " 

gously to the J above in such a way that they are disjvinct, J* c (M -L , ) • 

^ Pn 

• (M-M , ) and ^ Now if Q» € BR’('K) and C K* we have 

n ^ 
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X(Q') + }I(Q') - ot 7(Q'). 


Kow clearly fl - -TT K' j_ . Hence if Q c fi - we have for all n, 

A(Q) + p(Q) * As n makes the transition to infinity, this last 

inequality completes the proof of 2). 

For 3) assumes first that (Min A, (M) » 0. Thus we have A(M) « 0, 
^(M) » 0, and by Theorem 11.1.14 the existence of an N 6 BR'(?L), N cr M such 
that for P c N, ^(P) * 0, and for Qc M - N, ji(Q) *• 0. It follows from an 
argument exactly like that applied to the case c =» o in 1) above, that in 5 , 
f(x) ~ 0 and in M - S, g(x) -^0. By the Corollary to Theorem 11.21.32, f(x), 
and g(x) are non-negative except on a zero set. Therefore Min (f(x), g(x)) ■ 0. 
This proves 3) under the assumption (Min A, ^)(M) » 0. 

In the general case let A^(M) « A(M) - (Min A,^)(M), ■ 

-^(U) - (Min A , let h(x) S , f^(x) s , 

gj.(x) ■ ^^v(M^) * from 1) and 2) above, f^(x)f(x) - h(x), 

g^(x)^ g(x) - h(x). Since (Min A^, ;i^)(M) - 0, we have Min (f(x), g(x)) - 
- h(x) ^ Min (f^(x), g^(x))^ Oo Statement 3) therefore holds. 

For 4) we simply use 1), 3) and the fact that 


(Max A, ^)(M) - -(Min - A, -^)(M) 

Max (f(x), g(x)) - -Min(-f(x), -g(x)). 

For 6) we form M • S^ [ 1 < cxj. Thus ^ (^ ? l) 

conditions of property (1') are trivially satisfied. 

THEORKM 11.2.14 . If f(x) » , g(i) » and f(x) ~ g(x), 

then A(M) - 

Proofi Lot p(M) " A(M) - ^(M). From l) and Z) of the preceding 
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theorem * h(x) ^ f (x) - g(x) 0* We nniat prove that p(M) » 0. Let 

U e'21. Then re^jitiVe to p(M), v(ll), M the system ol sets » fi • S^ I 0 < ocj 

must have the property (1) (or (!’))• But ■ M if 0 < and - 0 if 0 

In particular if pc fi, Pc K and therefore a(P) ^ - ^{?)t but P c fl - K_^ , 

1 n “ ”n 

and therefore |S(P) ■ - -^^(P)* If n tends to +oo we get p(P) « 0* Hence 

p(M) « 0. 


If in the results preceding we regard v(M) as a fixed non-negative 
and totally additive function on , we have associated with every real ^(M) 
which is absolutely continuous with respect to v(M), a measurable function 


f(x) tf 


— in fact, the whole class of functions g(x) f(x). The 


operation /i(M) is linear and homogeneous if we regard equivalent 

functions f (x) as identical. Also we have shown that if f (x) » 

^(M) Is uniquely determined. We now ask what f(x)'s are derivatives of some 
real p(M) absolutely continuous with respect to v(M)o Obviously not all f(x)*B 
for the f(x) has at least to be measurable with respect to V**'(M)* Not even 
all measurable f(x)*s have the property, however. We shall call those which 
do have it ”summable**. 

Definition 11,2,6, A real ftinction f(x) defined everywhere in S is 
called summable ( with respect to v(M)) there is a real ^(M) absolutely 
continuous with respect to v(M) such that f(x) ■ * 

Definition 11,2,7 , Let f(x) ^ summable with respec t to v(M)o The 
ji(M) of_ Definition 11,2,6 we shall call the primitive f(x) and denote it by 
;i(M) - f(x)dv(M^), For a particular M fc% we call the expression 

f^f(x)dV(M^) the integral of f(x) ( with respect to v(M)) over M, 

This method of defining the integral is due in essence to H, Hahn, 


Perhaps the most striking advantage of the procedure is that it enables us to 
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prove easily the linear hamogeneous properties of the integral by a simple 
application of Theorems 11.2.13 and 11.2.14. 

Remark: In contrast to Definition 11.2.5, there is a perhaps more 
intuitive method for attempting to define the derivative: For each point x 
select a sequence ...J of sets from ^ containing x and**s hr inking domi" 

upon it. Define f(x} as some one of the limit points of the sequence 

(u(l^) ') 

/—T— , y f •••r absolute continuity, if the denominator 

iM(Mi) V(«,) J 

of one of these fractions vanishes the numerator will too, and we assign to 
the fraction any convenient value, say 0.) Under certain assumptions on the 
character of the system of sets — £ fortiori if they have the character 

of a net, or even if it is possible to prove a suitable analogue of the Vital! 
covering theorem (Theorem 6.2) — it can be shown that for the f(x) so obtained 
we have f (x) • sense of Definition 11.2.5. Such a procedure, 

while it gives a trifle more information about the nature of f(x), has the ob¬ 
vious difficulty that it requires some sort of topology in S to assign a meaning 
to the phrase "shrinking down" and that not every topolo©^ can be used for this 
purpose. If we permit certain deviations from the usual topological procedure 
(by using non-overlapping seta J^), the proofs become somewhat simpler and the 
results more general, but we shall not further discuss this subject here. For 
our present purposes the derivative of Definition 11.2.5 is ideal. 

We shall now give an explicit characterization of the suinmable functions 
in terms of their ordinate sets in a certain product space. This is the method 
of Caratheodory. First we prove: 

THEQREH 11.2.15 . Let f(x) ^ ^ real function defined for x S. Define 
f^(x) • Max(f(x), 0), f_(x) ■ Eax(-f(x), 0), then in order that f(x) be summable 
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ylth respect to V(M) ^ necessary and sufficient that f^(x) and f_(x) be 
summable with respect to V(M). 

Proof: Suppose f(x) is suiranablei let u(M) ■ f f(x)d v(M ). Bty Theo- 

' M * 

rem 11.2.13 we have 


f^(x) - Max(f(x), 0) 


dv(Mj 




f^(x) Max(-f(x),0) 


d(Max , 

dv(Mj 



Therefore f_j_(x) and f^(x) are suimnable. 

If conversely f^(x) and f_(x) are suimnable, we have again by Theorem 

11.2.13 



Thus f(x) is summable* 

This theorem shows that it is sufficient to characterize the non-nega¬ 
tive summable functions. We therefore restrict the discussion in the remainder 
of the section to non-negative everywhere-defined functions f(x). 

We shall adhere to the convention that V*(M} is a regular outer measure 
in S; v(M) will be the maximal measure determining V*(M). will be the 
Euclidean one-dimensional space. We shall denote the Lebesgue outer measure in 
R^ by m*(B) (for simplicity instead of 

Definition 11.2.8. Form the direct product space ^ 3 X R^. ^ will 

be called the ordinate space of S. The typical point of 3 is an ordered pair 
(x, J ) idiere x € 3 and ^ C R^. Let f(x) ^ a non-negative function defined for 
X 4 S. aetO'^c^ consisting of all pairs (x, ^ ) for which 0 = * f(x) 

is called the maximal ordinate set of f(x). The set 0^^ consisting of all pairs 
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(x, J ) for whioh 0 = ^ < f(x) ^ called the minimal ordinate set of f(x). 

Any set for iwhich C c 0"^ called an ordinate set of f(x). 

Definition 11.2.9. Recalling Definition 10.4.5 , form in » S X R^ 
the half^ring consisting of all sets » M X E where M £ ® ^ ^*m** 

For « M X E define = V (M) • m(E). T.ct 9*( 4 /^) ^ the outer measure 

determined by v (<^)• 5 ^ shall call ) the ordinate outer measure cor¬ 

responding to V*(M). 

THEOREM 11.2.16 . If f(x) is non-negative and measurable with respect 
to v*(M), then all ordinate seta 0 ^ are measurable with respect to 
and their measures are all equal . 

Proof: Denote by *2^ (^) “the half-open interval a = J < b in R^. 

Since any O', satisfies ^ C 0"^ , and c S X it is suffi¬ 
cient to prove that the sets and are measurable and have the 

same (finite) measure for all of the form fix 2 ^(°) where fi^ 

and c > 0 . (C^ is contained in the sum of a countable number of such .) 

Take a fixed c and a fixed M. Let t be any positive number. Select 

on integer n > — —- V . . For 0 » n = n, define c =« =2. , Denote by N the 

® ^ n n n 

set M • S^{f(x) = cj (n = 0, 1, 2, ..., n). Form the sets 

jjr a ^ \+l^ first prove that 

n =0 n n »0 n 

C (Mj 0^ C iM? (J ^c 

Suppose (x, ) € 1/^9 then there is an n such that ^ ^ ^ ^ \+l* 

- — ^ + 

thus ^ f(x)« Therefore If (x, ^ ) € J^O '^9 then 

0 = I? < O, ^ = f(x), and X £ M. There is thus an n such that c^» ^ 
and for this n, f(x) ■ ^ ^ Therefore (x,^) ^ ^ 
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The sets belong certainly to R(^)* 


Compute their measurest 


VjC/") 

-rvCNj . 

n»6 n 




<Vl - 





0 

n • 


o^) 

n«0 


From these equations it follows that 

- VjC^-) (v(Hq) -v(h^)) v(a) <e . 

How 

“ Vjf^O'p = 

From these last three displayed inequalities and the fact that £ is arbitrary, 
it follows that 

- 9j,c^(3-;) - 

and this establishes the result (Theorem 10*2.5)• 

Corollary I ^Of) “ 0# j!£. la measurable. 

Proof i If 0“^ is covered by the sum of a sequence I of sets of 

the type above, then - O’") - 

n 

The method of Caratheodory for defining the Lebesgue integral suggests 
that we should hope to find a characterization of sunonable f(x}'s in an ex¬ 
pression of the form f(x)d v(M^) • ^ proceed 

to do* 

TBEORBM 11*2*17 . Let ^ ^ ^ determining ring for V*(M)* If f (x) is a 
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real measurable function such that for every U ^ ^ the expression 

• (M Rj^)) ^ finite, then f(x) suiianable with respect to v(M) on 

^ . emd ^^f(x)dV(M^) - 9j(0" • (M XH^)). 

Proof: The sets M of MS’^^for which • (M X R^)) is finite 

obviously form a restricted Bor el-ring ^ which contains ^ and therefore 
BR» ('??). For M define ji(M) - Vj((3*‘ • (M X R^^)). 

Now if M^, ••• is a finite or infinite sequence of disjunct sets 

from ^ niiose sum M ^ then the total additivity of gives 

- ZVi((>; • (M^ X R^)) - Vj(a; . (M X R^)) - jI(M). 


Thus Ji(M) is finite, non-negative and totally additive. 

If M is a zero set with respect to v*(M), then by Theorem 10.4.7, 

V*(M X R^) » 0, and thus ^(M) * 0. Therefore ja(M) is absolutely continuous 
with respect to V(M) on ^ (Theorem 11.2,4). 

On define fi(U) = Since C 'T,ya(M) is absolutely continuous 

with respect to V (M) on ^ . Thus if we form the outer measure ^^(M) de¬ 
termined by u(M), Corollary 2 to Theorem 11.2.5 gives MS MS . There- 

for ^ C ^ c. and^(M) as a non-negative extension of ya(M) is equi¬ 

valent to it. 

We now prove that f(x) » * Select a fixed M . Form the 

family of sets M^ » M • S^tf(x) < cX ] . We have to show that it has the proper¬ 
ty (1*) of Theorem 11.2.11. This is trivial for c< < 0, for then M^ » 0. 

Assume that c< ? 0. Then if P 6 BR* ) and P c M we have 

CK 

(P X R^)c (P X (q)) • (p X R^) - p X Hence 

JI(P) - Vj((^; . (PX R^)) 5 ^j(P X^J(*)) - otV(P) 
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Similairly, if Q 6 BR*(^) and Qc M - we get X R^) D (Q 


and thus 


^i<i) - ^^(0-; • (Q ;< R^)) ? Vj(Q 7< - ok vCd). 


ThiB ostabllshes f (x) S . Thus for U fe '3j , 


^ f(x)d V (M^) - fiW - Vj(0' • (M X R^). 


We now establish a converse to this theorem: 


THEOREM 11b2b 18. If f (x) i£ nonane gat ive and suimnable with respect to 

v(M) on ^ , then for every M € 'S? , * (M X R^)) ^ finite» 

Proof: Let ^(M) « ^ f(jc)dv(M^); so that f(x) • dv( ' ll^ } * 

Theorem we have, if c is any real number, o ■ hence 

f^(x) = llin(f(x),o) , from which V (M^) - 

■ (Min jii, 0 v)(M) ■ ji(M). Assume that o » 0. By Theorem 11.2.16, 

Cf (x)dv(u,)- ^,(0: .(MXR )). Thus 
•’ll “ * ^ ^0 ^ 

Vj(0" • (M X R^)) 5^(M). 


Now feive to 0 the values 1, 2, ... . Clearly 0^ C • 

Therefore (Theorem 10.2.8), Vj(C7^ • (U x R^^) - lim V (O' • (MX R^)) 5 

C->00 0 

ji(M). That is, * (M x R^)) is finite for every M €. . 

We now jomplete the characterization of suraraable functions in terms of 
their ordinate sets by proving: 

THEOREM 11.2. 19. If any of the ordinat e sets o£ a non-negat ive f (x) 
is measurable with r espect to Vj{Jb), then f (x) measur able with resp ect to 

vtu). 

Proof: First assume that f(x) is bounded, say f(x) < c. Then for any 
11 t MS'^^ define p(M) - 9^(0"^ . (M X R^)). Since O’^c 3 x ^ (®), we have 
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from exactly the Bume argument as used in the proof of Theorem 11.2.17 that 
le a measure function absolutely continuous with respect to vtM) on US' 

Now define g(x) a • Since g(x) is measurable it is sufficient 

to prove that f(x)^ g(x). We proceed to do this. 

Let (X., p be real numbers with 0 - oc < p , Let fit Define 

L a M • S^If(x) >fi ], N s M . 3,^Ig(x) < oL ], K s LN. Since g(x) is measurable, 

N t know yet that L and K are measurable. Select 

(Theorem 10.2,11) a K* from MS'^^such that K* o K and v(K') ■ "^*(K), and de¬ 
fine K - K*N. Thus K 6 and since K* 3 K ^ K, v(K) - v*(K). 

Now • (K X R^) o 0*^ • (KXR^)oKX ^ (^), and therefore 

)i(K) - (f X R^)) ? • (KX Ry) - ‘v>J(K x^(^)) - V*{K) • ft - 

« v(K) • P , the next to the last step being a consequence of Theorem 11.4,7* 
On the other hand, since K e N, we have (Property 1') ^(K) » oi^ • V(K). Prom 
these last two inequalities and < ft it follows that V(K) =» 0, and hence 

that V*(K) = 0, 

Now take a countable everywhere-dense set D of roql numbers and form 
the set E of all pairs o^, ft where cX , p ^ D and 0 • ^ < ft . Let 

^2^* •••} be an enumeration of E. Define as tie K above 
with c< - ft - ft^o Then obviously M • S^[g(x) < f(x)] K^, which is 

a zero set. Since fi is any sot of wo have V (S^[g(x) < f(x)j) » 0. 

A similar argument proves that V^(S^[g(x) > f(x) J ) » 0. Hence f(x) ^ g(x) 
and is measurablo. 

If f(x) is not bounded, then (5*^ • (S X 3 (q)) (0 =» 1, 2, ...), is 
measurable since (5^ is, and it is an ordinato set for * Min(f(x), 0 ). 

Therefore f (x) is measurable, and henoe so is f(x) - lim 

° 0-*K50 ° 
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We conclude this s eotlon by remarking that the notions of suznmabillty 
and integral we have thus far defined contain certain unneoesscurily stringent 
restrictions. In the first place, the definition in terms of derivatives re¬ 
quires that the functions f(x) be everywhere defined whereas the method of or¬ 
dinate sets suggests a perfectly natural definition for the integral of func¬ 
tions which are defined only on a part of the space S. In the second place, 
summability and the integral were defined in terms of a measure function v(U) 
on a half-ring ^ determining v*(M). This would appear something of a dis¬ 
advantage as one often wishes to treat the integral as a thing depending upon 
f(x) and We shall see in the next section that these difficulties 

are only apparent. 

{3. Elementary properties of the i n tegral 

This section will be devoted to deducing mainly from the results of 
the preceding section a number of properties of the integral. They will for 
the most part have close analogues in the theorems of Chapter YIII. 

We have, however, first to formulate the definition of the integral 
in what for our purposes will be its final general form. We must remove the 
restrictions mentioned at the end of the last section. 

Dhless mention is made to the contrary, V*(N} will denote a regular 
outer measure in 3. V(M) will be v^CM) on The term "measurable'*, 

as well as the equivalence relation f (x) ^ g(x), will be understood as relative 
to V*(M). 

For the first part of this discussion, the functions f(x) will, as 
in the last section, be everywhere defined in S« Later,we shall consider funo- 
tions defined on some subset of S. Without exception the domain of any function 
we consider will be contained in 3. We sliall denote the domain of f(x) by 
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Definition 11.3.1 . If M and f(x) are auch that M c D^, we define 
|_0 (Xt3-M). 

We proceed to the formulation of the general definition of integral 
by introducing the intermediate 

Definition 11.3.2 . Let f(x) ^ summabl e with respect to v(M) in 

the sense of Definition 11.2.6; let M ^ any set from M e MS^^. f(x) i£ said 

to be summable with respect to v*(M) over M ^ M belongs to the domai n of ^(M), 

the maximal equivalent extension of w(M) - [ f(x)dv(M ). (Definition 11.2.6. 

H. ^ 

defines ji(M) only for If 6 ^ f(x) ^ summable over M we define 

5.f(x)dv(ii^) - 

M 

This definition is obviously consistent with Definition 11.2.6, be¬ 
cause if fi happens to be in it is a fortiori in the domain of and 

we have ju(&) ■ ^(M)* 

THEOREIf 11.3.1. Let f(x) be summable with respect to v(M) in the 
sense of Definition 11.2.S; let M ^ any set from MS^ ^and M* ^ any set from 
IfS^ * which f(x) smmaable in the sense of Definition 11.3.2 . Then 

1® summable with respect to V(lf), is summable over M*, and we have 

(1) S l'i;(x)dV(U ) - f _f(x)dV(M ). 

m * * 11*11 

proof t The summability and hence measurability of f(x) implies the 
measurability of fg(x); for S^lfj^(x) < c< J is equal to fi • S^if(x) < oC J or 
to fi • S^tf(x) < oC J + (S - fi), according as oc 5 0 or oC > 0. 

First assume that M* € MS* . ; thus that M*fi € MS* . ^inoe f (x) is 

-y » V’ 

.umnabl. with respect to v(U), we have by em application of Theorem 11.2.5 the 

gunmability with respect to v(M) of f^(x) and f_(x), and also hare the relation 

5 f(x)dv(ll )- f _f^(x)d v(ll ) - f f (x)dV(lI^). 

M*fl ” '^M*M * ” *'M*fi * ^ 
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An application of Theorems 11.2.18, 11.2.17 gives C f (x)dv(M ) - 

- ^l(G"+ • (M'M X R^)), f_(x)d v(M^) - Vj(0“ -(M'fiXRj)). Now 

it is easily seen that y • O'* • (fl X R^); y * 0'^ ‘(MX R^) 

and also that (f^) (x) - (frj) (x) and (f ) (x) =(f(j)(x). Thus, for every 

fi ^ “ M “- 

M e MS* , we have 

V* 

• (MX R^) - ) • (MX R^) *• 0*^ • (M XR^) • (MX R^) - 

^ ^ M 

- • (MM X R^), and similarly ‘(MX R^) - • (MM X R^). 

Therefore • (M X R^) and 0^^ j • (M X R^) are measurable and of 

finite measure with respect to for every M6 MS*^^. Theorem 11.2.17 

with « MS^^ thus gives the suramability of (fj) (x) and (fj) (x) with respect 
to v(M) and also the relations 

5^^(fgMx)dV(M^) - • (M' X H^)) - * (M'fi X R^)) - 

• 5 - 


I (fjj) (x)d V(M^) - ) • (M’x R^)) - Vj(0-' • (II'UXR^)) - 

M* " M ■■ 

. r _f_(x)dv(M ). 

M*M ^ 

Theorem 11*.2.15 now gives the summability of fgC^) nnd the relation 

(x)dv(M^) - (x)dv(Mj^) - 

-y _f (x)dv(uj- y _ f_(3c)dv(u)-y _f(x)dv(ii ). 

M'M ^ * M*M " * «'M * 

We now remove the restriction that M* 6 MS* .and require only that 

yw 

f (x) be summable over M* • We have to show that M* is in the domain of the 
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maximal equivalent extension of ^ v(M^). If we write 

M 

u(M) ■ ^ f(x)d v(M ) for M ^ MS* , what we have so far proved gives 

/ X 

^(M) » ^(MM) for M 6 and we have to extend this to M ■ M*. Since )ag(M) 

and ^(M) are absolutely continuous with respect to v(M) and MS*^^ , all sets 

of MS are measurable with respect to the outer measures determined by the 

positive and negative variations respectively of and ^(M). Now 

ja-(M) « ^^(MM) - (mm) is a decomposition of into the difference of two 

non-negative totally-additive measure functions. Therefore Theorem 11.1.4. 

jiives ■ ^^(MM), (jajj)^(M) ^ ^_(MM) for M £ MS*^ ^ . Now since M6 

there is a sequence of disjunct sets M^ € such that M* “ !E^M|. Thus 

we have ^ similarly 

i i ' i 


y (jjjj) (Mp ^ ^ Since M* is in the domain of the maximal equivalent 

extension of yiVi), the sums on the right hand sides of these inequalities have 
finite values. This fact, together with the remark on the measurability of M* 
with respect to the outer measures determined by smd (^) (M), shows 

that M* is in the domain of the maximal equivalent extensions of (^)^(M) and 
(jig) (M) and hence in that of the maximal extension of ^(M). Finally, there¬ 
fore, we have 




This completes the proof. 

Definition 11.3.3 . An arbitrary real f(x) ^ called summable with 
respect to v*(M) over a set M € MS^^ iX 
(a) 

(l)) f£(x) is Bummable with respect to v*(M) over M In the sense of Definition 


11.3.2. 
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We define the integral of f(jc) over M by I f(x)d v(M ) » ^ fr,(x)dv(M ). 

--- -Jt- jj X M X 

That this definition is consistent with the previous one is an imme¬ 
diate oonsequenoe of Theorem 11.3.1, for if f(x) is summable with respeot to 

over M in the sense of Definition 11.3.2, we may use Theorem 11.3.1 with 
E* - 5 . 

THEOREM 11.3.2 . The system T' of sets over which an arbitrary real 
f(x) is summable is a restricted Borel ring. { f(x)d v(M_) is finite and to» 

X 

tally additive for M ^. (We can only say that f f(x)d V(M ) is a mea- 

" "" ■■■ — .■ X 

sure function if ^ satisfies the condition (b) of Definition 10.1.7. This 
is the case if and only if « S.) 

Proof: Suppose that f(x) is summable over M, N, ... # All 

these seta belong to Therefore so also do M — MN, and TT M^. Apply 

Theorem 11.3.1 with M - M - MN, M* - M. We get 




which shows that f(x) is summable over M-MN. A similar application with 3 "TTm 
and M* » gives the suramability of f(x) over TT M^. Thus conditions (Pg), 

( 7^) for restricted Borel rings are satisfied. As for we prove that 

f(x) is sunmable over when it is summable over and where ■> 0. 

In view of ('Yg)* this implies condition (^^g) for any Mg, because 



are summable with respect to V(M}. Write ^^(M) " I (^)<^v(M^), 

^g(M) ■ I fII (3c)<iV(M^) for M € MS»^^. Now by Theorem 11.3.1 with 3 « M^ , 
M* * M^, we have that ^||^(^) summable over M^, and henoe that is in the 


domain of the maximal equivalent extension of |ig(M)j Mg is in this domain by 
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Definition 11.3.2. By the same argument, and are in the corresponding 
domain for Now einoo - 0, fjj (x) + fj^ (x) - (x), and from 
Thaorem 11.2.13, 2) and Definition 11.2.7 we have 


;il(M) + ^2(M) - f I'm 

M X 

It follows from what we proved above about Mg that their sum is in the do¬ 
main of the maximal equivalent extensions of ^^^(M), and hence in that of 

^M^+M suramable over M^+ Mg. 

As for the total additivity of f f(x)dv(M ), suppose that JmJ is a 

M ^ ^ 

sequence of disjunct sets from ^ whose sum also is in Let ^(M) ■ 

■ j* f^ (x)dV(M^) for M€ let Jx{U) be the maximal equivalent extension 

M 0 

of ji(M). ^y definition ^ f(x)dv(M^) » Now apply Theorem 11.3.1 with 

^0 

il - 11^, M' - we get 


L f(x)d v(M ) - C f(x)d v(M ) ■ V (x)<ivOl ) - ff(M ). 
“i * M, “o * / 1 

10 1 


The total 


additivity of pi(M) gives $^5 v(M^) » " 

i M, i 


- f(x)d v(ll^). 

It is of use later on to establish an extension of the connection be¬ 
tween non-negative suimnable functions and ordinate sets. 

Definition 11.3.4 . By an ordinate set of an arbitrary real non-negative 
f(x), we shall mean an ordinate set of fj. (x) in the sense of Definiti^cm 11.2.8 . 

O’! will be defined as , O’* as O'* . 

% \ 

Definition 11.3.5 . A function f(x) ^ called measurable over a sat 

ii c D^ !£ is. 

THEOREM 11.3.31 Suppose that f (x) ^ arbitrary non - negative function ^ 
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and suppose that fi is suoh that M c Suppose further that for some 

ordinate set 0^^ 0^*(M x Rj^) Is measurable and of finite measure with respect 
to VjC^). Then f(x) is summable over and \ f(x)dV(M^) ■ 

Conversely , if f(x) Ija summable over M, then for every 0^ • (fi X R^) is 

measurable and of finite measure with respect to Vj(^)» 

Prooft We prove the first statement. Suppose (9^* (fix R^^) is mea¬ 
surable. (M XR^) is obviously an ordinate set for fjj(x). Therefore 

fjj(x) is measurable (Theorem 11.2.19). By Theorem 11.2.16 (Corollary) all 
ordinate sets differ from each other by zero sets. Hence OZ is measurable 

and ^ “ ^I^^ ’ ^ 

M M 

M e S - fi, • (M X R, ) • 0. Therefore xf M e MS' VT(^^I * (M x R ) - 

Ijj J. V’ ^ 

- •(!* * (M - MM R^)) - • (M X R^)). 

If M Si 

Use of Theorem 11.2.17 with gives the summability of fj(x) with re¬ 
spect to v;(M) on and also the relationyLi(M) - ^ " 

■ V (C?I • (M X R- )) for M 6 MS* * Now M as a set from MS is the sum 
I 1 V V 

of a sequence of disjunct sets from MS'^^ , say M^, M^, .... We therefore 

have Ef»(M^) - • (M X R^)) - Vj(0-^ • (M x R^)). Thus JJ(U) exists, 

i M 

and we have f(*)d v(M^) - fjj(x)d v(M^) - jS(M) - Vj((5-^ • (M X R^^)). 

For the second part of the theorem^ if f(x) is summable over B, then 
f 2 (x) is summable with respect to v(M) over MS'^^ , and, by Theorem 11,2.18 
with J? - MS'y*, |a(M) - ^^fg(x)d V(M^) - ‘ ^ 

B as the sum of a sequence of disjunct sets from M3*^ ^ and use the existence of 
^(i) to prove the finiteness of • (M X R^)). Now if is any ordinate 

set of f(x), then 0 ^ • (fl X R^) is an ordinate sot of fjj(x) and thus 
(y • (fl X Rj^) differs from (5^ • (B X R^^) by a zer6 set. Honoe • (M X R^) 
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is measurable and of finite measure with respect to 

Corollary 1 If f (x) ^ nonane gat ive and ne asurable over M, and if g(x) 
is sumnable over M and f(x) « g(x) for x € M, then f(x) ^ summable over M and 
5 f(x)d v(M ) ^ J g(x)d V(M ). 

ii M 

Proof I Under these circumstances O’- c 0- and we can apply the 

M 

first part of the theorem making use of Theorem 11.2.16 and the fact that 

• (ii X R^) = Vj(0‘ • (5 X R^). 

Definition 11,3.6 . If f(x) ^ non-negative and measurable over a set 

fi € if • (ii R^) has an infinite measure with respect to V*(i^), 

we say that the integral of f(x) over M is infinite and write { f(x)dv(M_) » +oo. 

M ^ 

It is to be remarked that with this added convention the formula 

(x)d v(u^) - Vj((5^ • (ii X R^)) 

M 

is valid whenever f(x) is non-negative and is measurable over M, but it must be 
emphasized that we allow infinite integrals only in the non-negative case. The 
word "summable** is reserved strictly for the sense of Definitions 11,3.2, 11.3.3. 

THEOREM 11,3.4 , A real f (x) summable over M and only if 

f^(x) and f (x) are . 

Proof; Suppose f(x) summable over M, Then fjj(x) is summable with 
respect to v(M). Theorem 11,2,15 shows that (fjj)^ (x) also 

summable, and th%t if we write for M € ji(M) *» ^ 

domain of jl(M), it must also belong to those of and^_(M), Since 

(fj)^(x) = (f^)jj(x) and (f-L(x) - (f_)jj(x). this says that f^(x) and f_(x) are 
summable over M. The converse is proved by simply retracing thewe steps, as 
Theorem 11,2.15 works both ways. 


(M) ■ ^ (f-)^(x)d v(M^) and u (M) = ^ (fjj) (x)d v(M^). Since M belongs to the 
M ^ ~ M " 
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We are novr in a position to define summabillty and the integral for 
complex valued functions. 

Definition 11.3.7. A complex valued function f(x) is called summable 
( with respect to v*(M)) over a set Mg if ^f(x) and ^f(x) are sum¬ 

mable over M. If f(x) is summable over fi we define the integral over M by 

means of ^ f (x)d v(M_) - f '3lf(x)d v(NL) + i( ^ I'(x)d V(M_). 

fl * id * 2 ^ 

THEOREM 11.3.5 . If f(x), g(x) are real or complex functions whose 

domains coincide and which are summable over ^ set 2 ^ MS^* • and o any 

real or complex constant^ then of(x) and f(x) + g(x) are summable over 2 and 

1) r of(x)d v(y ) = c ^ f(x)d v(U ) 

2 2 

2) f (f(x) + g(x))dv(M ) - ^ f(x)d v{M ) + r g(x)dv(M ). 

J2 *2^2^ 

3) If further » f(x) and g(x) are real ^ Max(f(x),g(x)), Min(f(x),g(x)) are 
summable over 2. 

4) f (x) ^ 1 summable over every 2 € MS*^^ and we have ^_ld *• v(2) 

6) ^ f(x) ~ 6(x) M, then C f (x)d v(M ) - 5.g(x)d v(U ). 

2 * 2 

6) If f(x) " 0 in fi, and if f f(x)d v(ll ) ■• 0, then f(x) 0 in fi. 

jj X — 

Proofs AsBume first that o, f(x), g(x) are real. Form for U fe 

the functions A(ll) - J fjj(x)d v(Uj^), J»(U) - ^ gjj(x)d v(M^). Theorem 11.2.15, 

M M 

1), 2) and Definition 11.2.7, then give c A (M) ofjj(x)d V (M^) and X(M) + ^(M) - 

“ * 6ii(x))<i Now 0 • fjj(x) - (of)jj(x} and (fjj(x) + ^(x)) ■ 

• {f * g)j^(x). If 2 is in the domain of X(M) and ja(ld}, it is certainly in that 
of A + yi(M) and ca(m). This is an easy consequence of Theorem 11.1.12. There¬ 
fore we have the summability of of(x) and f(x) + g(x) over 2, and furthermore 


we have 
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5 o • f(x)dV(lI ) ■ (c • f)g(x)<i V(ll ) - o • f 2 (x)d v(M ) - 

jj ^ ^ M * * 

- o X (i) - o 5 f(x)d-J(U ). 

5 * 

Similarly 

* g(*))<l V(ll ) - C f(x)d v(M ) + r g(x)d v(M ). 

5 ^11 * *^2 ^ 

For the complex case we use what we have just proved on the real 
and imaginary parts separately* 

As for the summability of Max (f(x),g(x)) and Min (f(x),g(x)), we 
simply apply what we have just proved together with Theorem 11*3*4 to the 
identities 

Max (f(x),g(x)) » f(x) + h^(x) 

Min (f(x),g(x)) - f(x) - h^(x) 
where h(x) » g(x) - f(x)* 

The statement 4) is a direct consequence of 5), Theorem 11.2.13. 

If f(x) g(x) in M, then A (M), ^(M) above are identical in 
and thus have identical maximal equivalent extensions. This proves 5). 

To prove statement 6), we observe that since f(x) 2“ o, we must have 
3[(M) ? 0 (Corollary to Theorem 11.3.3). Therefore, for M c M, 7v(M) - 0. 
Obviously A(M) vanishes for Mci S - fi. Thus "aCm) • A(M) s o, and by Theorem 
11.2.12, fjj(x)^0; i.e., f (x)0 in M. 

THEOREM 11.3.6 . A real or complax f(x) ^ summable over M g 
if and only if it is measurable over M and I f (x)| is summable over M. 

Proof: First suppose f(x) real. If f(x) is summable over fi, it is 
measurable over M, f^(x) and f_(x) are summable over fl and, by Theorem 11.3.5, 

I f(x)| ■ f^(x) + f__(x) is summable over M. If, conversely, f(x) is measurable 
over M and I f(x) | is summable over M, then f^(x), f_(x) are measurable over M 
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and, since f(x) • ^x), f^(x) » f(x), the Corollary to Theorem 11.3#3 proves 
that f^(x), f^(x) are both summable over M. Hence by Theorem 11.3.4, f(x) is 
summable over M. 

If f(x) is complex and summable over fi, then ^f(x) €md 3f(x) 
are summable over M. Thus ^f]j(x) » (^f)fl(x) and yfjj(x) « (cJ 
are measurable. Now Ifljj(x) » |ffl(x)[ "\/\H fjj(x)|) c/1^ which by 
Theorem 11.2.7, (ii),(iii), is measurable. Therefore |f(x)|is measurable over 
M. Since [ f (x)| « ( ^if (x) | + |vlf (x)j^ and since by the present theorem for 
real f(x)'s, l^f(x)l and l^/f(x)l are both summable over fl, it follows from 
Theorem 11.3.5 that l^f(x)( + 12/ f(x)| is summable over M. Therefore, from 
the Corollary to Theorem 11.3.3, lf(x)| is summable over fi. If conversely 
f(x) is measurable over M eind lf(x)| is summable over M, then by observing that 
l^f(x)| 5 |f(x)| and I5)f(x)| ^|f(x)| we are able to deduce the summability 
ofl'^fCx)! ,l2jf(x)| , hence that of ^f(x), 2/f (x), hence that of f(x). 

We now turn our attention to the behavior of the integral under 
limiting processes on f(x). 

theorem 11.3.7 . Let M be a fixed set from Let fj^(x), f 2 (x),.., 

be a sequence of real or complex functions each summable over M. Assume that 

there exists a function f (x) such that 3 fi and such that lim f (x) 

n->oo 

for all X £ M except possibly ^ zero set . Assume that there exists a non-ne- 
gative function g(x) summable over U and such that | f^(x)| = 6 (x). Under 
these circumstances, f(x) is summable over 5 and we have 

Jljti f (x)dv(M ) - f(x)d V(U ). 
n-»<]0 M M 

Proof! We may always suppose that for every x e M, lim f (x) = f(x), 

n-^oo 

for, by redefining all the functions as zero on the exceptional set, we obtain 
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an f'(x) satisfying the conditions of the theorem and auch that in U, 

f^^(x) f’(x) ^f(x). If the theorem holds for then it 

holds for f^(x), f(x)* We may further assume that* all the f^^(x)^s have the 
same domain, for we could replace them all by f^(x). We proceed in several 
steps• 

(i) Suppose that f(x) are real and non-negative and that 

f.(x) ■ ^2^^^ “ “ f(x) a lim f (x)a Form the seta * (JC • (M >< R ) 

(n - 1, 2, ..a), - (?“ • (M X R^), . (M X R^). We then have 

6^. c ^ C lim a Now by Theorem 11.3.3, ^ are measurable 

X b n n 

n-^oo 

with respect to and we have f^(x)d v(M^) » ^j(6*^)a Hence by 

Theorem 10.2.8 lim [ f (x)dv(M ) « lim v (-^ ) =» V (-^). Since <z 

Z1 ^ X ZH X 

6(x) is summable over M, is finite; and therefore, again by Theorem 

11.3.3, f(x) is summable over M, erd C f (x)dv(M ) ■ V {M>), This settles 

M ^ ^ ^ 

this case. 


(ii) Suppose f^(x), f(x) real and non-negative, and suppose that 

f (x) a f 2 (x) = ... = f(x) « lim Form the sets « (MX R^) 

n->QO ^ n 

(n - 1, 2, ...), m G* • (fi X R ). Then ^ ^ ^ .•. =) lim 

n->oo 

Wc now repeat a similar argument to that used in (i) above, using the finite¬ 
ness of to apply Theorem 10.2.S instead of 10.2.8. 

(iii) Suppose merely that are real and non-negative. Define 

- Min(f.^U), “ 

- Max (f (x). f^^^(x).V*) “ 

m-^co m-^oo 

Since g^ " ^n since the g^ fall under case 

(ii) above, and the h^ ^(x)*s under case (i) above, we have (cf.Corollary to 


Theorem 11.3.3) 
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L ■ '«• Ss ■ S 5 ■ 

M ®'*^00 M 11 

• lim h jx)d v(M^) h^(x)dv(M^) m g(x)d V (M^). 

m -^00 ii * & N 


How the g^(x)'B fall under (i) above and the h^(x)*B under (ii). Furthermore, 

lim S^(*) ■ “ ^(^)* Therefore 

n-^co n*-»oo 


^ f(x)dv(ll ) - 11m 5. 6_(*)d'^(M ) - J. fJi)dv(M^) 5 
fi n-^co M n-KO U 


5 Tim C S- '*'^*x^ " I- 

n*-M M n-xs M M 


This proves that ^ f(x)d v(M ) «» lim ^ f (x)dv(M ). 

M ^ n-e<30 fi ” ^ 

(iv) Suppose that the f^(x)*'s are real. Then we have f^(x) » 

■ lim ^ (*) ■ together with If^^(x)( " g(x), 

n-^oo ” n-^oo 

|f^^(x)| - g(x). Applying (iii) we get 


I f(x)dV{M ) - S. f>)d V(M ) - 5_ f_(x)dV(M ) - Urn f f (x)dV(k ) 
fi * y + * M n-MO 11 


- 11m f f^_(x)dv(M^) - lim (^_ f (x)dv(ll ) - f f (x)dv(ll )) - 
n-^00 M n-»KX) fi M 


-lim f f (x)dv(ll ). 
n-M) M 


(v) Suppose finally that the f^(x)*B are complex. Then 

lim '^f (x) - 'KfCx), lim 2/ f (x) - 2f f(x), and U)| 5 g(x), 

n*<»<o n-M 

I 3 ■ 6(*)« apply argument of (iv) to the real and ima- 



Soo • 3 


XI* PROPERTIES OF THE GENERAL INTEGRAL 


236 


ginary parts separately* 

Corollary It ^ are real and non-negative , if 

f-(x) 2 ^o(*) " ••• “ ^(*) “ and if the f (x) are measiirable over 

M, then we have 

llm 5 f (x)d ■>)(« )- 5_f(x)dv(M ) 

n-M M M 

irrespective of the intervention of suimnable majorant g(x)* 

Proof: By the remark following Definition 11,3*6, the argument in 
(i) of the proof of the theorem extends to the proof of this corollary by the 
omission of reference to g(x)* 

Corollary 2 : If are real , non-negative and measurable over M, 

then 

r (Urn f (x))dvm ) - liffi C f(x)dV(U). 

35^00 '’m " * 

Proof: Let f(x) « lim Define g^(x) ■ g*l*t. (fj^(x)). 

n-^oo Ion 

Then we have g^(x) » 63 ^^^ » « f(x) « lim 6j^(x). Since g^(x) S f^(x), we 

n-JKX) 

have by an application of Corollary 1 

j ( lim f (x)dv(M ) . ^ f(x)d V(M ) » lim $ £ (x)d V(M ) - 


- llm 
n-*<o 


6^(x)dv(M^) 5 iija f^(x)dv(M^). 
M n«>oo M 


This completes the discussion of the integral with respect to a 
fixed outer measiire v*(M)* We now investigate the behavior of the integral 
as we allow V*(M) to vary, 

Lenc na 1* Let ^ ^ a fixed half-ring in (S) determining each 
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^^*(11) of sequence of outer measures . Let [a^J ^ £ sequence of positive 

numbers . Suppose that for every U t converges . Let V*(M) * 

♦ ♦ ^ ^ ^ /h 

^a^ V^(M), (5y Lemma 1 of §1. V (M) is an outer measure determined by ^ ,) 

Now form in ^ « S x R^ the outer measures (n » 1, 2, 

corresponding respectively to V*(m), V*(M) ^ the sense of Definition 11,2,9 , 

Form in the half«ring ^ consisting of all sets M X E where If € "Kr » 

E 6 ^ “ 21 ®^n — set is measurable with respect 

♦ ^ ♦ 

to ^ and only i£ it measurable with respect to each 

Proof: Lot that is, » M X E where M 6 ^ , B 6 MS^^, 

Then V a (c^) V a V*(M) • m*(E) *» V (M) • m (E) = V Thus 

n ni n n ' i 

n n _ 

^ converges for every lM . Define for any iJi , = 

n 

« ^ a^ V*i(«^). By Lemma 1 of §1, is determined by ^ • But Vj(t/^) 

n ^ ^ * 

is also determined by ^ , eind on ^ we have seen that and V*t^) agree, 

Eence • Vj(‘^), Therefore Lemma 1 of §1 applies to prove the remaining 

statement about measurability,, 

THEO R EM 11,3,8 , Let I V^(M)J ^ £ sequence of outer measures , Ja^J 

a sequence of positive numbers such that v'*'(m) and V*(M) ■ ^ s- V*(M) have 

a n n ^ 

£ common determining ring . Let M ^ ^ set measurable with re spect to v (M) 
and let f(x) ^ summable with respect to v*{^) over M. Then f(x) summable 
over if with respect to every v*(M) and we have 

f(x)d V(M ) - f(x)d V (11 ). 

M n M 


Proof: Suppose first that f(x) is non-negative. By Lemma 1 of §1, 

if is measurable with respect to every v*(M), By the same lemma, f{:(x) is easily 

n M 

seen to be measurable with respect to every V*(M), Now form the V*(^), 
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V*i(^) as above. Bty Theorem 11.3.3, 0“ •(MX R^) is measurable and of 
finite measure with respect to Vj(^). By Lemma 1 of the present section the 
same is true with respect to Therefore by Theorem 11.3.3, f(x) is 

summable with respect to each v*(M) and we have 

(Z) fU)(i v(M^) = Vj(0; • (fl X Rj)) - v^j(0' . (M X R^)) - 

M n 

n M 

For real f (x) summable over M with respect to v*(M), we have the 
summability of f^(x) and f^(x) over M with respect to v*(M) (Theorem 11.3.2). 
Thus we get from the above argument the summability over M of f_|^(x) and f (x) 
with respect to each V^(M) and also get the equation (2) for f^(x) and f (x). 
Hence 

f(x)dv(ll ) - C f (x)dv(M ) - ^ f (x)dv(M ) » ^ f^(x)d V (ll ) 

U * fl M n M 

-L\L ^ V“x^- 

n M n M 

For the complex case we do the usual trick of splitting into real 
and imaginary parts. 

THEOREM 11.3.9. Let a^, V*(M), V (M) be as in Theorem 11.3.8. 

Let M ^ measurable with respect to every Vj^(M), and let f (x) ^ a function 

summRble over M with respect to every v^(M). now the series 

y a ^ I f (x)( d V (M ) ^ convergent, then f (x) summable over M with 
n ^ M TO, X 

respect to V*(M). 

Proof: By Lemma 1 above, M is measurable with respect to V (M); 
also f(x) is measurable over M with respect to V*(M). We have J^|f (x)| d V^(M^)« 
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■ Hi)) “ 

R^}) is finite. £1/ Theorem 11.3.3« lf(x)| is sion- 

mable over £ with respect to v*(U). Ely Theorem 11.3.6.then^ f(x) is summable 
over M with respect to v*(M). 

Corollary : If the v*(M) are finite in number ^ then f(x) ^ summable 
over £ with respect to V*(M) jUP and only ^ ^ siMmable over fi with re* 
speot to each 

Proof: By Theorem 11.3.8, 11.3.S and the fact that the series 

mentioned in the hypotheses of Theorem 11.3.8 is a finite sum. 

We now extend the definition of integral to the case where v(M) is 

not necessarily negative. v(M) will be required merely to be totally additive, 

finite, and of bounded variation over some half-ring ^ • 

Since the case where v(lC) is real may be regarded as a special 

instance of that in which v(U) is complex, we shall state the theorems for the 

3 , . 

complex case. We shall preserve the notation v(M) ■ ^ i^ for the 

p»o P 

special decomposition of Theorem 11.1.6. The decomposition v(M) ■ V^(li) • V^(M) 
is a special case of this with « 0. Recalling further that 

V(0)(M) - (2rv)_(U), we shall sometimes give the proofs for the real case and 
merely indicate the extension to the complex case. 

Definition 11.5.8 . A function f(x) called summable with respect 
to V (M) over a set S ^ it Btimmahlft over fi with respect to each of the four 


outer measures 


(p - 0, 1, 2, 3), determined by respectively . 


(o)/ 


Note: This definition does not conflict with any of the preceding 


definitions. It is xrue that we defined smanability with respect to a non*ne- 
gative totally-additive measure function V(]l) in Definition 11.2.6, and 
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summablllty over a set M with respect to an outer measure v (M) in Defini¬ 
tion 11.3*3, and that since Definition 11.3.8 above is more nearly an exten¬ 
sion of the second of these definitions, we should perhaps invent some de¬ 
notation that would partake more nearly of the form of the second. 

Since sugjnability over a set M does not enter into Definition 11.2,6, 
no ambiguity need arise. It is obvious that in case the v(M) in Definition 
11.3.0 happens to be non-negative, then summability of f(x) over B with respect 
to v(M) in the sense of Definition 11.3.6, means summability of f(x) over M 
with respect to in the sense of Definition 11.3.3, 

Note further that in the non-negative case summability over M was 

- ♦/ x 

not defined for M*s non-measurable with respect to v (M). Hence Definition 
11.3*8 implicitly requires that B be measurable with respect to 
(p " 0. 1. 2, 3). 

Definition 11.3.9 . If f(x) summable over M with respect to v(M) 
we define the integral { f (x)d V(M ) ^ i iP r f(x)dv^®^(M ). 

M * p=0 M P ^ 

Definition 11.3.10. f(x) is said to be measurable over M with 
respect to ^ v(M) ^ ^ ^ measurable over M with respect to 
(p - 0, 1, 2, 3). 

Pefinition 11.3.11 . We say that f(x) ^g(x) in M with respect to 
v(M) if f(x}'^g(x) with respect to (p - 0,1,2,3). 

P ^ 


theorem 11.3.10, If v(M) • iP V (M) i^ any decomposition of 

______ p 

V (K) into finite non-negative eind totally-additive measure functions on ^ , 
and if f(x) is summable over S with respect to (p * 0, 1, 2, 3), the 

outer measures determined by Vp(M) respectively , then f (x) summable with 
respect to v(M) over M and we have 


3 
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Proof; By Theorem 11,1.6 we have ^^(14) 


Vp°^(M)+ o^(M) (p even) 
ftiH) (p odd) 


♦ rv^'’^T(M)+(p even) 

By Theorem 11.1.7, therefore, v rW " 'i v 

^ 1 vJ°^;(W)+f5j(M) (podd) 

the corollary to Theorems 11.3.9,‘f(x) is summable over M with respect to 

and oC*(M) (resp. /5*(M)). This proves that f(x) is summable over 


& with respect to v(M). Further by Theorem 11.3.8 we have ^ f (x)d v (M) 

M P 

iP (x)d V (M^) and use these equations we obviously get (x)d 


• 5 ^ (^ 3 ^) (reap. f5(M^)). If we form the expression 


p»o M 
as its value. 


? 


THEOREM 11.3.11 . If f(x) is summable over M with respect to v(M) 
and v*{M), then it is also summable with respect to v(M) + (M), and we have 

5_f(x)d(v(U ) + V'(M )) - ^_f(x)dv(M ) + 5.f(x)d v'(M ). 

II * A A A 

Proof; v(M) + v'(M) - t (M) + is obviously a 

pao P P 

decomposition of v(M) + V*(M) of the type described in the preceding theorem. 
By Theorems 11.3.8, 11.3.9, we have the suinmability of f(x) over M with respect 
to Vp^^M) + (p * 0, 1, 2, 3), and the relations 

^ f(x)d(>\M ) +>/'^°\m^)) - ^ f(x)d y^i°hu) * If we 

fi P^P^ M P^ M r* 

multiply the p*th of these equations by iP, add over ^ » 0, 1, 2, 3, and apply 

Theorem 11.3.10, we get the relation ^ f(x)d(V(M ) + V*(M )) - 

j( . ^ ^ 

- ^J(x)dM(U ) ♦ h^(x)d V(M ). 

j * |£ 


THEOREM 11.3.12. ^ o is, any constant, and if f(x) summable over 




•3• 


XI. PROPERTIES OP THE GENERAL INTEGRAL 


241 


M with respect to v(M), then it is summable with respect to c v(M) and we have 


5_f(x)<i(cv(U )) - ef f(x)dv(K ). 

M * ii * 

Proofs Let A(M) » c v(H). If c = 0, then A^°^(M) =« o 
and by Theorem 11.3.8 we have C f(x)d A^^^(M) » c^ f(x)d Multi- 

M P M P 

plying iP and summing p = 0, 1, 2, 3, we get the theorem for this case. If 
( 0 ^ 

c » i, the Ap (M) are permuted cyclically, and it turns out easily that 

5 f(x)d{iv(M )) - i ^ f(x)dv(M ). 

M M 

The result for any complex c follows from these cases by an appeal 
to Theorem 11.3.11. 

THEOREM 11.3.13. f (x) summable over M with respect to v'(M) if 

and only if f (x) ^ measurable with respect to v/(M) over M, and ( f (x)| is 
summable with respect to v(M) over M, where v(M) the total variation 
function of V(M). 

Proofs Suppose that f(x) is measurable with respect to v(M) and 


and thus 


lf(x)| is summable with respect to v(M) over M. Then since v(M) "» 

3 , > 

and thus ^ ^(M), we have by Theorem 11.3.8 the measurability of 

f(x) over M with respect to each euid the summability of |f(x)l over 

M with respect to each By Theorem 11.3.6 f(x) is summable with 

respect to each But this means summability with respect to v(M). 

Conversely, if f(x) is sianmable over 3 with respect to v(M), it is 
summable over 5 with respect to each hence by Theorem 11.3.8 with 

respect to But by Theorem 11.3.6 this implies that |f(x)| is summable 

with respect to v*(M), i.e., with respect to V(M). Also since f(x) is mea¬ 
surable over 3 with respect to each it is by Theorem 11.3.8 measur- 
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able with respect to 9*(M) over fi, 

THEOREM 11,3.14 . If f(x), g(x) are sunmable over fi with respect to 
V (M), and 0 ^ any constant , then cf(x) and f (x) + g(x) are sianrnable with 
respect to v (M) over B, and we have 
1) 5. of(x)dv(M^) - o ^^f(x)d 


2) ♦ g(*))d WM_) - ^_f(*)d V(M ) + 5_g(x)d V(M ). 

^ ^ A A 

Proof* The sunnnabillty of of(x) fiuad f(x) + g(x) over 5 with respect 
to Imply by Theorem 11.2.6 the relations l), 2), above, with V(M) re¬ 
placed by We then multiply by the p*th of these with iP and add. 

THEOREM 11.3.15 . If lf^(x)J a sequence of functions each sum- 
mable with respect to v(Bfi) over fi and if g(x) summable over M and 

I f (x)| • g(x), and if f(x)-lim f (x) except on a zero set with respect to 
^ n-*<D ^ 

Vj(M), then f (x) ^ summable over M and 


lia Lf (*)dV(M ) - f f(x)d V(li ). 
n-w M “ * fl * 


Proof* Observing that a zero set with respect to V^(M) is a zero 
set with respect to each we employ Theorem 11.3.7 to prove 



We oan then multiply the p*th relation by iP and add. 

THEOREM 11.3.36 . If I ^ la sequence of totally-additive mea¬ 

sure fimotiona of bounded vauriation over ^ , and is further such that for 

M ^ # YS ll oonvergent, and if f (x) sxanmable over B with respect to 
n ^ 

each and the series ^ J 


lf(x)l d is convergent, then 








Sd c • 3 • 


XI. PROPERTIES OF THE GENERAL INTEGRAL 


243 


n M M 

where v(M) • ^ V^(M). 
n 

Proof: On the assianption of the convergence of (M) for every 

(o) ^ 

M € we have that of ^ M 6 'Jj ; on the assumption of the con- 

n P 

vergenoe of V” f |f(x)|dv (M ) we have that of T" f |f(x)|d ). Thus 

n M n M r 

an application of Theorem 11.3.9 gives 

£ $„'<')■■ ■t'fL 

n U pao n 11 r 

- ^ iP5 f(x)d(^v(°^(M^). 
p-0 M nr 

Since v(M) * ^ i^CUv^^^M )) is a decomposition of v(M), Theorem 11.3.10 

p«o X 

shows that the last expression is equal to C f(x)dv(M ). 

M 

We conclude this section by listing the elementary properties of 


the integral: 

1) Lc * f(x)d v(M ) - 0 ^_f(x)d v(M ) 

A J| A 

2) 5_(f(x) + g(x))d <■ ^_f(x)d v(M^) + ^_g(x)dV(M^) 

11 11 11 


3 ) y f(x)d(c v(ll )) - 0 ^ f(x)dv(M ) 

M X jj * 

4 ) S^f(x)d(fi(U^) + V(M^)) . ^_f(x)dj»(M^) + ^_f(x)d V(M^) 

5 ) S _1 d V(ll ) - V(fi) 

M 

6) “S- ^(*)dv(ii) 

H * * Iflc 
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7) If V(M) is non-negative and f(x) - 0, then ^ f(x)d ) » 0. If 

“ * 

equality holds here, then f(x) ~0 in M. 

8) EL f(*)d v(M^) - J_ f(x)d v(ll ) (M M - 0, i / j) 

i Mj 1M^ * ^ J 

9) J f(x)d v(M ) exists in the strict sense (i.e,, infinite integrals dis- 

5 

allowed) if and only if f(x) is measurable with respect to v(M) over 
M eind f |f(x) | d v(M ) is finite, where 9(M) is the total variation 
function of v(M), 


10 ) 


If ^ f^(x)d V(M^) exists for every n, and if in M except possibly on a 


zero set lim f (x) f(x), and if If (x)| < g(x), where ^^g(x)dv(M^) 

is finitej then ^ i*(x)d V(M ) exists and lim C f (x)d v(M ) ■ 

M n-M) M 


- 5 f(x)dv(M ). 

M 


11) If V (M) is non-negative and are non-negative and measiirable with 

respect to v(M) over M, then 


( ( lim f (x))do^(M ) i lim ( f (x)dV(M ). 

•^M '^M “ 


12) If Iv^(M)} is a sequenoe of non-negative functions on a half-ring '9?, 

and if v(M) " (M) is finite for every M 6 , then 

n 

n M n X jj 

provided either that the right-hand side makes sense, or that the left-heuad 

side nsLkes sense and y~ ^ 
n 

non-negative but if the satisfy the conditions imposed above and 

|f(x)|dv(M ), then the above equality holds. 

n fl “ * 


lf(x)| dv (M ) is qonv.rg.iit. If th. V (M) sure not 
j n X n 
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If infinite integrals are not adnitted, then equations 1), 2), 3), 
4), 5), 8) are to be interpreted from right to left, i.e., the left-hand sides 
make sense if the right-hand sides do. If infinite integrals are admitted smd 
all functions occurring are non-negative, then the same thing is true. Equa¬ 
tion 6) may be interpreted from both sides. 


§4. The Fubini Theorem and related theorems 


In this section we derive a generalization of the well known Fubini 
Theorem on the relation between iterated and multiple Lebesgue integrals. In 
view of the close connection between measure and the integral we may as well 
formulate the problem for measures. The Fubini theorem for Lebesgue measure 
in the plane is as follows; In the x, y plane let M be a superficially mea¬ 
surable set. On each line x =* const, lies a certain portion of M. Denote 
the set of the y-coordinates of the points of this portion by i.e., is 

the set of all y for which (x,y) e M. Let m**'(M^) be the (linear) outer mea- 

* 

sure of M . Under these circumstances M is measurable with respect to m 
except possibly for an x-set of linear measure zero and is equal 

to the superficial measure of M. 

We new formulate the general problem: Consider two spaces S and T. 


X will denote a typical point of S, y a typical point of T. Form the direct 
product space ^ « S X T; a point of cf is a pair (x,y) (x e S, y 6 T). 

]|t )|c 

Now let let ]i (M) be a regular outer measure in S, V (N) a regular outer mea¬ 
sure in T. Form in if the half-ring consisting of all sets » M X N where 


M 6 N 6 On ^ form the measure function A (^) 

where t/w M X N. Extend A (t/^) to its outer measure A - 


- fx{U) • V(N) 
So 


far everything we have done is a special instance of the procedure in Theorem 


10.4.7 
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Definition 11.4,1 . Let Jb ^ anj;; ^ ^ , x point of 3. 

By we shall mean S^ty e Tj (^c^y) € tMA* Thus c T. Similarly we de¬ 
fine JL - 3 I X € S; (x,y) e JCU 

y * 

theorem 11.4.1, Let be measurable with respect to A (J&)» Then 
^^he set of all x*s for whloh la non-measurable with respect to V*(N) 

Is a zero set with respeot to ji (M)« 

2) The function f (x) ■ Is measurable with respeot to p*(M) and 

A(^) - j^f (x)dji(M^). 

Proofs Call any measurable for which the conclusions of the 

theorem hold a Fubini set (* ^-set). What we have thus to prove is that 

every measurable iJ6 is €ui T^-set. We shall carry out the proof in several stops. 

(1) Every € 7L Is an T - set. Let (/Kff = M X N where If 6 

H e US' . How Zrt ^ o\.\* This shows that 1) is satisfied. As for 

X 0 V* € 

2) we have f(3c) - | g^u)J '^hat is, f(i) = V(N)* Ijj(x) 

which is measurable. Furthermore ^ f(x)dp(lf^) - v(N) ® J Ijjdji(M^) • 

3 3 

■ V(N) ^ 1 dji(M^) - V(N) • ^(M) » A(«//6). Thus 2) is satisfied. 

(ii) The sum of a finite or infinite sequence of disjunct 3f -sets 

is again an 3^ - set . Let ... be disjunct 3 -sets, their 

sum. For each x the sets are disjunct and ^^x^ Let 11^“^ be 

n 

the set of x*s whore is non-measurable, the sef of x*s where is 

non-moasm able. If x 6 3 - M^^^ then each is measurable and hence 

« ® X X 


is. Therefore M c. ^ Since each is a zero set with respect to fx (M) 

n 

it follows that M^ is also. This proves that satisfies condition 1). We now 

prove that satisfies condition 2). Suppose first that the number of 

is finite, say ^* 0 ™ the functions f(x) ■ ), 

n-1 * 
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For each x e S - ^ M 

2 ) on each 


have f(x) » y - 

Therefore we get, using condition 


A(^) - J i ■ 

' k ® 

- X^(k) ■ Sg 

", o 
k 

This proves condition 2) for in this case. If the number of is 

infinite define ^ since the 


ni«l 


form an ascendant sequence, the same is true of for each x. 

Hence If (x)j is a non-decreasing sequence. Furthermore, for x e S ^ 

^ ' n ^ ^ 

f(x) *• ^ ■ 

n n n-^oo m^l 

■ lim « lim f (x). By what we have proved above, each.>^^^^ is 

n-xx) n-^^ 

an -set and so 


i(k) 


A(-^) ■ lim A(*/^^®^) » lim ^ f (x)du(M^) » f f(x)du(l£^). 

n-^OO ri-Arf>^ R o > 


n-^oo S 


We have thus established the statement at the outset of this paragraph. 

(iii) If tA(fi , are ^ -sets with ^ and if ) 

is finite, then - iAQ ^ 5~-set. Let JiJ^ 0 H 9 9 Then ■ 

^JKJ - \JL • Let M , M*, M" be the sets of all x where are 

XXOOO XXX 

non-measurable. Obviously c so that M* is a zero set with respect 

to Thus satisfies condition l). Now let f(x) « 

f»(x) - f**(x) - Since yi{J£) is finite, condition 2) 

on</^'give 8 the finiteness of ^ f'(x)d^(ll^); i.e., f'(x) is summable over 
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S with respect to |a*(M}. Hence except possibly for a zero set with respect 
to in S, f*(x) is finite. If denotes the set of x*s for which f*(x) 

is infinite, we have for x « S - (M^ + - 

- - ,^) ■ - f*(x) - f(x). Thus 

f"(x) ^f*(x) - f(x). Since f»(x) - f(x) and f»(x) « f"(x), f"(x) anciffx) 
are summable over S with respect to We then have 

■ A(l^') - \{J0} « ^ f*(x)dp(M^) - ^ f(x)d|i(M^) - 
S S 

- 5 (f»(x) - f(x))d;i(M^) - ^ f-(x)dp(M^) 

S S 

and thus condition 2) is satisfied. 

(iv) If is measurable and of finite measure with respect to 
and if there exist ^sets M^ w^^ such that a cMsc. 
and ) ■ 0, then is an 5^ -set . Let f(x) ■ 

f*(x) » v'(t^*), f“(x) • v''(u/6 ). Since c. di/iC, we have 

X ^ X X X 

f^(x) - f(x) » f**(x). Now using condition 2) on */^Ve have 

0 ) • A(*y^**) - f"(x)d|i(M^) - ^ f*(x)d^(M^) 

S S 

- yf"(x) - f*(x))d^(M^). 

Since(f”(x) - f*(x)) » 0, we have f**(3t) - f*(x)^0, or f"(x)‘^f»(x) in S. 

Prom this and f'(x) 5 f(x) 5 f”(x) it follows that f*(x)/^f(x) ^f**(x) in S. 

Denote by the set of x*s where f”(x) is infinite, by M^, respectively 

the x’s where non-measurabl# with respect to V*(N). Condition 

1) on shows that M^, M* are zero sets with respect to ^*(M). Since 

A - A(w^), is finite; this implies that f"(x) is summable 

over S and hence that fi” is a sero set with respect to u (M). Finally, let 
o ' 
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be the set of x’s for which f”(x) >f*(x). Since f **(x)f ’ (x), is 

also a zero set with respect to Now for x c S - (M^ + M" + + M^) 

we have measurable with respect to V*(N), 

XXX X X 

finite, v ® V (‘^”)* From this it follows that for these 

X, V U^” - = O' Thus by the remark following Theorem 10.2.12, 

is measurable with respect to (N) for x e S - (W’ + M* + M- + M ). Thus 
^ 0 0 0 0 

condition l) is satisfied by . As for condition 2), we use the fact that 
f (x) f **(x ) and get 

- A( J 6 ") » ^ f"(x)djj(M^) = 5 f(x)d|j(M^). 

s s 

(v) Every tMo €. BR('?£ ) ^-aet. Denote by ^ the system of sets 

which are measurable with respect to A*(w^) and have the property that if 

3 ^ 6 ^ t then (M 0 ^ is an ^-set. ^y (i) above, 3 '^ » has further¬ 
more the properties: 

(cA) The sum of a sequence of mutually disjunct sets from belongs again to 

T. 

(7 ) If 5 ^ fe ^32 and £ / then !P- u'f’i' 9^ t ^ 

(<*•) is a consequence of (li) above, for if where the are 

mutually disjunct sets from ^ , then for any .Ji^f 3>. 

Thus the sets are mutually disjunct J -sets and by (ii) 9 is an 

J" -set. A3 for (7 ), let 9. 9'e € 'Tj we have to prove that 

' ( 9P - J(e9) is an 5"-set. Put 9” ~ 9'9' > then 9'k9 - Ji9) • 

■ 9* 9” 6 '9^’ 9” are 5^-sets, therefore by (iii) 

9” is also. 

Nov/ Theorem 10.1.3 shows that T=> br(' 32). Let be a set from BR(^). 

Then (Theorem 10.1.5, Corollary 2) is contained in the sum of a sequence 

mutually disjunct sets from "9? • Thus ^ ^, 

n 
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every is an -set. ?y (ii) above, is an y -set. 

(vi) Every ^ measurable and of finite measure with respeot to A 
is an 3^ -set . By Theorem 10.2.12 there are sets 4. BR(^) such that 

JL' c. J(o jC ^ - iM') - 0 . ?y (t), , J(>' are T -sets} 

by (iv) therefore, is an ?”-set. 

The theorem itself now follows from (ii) and (vi) by observing that 
every measurable ^ is the sum of a sequence of mutually disjunct measurable 
with finite measures. This completes the proof. 

Corollary ! If measurable with respeot to K , then 

1*) The set of y*B for which is non-measurable with respeot to ^*(M) is 

a zero set with respect to V*(N). 

2*) The function g(y) ■ p*(k^y.) measurable with respeot to ^^(N) and 
AC^) " ^ g(y)dv(K ). Thus y 6 (y)dv(N ) - j f(x)dji(M^) - A(Jt). 


Proof I Reverse the roles of S, T and apply the theorem. 

We now apply this theorem to the relation between iterated and mul¬ 
tiple integrals. 


THEOREM 11.4.2. Preserve the notations Introduced above , the spaces 

S, T, ^ ■ S X T, and the outer measures ji (M), V (N), A {AC)* Let 

« ♦ 

f(3tiy) " i*([x,y]) be a non-negative function measurable with respect to a (*^) 

over ^ . Then 

The set of x*e for which the function f(x,y) qua function of y is non- 
measurable with respeot to v*(N) over T, is a zero set with respeot to 
f\vL) 

function g(x) defined as ^ f (x,y)d V (N^) ^ case x 6 S - and de- 
fined arbitrarily i£ x 4 measurable with respeot to ^ (M) over 3 

and we have 


j 6(x)dji(U^) « 5 f(».y)d yj). 

s ^ 
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Proof I Let ^ be the direct product space S x T x 9^the ordin¬ 

ate space of T that is T X R^. A point of ? is a triad (x, y# ) where 
X 6 S, y £ T, ^6 R^; a point of tr is a pair (y, with y e T, ^ ^ 
Consider the direct product space if x and S X 9* . Bach of 
these is isomorphic with 3^ under the correspondence 

((x, y)# J (xp y* ^ (xp(y, J))* We shall regard the three as iden¬ 

tical. 

Now if as <PX R^ is the ordinate space of ^ (cf.Definition 11.2.8). 
In if we form the ordinate outer measure A (cf .Definition 11.2.9) 

associated with >^(^) in cf • A j(w^) is the outer measure determined by 
the measure function A iMf) ** • m(E), for B with iM> ^ MS* , 

A 

B 6 MS*# Now on the half-ring MS* is by the definition of X* 

m* A * 

an equivalent extension of on the half-ring of all sets = M x N 


where M € N € MS*^^# It follows from Theorem 10.4.8 that the half- 

ring ^ consisting of all sets (M X N) x B, M C MS* N € MS* B MS* . 

\/* m* 

and the half-ring '^^consisting of all sets x B, ^ € MS*^^, B € MS^^ 
both determine the outer measure Aj(^). 

In ^we form the ordinate outer measure v jC*^) associated with the 
outer measure \/*(N) in T. Consider in if » S X 7^ the outer measure pj(»^) 
determined by the measure function pC*^) = ^(M) • for = M X(//^ 

with M € ^ ^ ^ similar argument to that used above p^C-^) 

is determined also by the half-ring consisting of all sets M X (N X E) where 


M6MS*^,, N^MS*^,, B^MS*^.. 

In if qua S x T X R^, A and pj(t/^) are both determined by the 
half-ring of all M X N V B, 11 e MSy^, N e B £ In ^ they 
obviously agree. Hence we can forget about 
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Now let O be that is ^ < ^ )• Since 

f(x,y) is measurable with respect to A*(^), O^is measurable with respect 
to Aj(Ji) (Theorem 11.2.16). Apply Theorem 11.4.1 to ^ S x ST , We get: 
1’ ) The set M of all x’s for which O' is non-measurable with respect to 
Vj(^) i. a zero set with respect to (M). 

2*) The function g(x) s ^ is measurable with respect to and 

we have 

■ Si{x)d,a(M^). 

s 

If, however, we examine we see that it is nothing but an ordinate set in 
3 ^of the function f (x,y) qua fmiction of y. Thus as a consequence of Theo¬ 
rem 11.2.19 we know that for x € S - M^, f(x,y) is measurable in y with re¬ 
spect to V^(N). Thus statement 1) of the theorem is proved. As for the 
second statement, it follows directly from 2^) above, the fact that if 

x«; S - U . =• { f(x,y)dv(N ), th 9 ,t f(x,y)d A(v^(x,y)), 

o -L X y j. ^ 

and that the g(x) of the Theorem is equivalent to the g(x) above with respect 
to 

Corol lary With the hypotheses of the theore m we have 

5 f(x,y)d 0 - 5” [j" f(x,y)d '^(N )]du(M ) - 

S>T ST y ^ 

- y 5^f(x,y)d ;a(M^)]d\/{Ny), 

where the expressions in square brackets are defined arbitrarily when they 
fail to make sens e. 

Proof: The first equality is the theorem. The second equality re¬ 
sults from interchanging S and T. 
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Theorem 11.1.2 can be amended as follows: 

Theorem 11.1.3. Al’te r the hy pothes is of Theorem 11. 1.2 assuming 
that f (x) ^ real or complo x and Is summable over Jrf with respect to A* 

Then 

1) The set of x^s for which the fimotion f(x,y) qua function of y is 
non-summable with respect to x/CN) over T ^ a zero set with respect 

2) The function g(x) defined as { f(x,y)dv(N ) if x 6 S - M and defined 

—--—-y — 0- 

arbitrarily i£ x e ^ summable with resp ect to ^ (M) over S and we 
have 

s ^ * 

Proof: First take a non-negative suLimable f(x,y). We have the equa¬ 
tion deduced in the above proof A*((?■) •» J Vj(0'^)dn(M^)o The summability 
of f(x,y) with respect to {JH) implies the finiteness of Aj((!^), which 
in turn implies that ^j(^) is finite except on a zero set with respect to 

The finitenass of measurability of 0^ together imply 

the summability of f(x,y) as a function of y. 

If f(x,y) is real but not non-negative, consider f^(x,y) and f_(x,y) 
both are summable. The set of x*s where f(x,y) is not summable in y with re¬ 
spect to V*(N) is the sum of the corresponding sets for f^(x,y) and f_(x,y). 

Sail this M « For x 6 S - M we have 
0 0 

S f(x.y)dv(N ) - f f (x,y)dv{N ) - f f_(x,y)dv(N ). 

ip y ip y ip y 

The latter two expressions as functions of x are summable over 3 and hence 
their difference is. We get 
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y5^f(x.y)dV(Hy)]dj»(M^) - 



A similar argument extends this to oomplex f(xyy)« 

By interchanging 3 and T we gett 

Corollary t If f (x,y) ^ summable with respect to ^ over ^ 



- yj^f(x,y)d)i{M^)]dv(Ny), 


where the bracketed expressions are defined arbitrarily when they make no 
sense. 

We now consider some results of a different character. They are 
generalizations in integral form of the formula from the elementary calculus 


THBORBI 11.4,4 . Ut ^ a haXf-rlng to and let ^(U), p(M), 

V(M} ^ real measure functions on ^ such that p(M) 6Uid V(U) eire both non- 
negative^ p(M) is absolutely continuous with respect to V(M), and ^(M) is 
absolutely continuous with respect to p(M). Then p(M) ^ absolutely con¬ 
tinuous with respeot to V(M) and we have • * 

Proof t The absolute continuity of ^(M) with respeot to V(ll} oan 
easily be proved from the definition much in the same manner that one proves 
that a oontinuous fdnotion of a ocmtinuous function is continuous. It oan be 


Soo•4« 


XI. PROPERTIES OF THE GENERAL INTEGRAL 


255 


seen more quickly by an appeal to Theorem 11,2.41 Ebctend jx(VL), p(M)f v(M} 
to BR*(^); let p(M), ^(M) be the extensions. Then ^(M) « 0 implies 

p(M) » 0 and p’(M) » 0 implies p(M) * 0; thus "^(M) » 0 implies j^(M) » 0. Hence 
jx(M) is absolutely continuous with respect to ^(M) and thus p(M) with respect 
to V(M). 

Now assume temporarily that ji(M) is non-negative. Define 

- • By Theorem 11.2.9 we can always choose f(x)^ 

g(ic) so that they are finite and that S^lf(x) < oc j and 3^Jg(x) < ocj belong 

to BR(^); furthermore, by Corollary to Theorem 11.2.12, we can choose them 

non-negative. Assume this done. Pom the equivalent extensions ^(M), p(M), 

V(M) of p(M), V(M) from to BRC"??). Select an fi 6 ^ and for each 

real define the systems ■ M • S^f(x) g(x) < ck] , » fi • S^lf(x) < otj 

N^ • fl • S^ig(x) < c< J . We want to prove that the systems of sets has the 

property (l* ) of Theorem 11.2.11 with respect to the functions jx{U) v(M). 

Let D be a countable everywhere dense set of ot*s. For a given o< 

let S be the set of all pairs 6 D for which P " 0, 7 » 0 and 

P • 7 < <A . B is countable* l{ 7 ^^ )# ( •••] • 

Now L - 5" N . For if x t L^ , then f(x^)g(x^) < oC and there 
n ° ^ ° 

is an n such that f(x ) < ^ and g(x ) < -y . Thus L^c N . Conversely 

® ^ on n *^n 'n 

if X 6 IL N then f(x ) < g(x^) < 7 ^, and thus f(x^)g(x^) < < o< . 

“ “ n -1 

How lot J - K. IL - IL N It N ). The J are disjunct, their sum is 

I’n 'n ^n 1 •'k 

L . , and J c: M. IL t furthermore J t BR('K). If now P 6 BR'C^L) and 
“ An 'n “ 


6 L . , we have 
c\ 


f{?) - ji(PL^) - - r 
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Recalling property (1») of Theorem 11.2.11, we have, since M , 

Pn 

*11 

“ 0, these together give C''(PJ^). There¬ 


fore 


pP) “ 21 v(PJ^) - c*.v?(P) 


and the first condition of property (l*) is satisfied. 

To show the second we define L^ - M • S^lf(x)g(x) > oC J • For a 

fixed oC denote by B* the set of all pairs * 7 ^ € D with ft, y'^ 0, 

ft* y* > m Enumerate• B’: L ( 7^), ( Pg* 5 y an analogous 

argument to that used above we get L* - M^) • (M-N,). We can now 

n '^n 

define analogously to the above in such a way that they are disjunct, 

J* c (M - M . ) - (M - N ,) and L^ - . Now if Q* e BR»(^) and 

* t^n ^n n ^ ^ 

Q* c L’^ we get by a similar argument to that above ji(QO “ v(Q* )• Then 

slaoe olearly fi - we have, if Q c fl - , Ji(Q) ? (a - i )^(Q). 

Since this holds for all n, we have jr(Q) ^ V (Q). This is the second of 

the conditions ( 1 *). 

We have proved now for non-negative ^(M) that f(x)*g(x) ar • 

If ^(U) is real but not non-negative, then^^(M) and ^^(M) are absolutely 
continuous with respect to p(M}, and the theorem applies to them. Since 
g(x) - 0, (f • g)^(x) - f^(x) • g(x) and (f • g)^ « f_(x)g(x). Hence, using 
Theorem 11.2.13, 


t (f» - f»)6(*) 





This completes the proof 
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THEOREM 1 1.4.5 . Let V(M) ^ ^ finite £eaj_ or complex totally addi¬ 
tive measure of bounde d variatio n over a half-ring • Let g(x) sum- 
mable with respect to \;(M) for every M 92/ • For M € define 
p(i^) ■ ^ s(*)d v(M^). Let M ^ any set measurable with respect to the 

outer measure determined by v(M). Then a function f(x) is summable with 
respect to p(M) over fl ^ and only if f(x) * g(x) ^ summ able with respect 
to v(M) over M. If f(x) satisfies either of these condi tions , then 

(1) * EU)dv(M^). 


(in forming the product f(x) • g(x) we employ the convention +oo • 0 « 0.) 

Proof: Since the relation p(M) * J s(*)dv(M^) is invariant under 
equivalent extensions of p(M), V(M) from to BR’(72), we may assume that 
is a restricted Borel-ring. 

We proceed to establish the theorem in several steps: 

(i) We show first thot the theorem is valid when v(M) and g(x) ore 
non-negative and f(x) is real. Assume that f(x) is summable over M with re¬ 


spect to p(M). For M € 9? define ^(M) fj^(x)dp(M^). (Cf. Ceflnition 11.3.1.) 

Then p(M), vI(M) satisfy the hypotheses of Theorem 11.4.4 and 

g(x) ^ ^ ^ theorem therefore we have fj(x) ^ 

• ^ f M e 'R, 



Sinoe M is in the domain of the maximal equivalent extension of ^(M), we may 
write W * "M in the last three expressions in (2); (2) then reduces to (1) 

and shows incidentally that f(x) • g(x) is summable with respect to v(M) 
over M. 
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ConverBely, suppose f(x) • g(x) is sunmable with respect to V(M) 
over fi. Then (f • g)j|(3c) • * g(*) sunnnable with respect to V(M). 

Define A(M) » C f^(x)g(x)d V(M ) for II € 'K • Now, by Theorem 11.2.4, 

II M X 

A(M) Is absolutely continuous with respect to V(ll), for if 6 ^ and 
p(M^) • 0, then since v(M) - o, g(x) ^ 0, we must have g(x)-^ 0 with re¬ 
spect to V(ll) in M^, hence fgCx) • g(x)/^ 0 in M^, hence A(M^) • 0. Let 

h(x) V 4—. How as h(x) is summable with respect to p(M) over every 
M d we may apply to h(x), g(x) what we have just proved for f(x), g(x) 
and obtain for all U t Ti 


( 2 *) 

Prom the definition of A(M), 


A(ll) - ^Jifx)dp(M^) - ^Ji(*)g(x)dv(U^). 


iji(x)g(x)dV(ll^) - ^^fj|j(x)g(x)dv(U^). 

Therefore h(x)y(x) ^f j(x)g(x) with respect to V(M). Now 

S^Ih(x) / fj(x)J c 3^lh(x)g(x) / fj(x)g(x)J S^tgU) - Oj . 

By what we have just proved, the first of the latter two sets is a zero set 
with respect to V*(U) and hence with respect to pj(^)l second is obvious¬ 
ly a zero set with respect to Pj(^)« ^hus S^{h(x} / fj|(x)] is a zero set 
with respect to h(x) ^f||(x) with respect to p(M). It is clear 

from the definition of A (II) that h(x) is suomable with respect to p(M) over 
5j hence so is fgCx), and therefore f(x) also. 

(il) Nb observe that (1) extends iismediately to the situation in 
which f(x) is complex, V(]|) • 0, g(x) ■ 0. This is obtained simply hy apply¬ 
ing (i) to ^f(x) and separately and obsearving that 
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^(f(x)g(x)) - '3lf(x) • 6(x), 3(f(x) • g(x)) - 3f(x) • g(x). 

(ill) We non establish the result with the mere restriction tliat 
V(M) be noa-aegative. Let g^(x) - ('3lg)^(x), gj^(x) - g)^(x), 

g 2 (x) - (^g)_(x)f ggU) " (3g)_(x). •«> that g(x) l'^g^(x). It follows 

from the results of Theorem 11.2.13 eind tho definition of the special decom- 
position p(M) ■ ^ i^pl^^^M) that ^ g^(x)dv(M^). If furthermore 

we define g(x) - then p(M) - J i(x)dv(M^) is the total variation 

function of j)(U). 

Now assijme that f(x) is summable ever fi with respect to p(M); it is 
then also summable over B with respect to eachj)^\N). Applying (i), (ii) 
to each pair f(x), 6^(3c), we get the summability of f(x) • g^(x) with re¬ 
spect to v(M) over M and the relation 


5_f(x)dp4°\ll^) - 

II 21 


From these^ the relation (1) follows by the homogeneous linear properties of 
the integral. 

Conversely^ assume that f(x) * g(3c) is summable over fi with respect 
to V(2l)« We wish to prove that f(x) is summable over fi with respect to p(M) 
For this^ it is by Theorem 11.3.13. sufficient that f(x) be measurable over 
5 with respect to p(ll) and lf(x)| be summable with respect to p(M) over fi. 

(f * g) 2 (x) * * s(^) s(x} measurable with respect to V(lf). 

Consequently^ from the identity 




• g(*)) • * 2/ (fjU) • g(x)) • c/g(x) 

(^g(x))^ + (2/ g(x))^ 


a similar expression for ^ and the results of Theorem 11.2.T, we 

obtain the measurability of fg(x)f hence of f(x) over fi, with respeot to V(M) 
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Prom tho absolute continuity of the with respect to v(M), it 

follows at once that f(x) is measurable ¥rith rnspect to J)(NL) over M. On 
tho other hand the summability of f(x) • g(x) over M implies that of 
• I 6(*)l “d, since e^(x) 5 | g(x) | , that of lfjj(>)l • g^U) 

Cl" 0, 1, 2, 5). Hence lfjj(*) I i(x) is siaranahle over fi with respect to V(M). 
If we now apply the convorse statement in (i) to the functions fjj(»), g(x) 
we obtain the summability of lfj(x)|with respect top(ll) over M . 

(iv) We now prove the theorem without restrictions. Let 
V(M) “ i^ be the special decomposition of V(M). Since 

r»o 


V(M) 


■ each v^^^(M) is absolutely continuous with respect to 


X «o 


v(M). Define h (x) » l. yt .^ h{x) ^ i^ h (x). Obviously 
^ civ(Mj ^ 

V(M) ■ ^ h(x)d v(M^). We apply (iii) above to g(x), h(x), ana obtain 


p(M) “ ^ 6 (x)V(M^) - ^ g(x)h(x)d v(M^)o 

M M 


If now f(x) is jsumraable with respect to p(M) over M, it follows from 
(iii) that f(x) • (g(x) • h(x)) is suramable over M with respect to 
The converse statement in (iii) applied to (f(x) • g(x)), h(x) gives the sum- 
inability over M of f(x) • g(x) with respect to V(M)j also we get 


i_f(x)dp(ii^) - i_f(x) . (e(x) . h(x))d^(ii^) - 
M M 


■ { (fU) • g(x)) • li(x)<iv(U ) - S_f( 3 c) • g(x)dv(M ). 

M M 

The converse statement in the present situation is obtained by simply retra¬ 
cing these last few steps. 
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Remark : The function h(x) defined in (iv) of the proof of the last 
theoremis of some interest. The theorem itself applied to f(x), h(x) shorra 
that if f(x) is summable over M with respect to v(M), then 

5_f(x)dv(U ) - )• 

U * M * 

Thus we have a representation of the integrals with respect to not necessari¬ 
ly non-negative measure functions in terms of the integrals with respect to 
non-negative measure functions. If V(M) is real, then, lh(x)) = h^(x) + h_(x). 

Consequently f lh(x)|dv^(M ) " f h (x)dv(M ) + f h (x)dv(M ) » 

•'m * M * M ■ * 

*■ + V (M) * v(M), and thus |h(x)l ^1. If v(M) is complex, we get 

3 

f |h(x)|dv(M ) =* ^ ^h-(x)dv(M ) = v(M); hence for complex v(M), 

M ^ M T-o ^ 

) h(x) I « 1 except possibly on a zero set with respect to V(M). As a matter 


of fact, if we had employed the alternative definition for the total vari¬ 
ation of a complex measure function (cf. Note after Definition 11.1.5), we 
should have obtained I h(x) | 1 in the complex case as well. 





